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§1.1 bn�-, .℄Æ�n�

+�H��0xU&U+vG7e��xx7Jgk"xU


* �0 1' a, bF��z~xU
`� b 6= 0. �'�Y�~xU q 9")=
a = bq (1)hr
;e b am aRm a( bxx
oF b|a,K� b�C a & 2j, � a �C b & Pj. p3
 q �F a &�U
^� q Xh a/bR a

b
. h`
;e b M=xx a Rm a M=( bxx
oF b 6 | a.~ 1xx:�-8kUQhA�
8Pqxx:�+[
vG
~ 2+xx:�L���9�Uq&xx:�
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~ 3 � b>mxU a &n+�U3
−b>mxU a &n+�U
~ 4 � b>mxU a &n+�U3
a/b>mxU a &n+�U


* � 1 30 = 2 · 15 = 3 · 10 = 5 · 6.+ 2, 3, 5 eGxx 30R 30( 2, 3, 5 eGxx
oF 2|30, 3|30,

5|30. p3
 2, 3, 5 =F 30 &�U
 30F 2, 3, 5 &&U


30 &n+�UF {±1, ±2, ±3, ±5, ±6, ±10, ±15, ±30}, RF

{∓1, ∓2, ∓3, ∓5, ∓6, ∓10, ∓15, ∓30}, RF {±30 = 30/± 1, ±15 =

30/±2, ±10 = 30/±3, ±6 = 30/±5, ±5 = 30/±6, ±3 = 30/±10, ±2 =

30/ ± 15, ±1 = 30/ ± 30}..p�� 7|84, −7|84, 5|20, 19|171, 3 6 | 8, 5 6 | 12, 13|0, 11|11.

* 0 F�9`�xU&&U
 1 F�9xU&�U
�9`�xU aF`6)&&&U
�F`6)&�U
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� 2' a, b �xU
� b|a,` b | (−a), (−b)|a, (−b)|(−a).e' b|a,`�YxU q 9" a = bq. �L


(−a) = b(−q), a = (−b)(−q), (−a) = (−b)q.��−q, q =FxU
�>xx&:�
+ b | (−a), (−b)|a, (−b)|(−a).

* �� 1' a, b 6= 0, c 6= 0FxU
� c|b, b|a,` c|a.(o�")e ' c|b, b|a, �>xx&:�
eG�YxU q1, q2 9"

b = cq1, a = bq2. ��
$"+
a = bq2 = (cq1)q2 = cq.�� q = q1q2 FxU
n��>xx&:�
+ c|a.~Uq}*&DQ


* � 3�� 7|42, 42|84 ,n� 7|84.
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�� 2' a, b, c 6= 0FxU
� c|a, c|b,` c|a± b.(a�Ss)e' c|a, c|b, 6��YxU q1, q2 eG9" a = cq1, b = cq2.��
 a ± b = cq1 ± cq2 = c(q1 ± q2).�� q1 ± q2 FxU
n� a ± b ( cxx
� 4�� 7|14, 7|84,n� 7|(84 + 14) = 98, 7|(84 − 14) = 70.

* �� 3' a, b, c 6= 0FxU
� c|a, c|b,`E��xU s, t,+ c|sa + tb. (aÆj�"�J)e' c|a, c|b, 6��YxU q1, q2 eG9" a = cq1, b = cq2.��


sa + tb = s(cq1) + t(cq2) = c(sq1 + tq2).�� sq1 + tq2 FxU
n� sa + tb ( cxx
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� 5�� 7|14, 7|21,� 7|(3·21−4·14) = 7, 7|(3·21+4·14) = 119.

* � 6' a, b, c 6= 0F�~xU
 c|a, c|b. �'�YxU s, t,9" sa + tb = 1,` c = ±1.e' c|a, c|b,���YxU s, t,9" sa + tb = 1, �>:g 3,$"+

c|sa + tb = 1.��
 c = ±1.:g 3 L������ 4 �xU a1, . . . , an =FxU c 6= 0 &&U
`E��

n ~xU s1, . . . , sn,xU

s1a1 + · · · + snanF c &&U
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� 7�� 7|14, 7|21, 7|35,n�

7|(5 · 21 + 4 · 14 − 3 · 35) = 56.

* �� 5' a, b =F`�xU
� a|b, b|a,` a = ±b.e' a|b, b|a, 6��Yz~xU q1, q2 eG9"

a = bq1, b = aq2.�L


a = bq1 = (aq2)q1 = a(q1q2).p�
 q1q2 = 1. �� q1, q2 FxU
n� q1 = q2 = ±1. 0L


a = ±b.

9



i&H�~xx7�U
9YH�M=qme$&xU


* �0 2'xU n 6= 0, ±1. �' y�8��V ±18 ±n�, n�+`p�U
` n �Cqj (S wl S b�Pl), h`
 n �CJj.� n 8 −n ��
VS<V, �bU7F	zxU
�^Xh p.� 8xU 2, 3, 5, 7 =FbU�xU 4, 6, 10, 15, 21 =F;U
3&$"�}*�~;U7+b�4


* �� 6' nF�~z;U
 pF n &�~
0 1 &?Pz�U
` p�:FbU
n p ≤ √
n .e Y}U
� p MFbU
`�Y q, 1 < q < p, 9" q|p. � p|n,':g 1,+ q|n. p8 pF n &?Pz�U�G
�
 pFbU
�� nF;U
n� n = pn1, 1 < p ≤ n1 < n.��
 p2 ≤ n.� p ≤ √

n .
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�>:g 6, $"rb"��~xU�bU&PGU`


* �� 7' n > 1. �En+&bU p ≤ √
n,+ p 6 |n,` nFbU


*!%:g 7,$"+�~vjbU&�:e\U
�^�C���L\ (Eratosthenes) O�.E���:&zxU N ,�ttn+M
) N &bU
$"�t N ~xU
���x ≤
√

N &n+bU p1, . . . , pk &&U
�|-F
��x


p1&&U : 2p1, . . . , [
N

p1
]p1;

. . . . . .

p1&&U : 2pk, . . . , [
N

pk
]pk,43&xU (M#U 1 ) ;Fn�t&M
) N &bU
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� 9ttn+M
) N = 100 &bU
p �� ≤
√

100 = 10 &n+bU� 2, 3, 5, 7, n�
��x

2, 3, 5, 7 &&U

2 · 2, 3 · 2, 4 · 2, . . . , 49 · 2, 50 · 2
2 · 3, 3 · 3, 4 · 3, . . . , 32 · 3, 33 · 3
2 · 5, 3 · 5, 4 · 5, . . . , 19 · 5, 20 · 5
2 · 7, 3 · 7, 4 · 7, . . . , 13 · 7, 14 · 7.43&xU (M#U 1 ) ;Fn�t&M
) N = 100 &bU
$"�"Q$
�D�3�
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E0bU p1 = 2,

1 2 3 6 4 5 6 6 7 6 8 9 6 10

11 6 12 13 6 14 15 6 16 17 6 18 19 6 20

21 6 22 23 6 24 25 6 26 27 6 28 29 6 30

31 6 32 33 6 34 35 6 36 37 6 38 39 6 40

41 6 42 43 6 44 45 6 46 47 6 48 49 6 50

51 6 52 53 6 54 55 6 56 57 6 58 59 6 60

61 6 62 63 6 64 65 6 66 67 6 68 69 6 70

71 6 72 73 6 74 75 6 76 77 6 78 79 6 80

81 6 82 83 6 84 85 6 86 87 6 88 89 6 90

91 6 92 93 6 94 95 6 96 97 6 98 99 6 100

E0bU p2 = 3,

1 2 3 5 7 6 9
11 13 6 15 17 19

6 21 23 25 6 27 29

31 6 33 35 37 6 39

41 43 6 45 47 49

6 51 53 55 6 57 59

61 6 63 65 67 6 69

71 73 6 75 77 79

6 81 83 85 6 87 89

91 6 93 95 97 6 99
13



E0bU p3 = 5,

1 2 3 5 7

11 13 17 19

23 6 25 29

31 6 35 37

41 43 47 49

53 6 55 59

61 6 65 67

71 73 77 79

83 6 85 89

91 6 95 97

E0bU p4 = 7,

1 2 3 5 7

11 13 17 19

23 29

31 37

41 43 47 6 49

53 59

61 67

71 73 6 77 79

83 89

6 91 97
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43xU (M#U 1 ) ;Fnt&M
) N = 100 &bU�

6 1 2 3 5 7

11 13 17 19

23 29

31 37

41 43 47

53 59

61 67

71 73 79

83 89

97b 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61,

67, 71, 73, 79, 83, 89, 97.
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* �� 8bU+&rI~
e Y}U
z'�++<~bU
'p"� p1, p2, . . . , pk.H�xU
n = p1 · p2 · · · pk + 1.�� n > pi, i = 1, . . . , k,n� n�:F;U
�>:g 6, n &
0 1 &?Pz�U pFbU
��
 pF p1, p2, . . . , pk �&3�~
b�Y j, 1 ≤ j ≤ k,9" p = pj. �>:g 3, $"+

p|n − p1 · · · pj · · · pk = 1.pFML=&
��Y+&rI~bU


Q%"Q\UL}*_� 4k + 3 &bU+&rI~
�&U}*_� 4k + 1 &bU+&rI~
g��Ijl
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��MF��z~xU��=+xx�1
n�$" 0-\
� (Euclid) m�Rz<jm�.

* �� 9 (Jgk"xU) ' a, bFz~xU
`� b > 0. `�Y��&xU q, r 9"
a = bq + r, 0 ≤ r < b (2)�� 9 he$: (�Ye) H��~xUl�

. . . , −3b, −2b, −b, 0, b, 2b, 3b, . . . .p"�6U&eha?� b &v�
L a7:�Y`�&�~v��
���Y�~xU q 9" qb ≤ a < (q + 1)b.$"� r = a − bq,`+ a = bq + r, 0 ≤ r < b.

17



(��e) �'eG+xU q, r 7 q1, r1 �: (2),`

a = bq + r, 0 ≤ r < b,

a = bq1 + r1, 0 ≤ r1 < b.z=A�
+ b(q − q1) = −(r − r1).� q 6= q13
B9&CE� ≥ b, L-9&CE� < b. pFML=&
� q = q1, r = r1.

* �0 3 (2) =�& q �C a ( b xn"& a�BP, r �C

a ( b xn"& <j.�!Y:g 9 &��3
 b|a ⇔ r = 0.~Jgk"xUY$�hU�f24[F%
`t0�1�$�1�&R�
� b = 2u + v, v =P

18



!%:g 7 7Jgk"xU
L�|PB�~xUFh�bU
� 10}* N = 137 �bU
p�� ≤
√

137 < 12 &n+bU� 2, 3, 5, 7, 11,n�
�%

2, 3, 5, 7, 11 |Ix�
137 = 68 · 2 + 1, 137 = 45 · 3 + 2, 137 = 26 · 5 + 3,

137 = 19 · 7 + 4, 137 = 12 · 11 + 5.

2 6 |137, 3 6 |137, 5 6 |137, 7 6 |137, 11 6 |137.':g 7, N = 137 �bU
�~�0&'QM�� 74U
�_+?DQ�UUqvG7!z
$" 0�~Uqk2
�0 4' xF�~6U
$"e x &xURe�P0R)0

x &?
xU
oh [x]. p3
$"+
[x] ≤ x < [x] + 1.

19



~ :g 9 �M�� q LX� q = [
a

b
],4U r LX� r = a − b[

a

b
].C6"
$"F5mhM�� q = [

a

b
],Vmh4U r = a − b[

a

b
].� 11 [3.14] = 3, [−3.14] = −4, [3] = 3, [−3] = −3.� 12' b = 15.� a = 2553
 a = 17b + 0, q = [

255

15
] = 17, r = 0 < 15;� a = 4173
 a = 27b + 12, q = [

417

15
] = 27, 0 < r = 12 < 15;� a = −813
 a = −6b + 9, q = [

−81

15
] = −6, 0 < r = 9 < 15.

20



6pQ%Jgk"xU3
L�>g��4Uzh`p_=
�� 10 (Jgk"xU) ' a, b Fz~xU
`� b > 0. `E��&xU c , �Y��&xU q, r 9"

a = bq+r, c ≤ r < b+c~

1. � 0 ≤ r < b3
 r �C���+<j.

2. � 1 ≤ r ≤ b3
 r �C��
<j.

3. � −b + 1 ≤ r ≤ 03
 r �C�w�
<j.

4. � −b ≤ r < 03
 r �C�w+<j.

5. � −b/2 ≤ r < b/2 R − b/2 < r ≤ b/23
 r �C zÆj��<j.

21



� 13' b = 7. `5V r = 0, 1, 2, 3, 4, 5, 6 ��Qaq5VÆ5V r = 1, 2, 3, 4, 5, 6, 7 ��Q{5VÆ5V r = 0, −1, −2, −3, −4, −5, −6 ��Æa{5VÆ5V r = −1, −2, −3, −4, −5, −6, −7 ��Æq5VÆ5V r = −3, −2, −1, 0, 1, 2, 3 �DF��Q5VÆ� 14' b = 8. `5V r = 0, 1, 2, 3, 4, 5, 6, 7 ��Qaq5VÆ5V r = 1, 2, 3, 4, 5, 6, 7, 8 ��Q{5VÆ5V r = 0, −1, −2, −3, −4, −5, −6, −7 ��Æa{5VÆ5V r = −1, −2, −3, −4, −5, −6, −7, −8 ��Æq5VÆ5V r = −4. − 3, −2, −1, 0, −1, −2, −3S r = −3, −2, −1, 0, 1, 2, 3, 4 �DF��Q5VÆ
22



§1.2 bk�_d

$"W3=�&xU�^F� 100�D�
p� 51328�	

5 · 104 + 1 · 103 + 3 · 102 + 2 · 101 + 8 · 100.�&GB'#�[U&21�'&u�|sf&4\
Y?:&'si<z|Au�21���	�l5i7�Æ�ZniX�� 51328�& 21�� 81�S 21�EAÆ���%#I�	�' b 1��WI[wM' 2 1�� 10 1�8 16 1�ÆR&Khl#yV�%#M#��4;h��� 1' b > 1FzxU
`�~zxU n L��-D�h

n = ak−1b
k−1 + ak−2b

k−2 + · · · + a1b + a0,`� aiFxU
0 ≤ ai ≤ b−1, i = 1, . . . , k−1,nKH1U ak−1 6= 0.

23



e5}* n+D	=
)�Q%Jgk"xU
K5
% b |x n "� n = bq0 + a0, 0 ≤ a0 ≤ b − 1.V% b|xM�� q0 "� q0 = bq1 + a1, 0 ≤ a1 ≤ b − 1.

��L
�"� q1 = bq2 + a2, 0 ≤ a2 ≤ b − 1,

. . .

qk−3 = bqk−2 + ak−2, 0 ≤ ak−2 ≤ b − 1,

qk−2 = bqk−1 + ak−1, 0 ≤ ak−1 ≤ b − 1.�� 0 ≤ qk−1 < · · · < q1 < q0 < n, n�7+xU k 9"

qk−1 = 0. p�
$"
�"�
n = bq0 + a0 = b(bq1 + a1) + a0 = b2q1 + a1b + a0 = . . .

= bk−2qk−3 + ak−3b
k−3 + · · · + a1b + a0

= bk−1qk−2 + ak−2b
k−2 + · · · + a1b + a0

= ak−1b
k−1 + ak−2b

k−2 + · · · + a1b + a0.

24



V}*p~D�=F��&
�'+z�M�&D�=�

n = ak−1b
k−1 + ak−2b

k−2 + · · · + a1b + a0, 0 ≤ ai ≤ b − 1, i = 1, . . . , k − 1.

n = ck−1b
k−1 + ck−2b

k−2 + · · · + c1b + c0, 0 ≤ ci ≤ b − 1, i = 1, . . . , k − 1. (pkL�z ak−1 = 0 R ck−1 = 0.) z=A�"�

(ak−1 − ck−1)b
k−1 + (ak−2 − ck−2)b

k−2 + · · · + (a1 − c1)b + (a0 − c0) = 0.z' j F?P&zxU9" aj 6= cj,`
bj((ak−1 − ck−1)b

k−1−j + (ak−2 − ck−2)b
k−2−j + · · · + (aj+1 − cj+1)b + (aj − cj)) = 0.Rm (ak−1 − ck−1)b

k−1−j + (ak−2 − ck−2)b
k−2−j + · · · + (aj+1 − cj+1)b + (aj − cj) = 0.�� aj − cj = −((ak−1− ck−1)b

k−j−2 +(ak−2− ck−2)b
k−j−3 + · · ·+(aj+1− cj+1))b.� b|(aj − cj), |aj − cj| ≥ b. � 0 ≤ aj ≤ b − 1, 0 ≤ cj ≤ b − 1,.+

|aj − cj| < b.pML=
�;FY n &D�=F��&

25



�~Y*xUF�0U b &D�=
$" 0�3k2��0 1$"% n = (ak−1ak−2 . . . a1a0)b D�eE=�

n = ak−1b
k−1 + ak−2b

k−2 + · · · + a1b + a0,`� 0 ≤ ai ≤ b − 1, i = 1, . . . , k − 1, ak−1 6= 0, Ke`�xU n & bss^
. p3
 n & b- 0��UF k = [logb n] + 1. C6"


bk−1 ≤ n < bk R k − 1 ≤ logb n < k.��
 k − 1 = [logb n].� 1D�xU 642 � 2 0�
p)�Q%Jgk"xU
$"+
26



642 = 2 · 321 + 0,

321 = 2 · 160 + 1,

160 = 2 · 80 + 0,

80 = 2 · 40 + 0,

40 = 2 · 20 + 0,

20 = 2 · 10 + 0,

10 = 2 · 5 + 0,

5 = 2 · 2 + 1,

2 = 2 · 1 + 0,

1 = 2 · 0 + 1.��
 642 = (1010000010)2 , Rm
642 = 1 ·29 +0 ·28 +1 ·27 +0 ·26 +0 ·25 +0 ·24 +0 ·23 +0 ·22 +1 ·21 +0 ·20.mhW�^% 8 0�
R 16 0�
R 64 0�)
Y 16 0��
$"% 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F eGD� 0, 1, . . . , 15 � 16 ~U
`� A, B, C, D, E, F eGE!0

10, 11, 12, 13, 14, 15.
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��℄<�1�0N�yy0NS��M>6�GNiEÆ

10 1� 16 1� 2 1� 10 1� 16 1� 2 1�

0 0 0000 8 8 1000

1 1 0001 9 9 1001

2 2 0010 10 A 1010

3 1 0011 11 B 1011

4 1 0100 12 C 1100

5 1 0101 13 D 1101

6 1 0110 14 E 1110

7 1 0111 15 F 1111� 3 0N 16 1� (ABC8)16 � 2 1�Æ� A = (1010)2, B = (1011)2, C = (1100)2, 8 = (1000)2. �L (ABC8)16 = (1010101111001000)2.

28



� 4 /M 2 0� (1011101111111101001)2 � 16 0�
'"QMhDL"�
(1001)2 = 9, (1110)2 = E, (1111)2 = F, (1101)2 = D, (101)2 = (0101)2 = 5.�L (1011101111111101001)2 = (5DFE9)16.�� 21�'0N1 161����V�o�%#M�6�VG 21�EA����R& 2 1�9 16 1���'NiE�� 2 1�0Ni 16 1�Æ� 5D�xU 642 � 16 0�
p�>p 1, $"+ 642 = (1010000010)2..YMhD"�

(0010)2 = 2, (1000)2 = 8, (10)2 = (0010)2 = 2.� 642 = 2 · 162 + 8 · 161 + 2 = (282)16.
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§1.3 �x53kA=1.℄Æ�n�

,�I�J�yV'���V�wHGq#'�Æ��V�`�Æ��V'niÆ�0 1' a1, . . . , anF n (n ≥ 2) ~xU
�xU dFp"���~U&�U
6� d ;�C a1, . . . , an &�~ 42j.�'xU a1, . . . , an M���
6�xU a1, . . . , an &n+Æ�U�?
&�~Æ�U�C �w42j, oF (a1, . . . , an).vG-
� (a1, . . . , an) = 13
$"e a1, . . . , an KqRKu.6p"
 d = (a1, . . . , an) &UqD	=LkQ��

(1) d|a1, . . . , d|an. (2)� e|a1, . . . , e|an,` e|d.%#�Z;h 7 ��6Z+Æ� 1 z~xU 14 7 21 &Æ�U� {±1, ±7}, p"&?
Æ�U (14, 21) = 7.
30



� 2z~xU −157 21 &Æ�U� {±1, ±3},p"&?
Æ�U (−15, 21) = 3.� 3�~xU 14, −15 7 21 &Æ�U� {±1},p"&?
Æ�U (14,−15, 21) = 1. RmY
�~xU 14, −15 7 21FBb&
� 4' a, bFz~xU
` (b, a) = (a, b).� 5' a, bFz~zxU
�' b|a,` (a, b) = b.� 6' pF�~bU
 a�xU
�' p 6 |a,` p8 aBb
e' (p, a) = d.`+ d|p _ d|a .�� pFbU
n�' d|p, $"+ d = 1 R d = p.E0 d = p,' d|a, $"+ p|a,p8z' p 6 |a �G
��
 d = 1. b (p, a) = 1. !�hr
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�� 1' a1, . . . , an F n ~M���&xU
`

(i) a1, . . . , an 8 |a1|, . . . , |an| &Æ�UA��

(ii) (a1, . . . , an) = (|a1|, . . . , |an|).

� 7' a, bFxU
` (a, b) = (a, −b) = (−a, b) = (|a|, |b|)� 8$"+

1) (−14, 21) = (14,−21) = (−14,−21) = (14, 21) = 7.

2) (−15, 21) = (15,−21) = (−15,−21) = (15, 21) = 3.
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* �� 2' bF��zxU
` (0, b) = b.e ��
:a�yV>G 0 '�V�M{yV b '�Æ�V� b, o� (0, b) = b.� 9� 1) (0, 21) = 21. 2) (−15, 0) = 15. 3) (0, b) = |b|.
* �� 3 ' a, b, c F�~M���&xU
�' a = bq + c,`� q FxU
` (a, b) = (b, c).e' d = (a, b), d′ = (b, c),` d|a, d|b. ' §1.1 :g 3,

d|a + (−q)b = c,�L
 dF b, c &Æ�U
�L
 d ≤ d′.�g
 d′ F a, b &Æ�U
 d′ ≤ d.��
 d = d′. 0F
:g 3 hr
� 10��� 1859 = 1 · 1573 + 286,n� (1859, 1573) = (1573, 286).� 11��� 1573 = 5 · 286 + 143,n� (1573, 286) = (286, 143) = 143.
33



b�S=�|mhtz~xU a, b &?
Æ�U���!%?
Æ�U&:�
;g���xU&�Ue$=
pY a, bMF=
U3FLa&
� §1.5 :g 4. �� a, bF=
U3
xUe$+);F=T9&C
��
$"5�t��hU “��Jgk"xURd/AxU”,�?Q%pt a, b &?
Æ�U
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* <0-\
�m� ' a, bF��z~zxU
o r−2 = a, r−1 = b. YnQ%Jgk"xU
$"+

r−2 = q0r−1 + r0, 0 ≤ r0 < r−1,

r−1 = q1r0 + r1, 0 ≤ r1 < r0,

r0 = q2r1 + r2, 0 ≤ r2 < r1,

. . . . . .

rn−4 = qn−2rn−3 + rn−2, 0 ≤ rn−1 < rn−2,

rn−3 = qn−1rn−2 + rn−1, 0 ≤ rn−1 < rn−2,

rn−2 = qnrn−1 + rn, rn = 0.

(1)

7*,=Q(�8��Z n :# rn = 0, qG��
0 = rn < rn−1 < . . . < r1 < r0 < r−1 = b,o b G,={yVÆ

35



�� 4' a, bF��z~zxU
` (a, b) = rn−1,`� rn−1F��Jgk"xU (1) �??�~`�4U
e �>:g 3, $"+
(a, b) = (r−2, r−1) = (r−1, r0)

= (r0, r1) = . . .

= (rn−2, rn−1) = (rn−1, 0).V�>:g 2, $"+

(a, b) = (rn−1, 0) = rn−1.���~Jgk"xU&Qh3�� O(log a log b), n n =

O(log a),n�mh (a, b) &3�� O(log2 a log b).
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��u{�yV'�Æ��VZ℄-��'7��g3#�'G&�o�%#�u{�yV'�Æ��V�*nCR�4�L6��?;h 1,�u{�yV'�Æ��V0F�u{�aqyV'�Æ��V�a��R&Khl#yV�L�?;h 3,%#M��u{�{yV'�Æ��V0F�u{��QaqyV'�Æ��V�ZoR&Khl#yV�
 �Khl#yV℄��u{�{yV'�Æ��V0F�u 0 8	�{yV'�Æ��V�����?;h 2, uu{�yV'�Æ��VÆ� 12' a = −1859, b = 1573, mh (a, b).p':g 1, (−1859, 1573) = (1859, 1573). Q%��Jgk"xU


1859 = 1 · 1573 + 286, 1573 = 5 · 286 + 143, 286 = 2 · 143.�>:g 4, (−1859, 1573) = 143.
37



� 14' a = 46480, b = 39423, mh (a, b).po%��Jgk"xU
\U��?P`p4U


46480 = 1 · 39423 + 7057

39423 = 5 · 7057 + 4138

7057 = 1 · 4138 + 2919

4138 = 1 · 2919 + 1219

2919 = 2 · 1219 + 481

1219 = 2 · 481 + 257

481 = 1 · 257 + 224

257 = 1 · 224 + 33

224 = 6 · 33 + 26

33 = 1 · 26 + 7

26 = 3 · 7 + 5

7 = 1 · 5 + 2

5 = 2 · 2 + 1

2 = 2 · 1.

℄VQ�DF��Q5VÆ
46480 = 1 · 39423 + 7057

39423 = 6 · 7057 − 2919

7057 = 2 · 2919 + 1219

2919 = 2 · 1219 + 481

1219 = 3 · 481 − 224

481 = 2 · 224 + 33

224 = 7 · 33 − 7

33 = 5 · 7 − 2

7 = 3 · 2 + 1

2 = 2 · 1.

n�
 (46480, 39423) = 1.
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� �Khl#yV'}A��%#�[�

rn = rn−2 − rn−1qn−1,

rn−1 = rn−3 − rn−2qn−3,

. . . . . .

r3 = r1 − r2q2,

r2 = r0 − r1q1.q��*�N} rn−1, rn−2, . . . , r3, r2, Mk�yV s, t :# sa + tb = (a, b).� 15' a = −1859, b = 1573,txU s, t ,9" sa + tb = (a, b).p'p 12 , $"+

143 = 1573 − 5 · 286

= 1573 − 5 · (1859 − 1 · 1573)

= 5 · (−1859) + 6 · 1573.��
xU s = 5, t = 6 �: sa + tb = (a, b).
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� 17' a = 46480, b = 39423,txU s, t ,9" sa + tb = (a, b).r (q 14 , %#,℄V	��Qaq5VÆ

1 = 5 − 2 · 2
= 5 − 2 · (7 − 1 · 5)

= (−2) · 7 + 3 · (26 − 3 · 7)

= 3 · 26 + (−11) · (33 − 1 · 26)

= (−11) · 33 + 14 · (224− 6 · 33)

= 14 · 26 + (−95) · (257 − 1 · 224)

= (−95) · 257 + 109 · (481 − 1 · 257)

= 109 · 481 + (−204) · (1219 − 2 · 481)

= (−204) · 7 + 517 · (2919 − 2 · 1219)

= 517 · 2919 + (−1238) · (4138− 1 · 2919)

= (−1238) · 4138 + 1755 · (7057− 1 · 4138)

= 1755 · 7057 + (−2993) · (39423− 5 · 7057)

= (−2993) · 39423 + 16720 · (46480− 1 · 39423)

= 16720 · 46480 + (−19713) · 39423

= (16720− 39423) · 46480 + (46480− 19713) · 39423

= (−22703) · 46480 + 26767 · 39423.
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\UP�CE�?P4U


1 = 7 − 3 · 2
= 7 − 3 · (−33 + 5 · 7)

= 3 · 33 + (−14) · (−224 + 7 · 33)

= 14 · 224 + (−95) · (481 − 2 · 224)

= (−95) · 481 + 204 · (−1219 + 3 · 481)

= (−204) · 1219 + 517 · (2919 − 2 · 1219)

= 517 · 2919 + (−1238) · (7057 − 2 · 2919)

= (−1238) · 7057 + 2993 · (−39423 + 6 · 7057)

= (−2993) · 39423 + 16720 · (46480 − 1 · 39423)

= 16720 · 46480 + (−19713) · 39423

= (16720 − 39423) · 46480 + (46480 − 19713) · 39423

= (−22703) · 46480 + 26767 · 39423.��
xU s = −22703, t = 26767 �: sa + tb = (a, b).
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* �� 5' a, bFzxU
` sna + tnb = (a, b), (2)F1 n = 0, 1, 2, . . . , ql sn, tn #8.;��







s0 = 1, s1 = 0, sj = sj−2 − qj−1sj−1,

t0 = 0, t1 = 1, tj = tj−2 − qj−1tj−1,
j = 2, 3, ..., n (3)

`� qj F (1)=�&M�� 
e 
h~+�F1 j = 0, 1, 2, . . . , n, sja + tjb = rj, (4)`� rj F (1)=�&4U
�� (a, b) = rn,n�
sna + tnb = (a, b).E j FUq"7U\}* (4).

j = 0 4�, s0 = 1, t0 = 0, �` s0a + t0b = a = r0. "�F1 j = 0 isÆ
j = 1 4�, s1 = 0, t1 = 1, �` s1a + t1b = b = r1. "�F1 j = 1 isÆ
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z'!�E0 1 ≤ j ≤ k − 1 hr
b

sja + tjb = rj.E0 j = k, $"+
rk = rk−2 − rk−1qk−1.o%"7z'
$""�

rk = (sk−2a + tk−2b) − (sk−1a + tk−1b)qk−1

= (sk−2 − qk−1sk−1)a + (tk−2 − qk−1tk−1)b

= ska + tkb.��
!�E0 j = k hr
�>Uq"7UBg
 (4) En+&

j hr
p;�h~}*
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z' a, bFM���&`pxU
$"�|mh s, t9"

sa + tb = (a, b).K5
� r−2 = a, r−1 = b, s−2 = 1, s−1 = 0, t−2 = 0, t−1 = 1.

(1)�' r−1 = 0,`� s = s−2, t = t−2. h`
mh

q0 = [
r−2

r−1
], r0 = r−2 − q0r−1.

(2)�' r0 = 0,`� s = s−1, t = t−1. h`
mh

s0 = s−2 − q0s−1, t0 = t−2 − q0t−1,�_ q1 = [r−1
r0

], r1 = r−1 − q1r0.

(3)�' r1 = 0,`� s = s0, t = t0. h`
mh
s1 = s−1 − q1s0, t1 = t−1 − q1t0,�_ q2 = [r0

r1
], r2 = r0 − q2r1.

. . . . . . . . . . . .
44



(j+1)� rj−1 = 0, (j ≥ 3),`�

s = sj−2, t = tj−2.h`
mh
sj−1 = sj−3 − qj−1sj−2, tj−1 = tj−3 − qj−1tj−2,�_

qj = [
rj−2

rj−1
], rj = rj−2 − qjrj−1.??
�:+ rn = 0. p3
�

s = sn−1, t = tn−1.7�
$"L�j�xU s, t,9"
sa + tb = rn−1 = (a, b).
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"Q)mL��h�3D{�

j sj−1 tj−1 qj rj

-2 a

-1 1 0 b

0 0 1 q0 r0

1 s0 t0 q1 r1

2 s1 t1 q2 r2

... ... ... ... ...

n-1 sn−2 tn−2 qn−1 rn−1

n sn−1 tn−1 qn rn

`�








sj−1 = sj−3 − qj−1sj−2,

tj−1 = tj−3 − qj−1tj−2,

qj = [
rj−2

rj−1
],

rj = rj−2 − qjrj−1.
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� 18' a = 1859, b = 1573. mhxU s, t9"

sa + tb = (a, b).p�>D{ (5) _Æ= (6), $"+

j sj−1 tj−1 qj rj

-2 1859

-1 1 0 1573

0 0 1 1 286

1 1 -1 5 143

2 -5 6 2 0��
 s = −5, t = 69"

(−5) · 1859 + 6 · 1573 = 143.
47



� 19' a = 737, b = 635. mhxU s, t9"

sa + tb = (a, b).p�>D{ (5) _Æ= (6), $"+�

j sj−1 tj−1 qj rj

-2 737

-1 1 0 635

0 0 1 1 102

1 1 -1 6 23

j sj−1 tj−1 qj rj

2 -6 7 4 10

3 25 -29 2 3

4 -56 65 3 1

5 193 -224 3 0��
 s = 193, t = −2249"

193 · 737 + (−224) · 635 = 1.
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:g 5 &B,zMhr
�$"+

* �� 6xU a, bBb&pe7���F�YxU s, t9"

sa + tb = 1.e �>:g 5, $"rb"�,z&7�e
Y)\
' d = (a, b),`+ d|a, d|b. 9Y��YxU s, t9"

sa + tb = 1.`$"+

d|sa + tb = 1.��
 d = 1. bxU a, b Bb
� 20'℄~xU a, b, c, d �:�1=�
ad − bc = 1.
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` (a, b) = 1, (a, c) = 1, (d, b) = 1, (d, c) = 1.3&
$"VY*?
Æ�U&Uq:�
$"+
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* �� 7' a, bF��z~M���&xU
 dFzxU
` dFxU a, b &?
Æ�U&p���F�

(i) d|a, d|b;
(ii)� e|a, e|b,` e|d.e� dFxU a, b &?
Æ�U
`7�+ (i) hr�V':g 5, �YxU s, t9"

sa + tb = d.��
� e|a, e|b3
+

e|sa + tb = d.� (ii) hr
Y)\
z' (i) 7 (ii) hr
6�
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(i)Y* dFxU a, b &Æ�U�

(ii)Y* dFxU a, b &Æ�U�&?
U
�� e|d3
+

|e| ≤ d.��
 dFxU a, b &?
Æ�U
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* �� 8' a, bF��z~M���&xU


(i)� mF��zxU
` (am, bm) = (a, b)m.

(ii) �`�xU d �: d|a, d|b, ` (
a

d
,
b

d
) =

(a, b)

|d| . vG-


∗ ( a
(a,b),

b
(a,b)) = 1.e ' d = (a, b), d′ = (am, bm). ':g 5, �YxU s, t 9"

sa + tb = d.z��k m, "� s(am) + t(bm) = dm. �� d′|dm..7�+ dm|am, dm|bm. �>:g 7 (ii),+ dm|d′.� d′ = dm. b (i) hr
V�> (i), � d|a, d|b3
+

(a, b) = (
a

|d| · |d|,
b

|d| · |d|) = (
a

|d|,
b

|d|)|d| = (
a

d
,

b

d
)|d|.
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��
 (
a

d
,

b

d
) =

(a, b)

|d| . vG-
z d = (a, b),+ ( a
(a,b),

b
(a,b)) = 1. �

(ii) hr
� 21' a = 11 · 200306, b = 23 · 200306. mh (a, b).p�� (11, 23) = (11, 23 − 11 · 2) = (11, 1) = 1,n�

(a, b) = (11 · 200306, 23 · 200306) = 200306.
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i&$"t�~�9�|tz~xU&?
Æ�U
E0 n~xU a1, . . . , an &?
Æ�U
$"L�%2"&\U
�tp"&?
Æ�U/E��1�tz~xU&?
Æ�U
�|)m�3��� 9' a1, . . . , an F n ~xU
n a1 6= 0. �

(a1, a2) = d2, . . . , (dn−1, an) = dn.` (a1, . . . , an) = dn .� 22 mh?
Æ�U (120, 150, 210, 35).p��

(120, 150) = (120, 30) = 30,

(30, 210) = 30,

(30, 35) = (30, 5) = 5,
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n�?
Æ�U (120, 150, 210, 35) = 5.
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§1.4 bn�t.
#v[��5Qk

* �� 1' a, b, cFxU
n b 6= 0, c 6= 0. �' (a, c) = 1,`

(ab, c) = (b, c).e� d = (ab, c), d′ = (b, c). + d′|b, d′|c. 0L d′|ab, d′|c.�> §1.3 :g 7, " d′|d.Y)\
�� (a, c) = 1, �> §1.3 :g 6, �YxU s, t 9"

sa + tc = 1.z��k b, "� s(ab) + (tb)c = b. �> §1.1 :g 3, '

d|ab, d|c,$""� d|s(ab) + (tb)c , b d|b.���> §1.3 :g 7, "� d|d′.� d = d′.�!' a, b, cF�~xU
n c 6= 0. �' c|ab, (a, c) = 1 ,`
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c|b. e �>z'��7:g 1, + c|(ab, c) = (b, c). �L c|b. }2
� 1�� 15|2 · 75,. (2, 15) = 1,n� 15|75.

* �� 2' pFbU
� p|ab,` p|a R p|b.e � p 6 |a, `�> §1.3 p 6, + (p, a) = 1. V�>:g 1 ���
+ p|b. }2
� 2�� 5|3 · 25,. 5 6 |3 _ 5 �bU
n� 5|25.
x: � c|ab,` c|a R c|b?
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* �� 3 ' a1, . . . , an, c �xU
�' (ai, c) = 1, 1 ≤ i ≤ n.`

(a1 · · · an, c) = 1.

* �! ' a1, . . . , an FxU
 p FbU
� p|a1 · · · an, ` p�:xx3�~ ak.
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* �0 1 ' a1, . . . , an F n ~xU
� m Fp n ~U&&U
` m �Cp nU&�~ 4Pj. a1, . . . , an &n+Æ&U�&?PzxU�C ��4Pj, oF [a1, . . . , an].

m = [a1, . . . , an] &UqD	=F�

(i) ai|m, 1 ≤ i ≤ n; (ii)� ai|m′, 1 ≤ i ≤ n,` m|m′.� 3xU 14 7 21 &Æ&U� {±42, ±84, . . .}, ?PÆ&U�

[14, 21] = 42.

* �� 4' a, bFz~BbzxU
`
(i)� a|m, b|m,` ab | m; (ii) [a, b] = ab.� 4' p, q Fz~M�&bU
` [p, q] = pq.
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* �� 5' a, bFz~zxU
`

(i)� a|m, b|m,` [a, b] | m; (ii) [a, b] =
ab

(a, b)
.

e� d = (a, b). �> §1.3 :g 8, $"+ (
a

d
,
b

d
) = 1.

.�>:g 4, [
a

d
,
b

d
] =

a

d
· b

d
, 0L [a, b] =

ab

d
, b (ii) hr
V' a

d
| m

d
,

b

d
| m

d
, "� a

d
· b

d
| m

d
. �L ab

d
| m, b (i)hr


E0 n ~xU a1, . . . , an &?PÆ&U
$"L�%2"&\U
�tp"&?PÆ&U/E��1�tz~xU&?PÆ&U
�|)m�3�
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�� 6' a1, . . . , an F n ~xU
�

[a1, a2] = m2, [m2, a3] = m3, . . . , [mn−1, an] = mn.` [a1, . . . , an] = mn.� 5 mh?PÆ&U [120, 150, 210, 35].p�� [120, 150] =
120 · 150

(120, 150)
=

120 · 150

30
= 600

[600, 210] =
600 · 210

(600, 210)
=

600 · 210

30
= 4200,

[4200, 35] =
4200 · 35

(4200, 35)
=

4200 · 35

35
= 4200.n�?
Æ�U [120, 150, 210, 35] = 4200.

*�� 7' a1, a2, . . . , anFzxU
�' a1|m, a2|m, . . . , an|m,` [a1, a2, . . . , an] | m
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§1.5 rk tgWS
�

i&t�)bU
K}*~�~xU=+�~b�U
3&�}*�~xU�:L�D�hbU&kY
LnrD	=F��& (YMH�kYXl&pS3).

* �� 1(sfVR��) ��xU n > 1 =L�D�hbU&kY
nYMH�kYXl&pS3
rD	=F��&
b

n = p1 · · · ps, p1 ≤ . . . ≤ ps, (1)

piFbU
n� n = q1 · · · qt, q1 ≤ . . . ≤ qt, qj FbU
` s = t, pi =

qi, 1 ≤ i ≤ s.eK5%Uq"7U}*���xU n > 1 =L�D�hbU&kY
b (1)=hr
 n = 2, (1)=hr
z'E0 < n &zxU
 (1)=hr
E0zxU n,
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� nFbU
` (1)=E n hr
� nF;U
`�YzxU b, c9"
n = bc, 1 < b < n, 1 < c < n.�>"7z'
 b = p′1 · · · p′u, c = p′u+1 · · · p′s. 0F
 n =

p′1 · · · p′s.H�t= p′i &�lb" (1)=
� (1)=E0 n hr
�>Uq"7UBg
 (1)=E0n+ n > 1 &xUhr
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V}*D	=F��&
'K+ n = q1 · · · qt, q1 ≤ . . . ≤
qt, `� qj FbU
`

p1 · · · ps = q1 · · · qt. (2)�� p1|q1 · · · qt . �> §1.4 :g 3 ���
�Y qj 9" p1|qj . �

p1, qj =FbU
� p1 = qj. �g
�Y pk9" q1 = pk. p�


p1 ≤ pk = q1 ≤ qj = p1,0L p1 = q1. � (2)=&z��3Mx p1, $"+
p2 · · · ps = q2 · · · qt.�gL�t p2 = q2. ��
�

�"� p3 = q3, . . . , qs =

pt.�_ s = t.
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� 1XtxU 45, 49, 100, 128 &�Ue$=
p�>:g 1, $"+
45 = 3 · 3 · 5, 49 = 7 · 7,

100 = 2 · 2 · 5 · 5, 128 = 2 · 2 · 2 · 2 · 2 · 2 · 2.
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�A�&bUkYXhbU%&_=
:g 1 LDQ���� 2��xU n > 1 L���-D�h

n = p
α1
1 · · · pαs

s , αi > 0, i = 1, . . . , s, (3)

`� pi < pj (i < j)FbU

(3)=�C n & [�%pa.� 2XtxU 45, 49, 100, 128 &A1e$=
p�>:g 17p 1,45 = 32 · 5, 49 = 72, 100 = 22 · 52, 128 =

27. Y!%�
�~DQ\;f�
xU&�Ue$=^Xh

n = p
α1
1 · · · pαs

s , αi ≥ 0, i = 1, . . . , s.
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�� 3' nF
0 1 &�~xU
n+A1e$=�

n = p
α1
1 · · · pαs

s , αi > 0, i = 1, . . . , s,` dF n &z�U�n-� d+�Ue$=�

d = p
β1
1 · · · pβs

s , αi ≥ βi ≥ 0, i = 1, . . . , s. (4)�� 4' a, bFz~zxU
n=+b�Ue$=�

a = p
α1
1 · · · pαs

s , b = p
β1
1 · · · pβs

s , αi ≥ 0, βi ≥ 0, i = 1, . . . , s,` a 7 b &?
Æ�U7?PÆ&UeG+�Ue$=�

(a, b) = p
min(α1,β1)
1 · · · pmin(αs,βs)

s , [a, b] = p
max(α1,β1)
1 · · · pmax(αs,βs)

s .�!' a, bFz~zxU
` (a, b)[a, b] = ab.
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� 4mhxU 120, 150, 210, 35 &?
Æ�U7?PÆ&U
p�>:g 1, 120 = 23·3·5, 150 = 2·3·52, 210 = 2·3·5·7, 35 =

5 · 7.V�>:g 4, (120, 150) = 2 · 3 · 5 = 30, (30, 210) = 2 · 3 · 5 =

30, (30, 35) = 5,n�xU 120, 150, 210, 35 &?
Æ�U� 5.��
�>:g 4, [120, 150] = 23·3·52 = 600, [600, 210] = 23·3·52·
7 = 4200, [4200, 35] = 23·3·52·7 = 4200,n� [120, 150, 210, 35] = 4200.
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�Z |;+g+��Q�3!z�
1. �4&U+vG
2. 0�4&PB�)}�170Qh)

3. 0�4&U+e�
4. .4
8��.41
5. �E.4
8�E.41
6. 0B?b kUD

7. JY/U_`mh

8. JY:g 
�P:g

9. RSA $$}*

10. 0"nW\U
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§2.1 ~=�-,[WS#v

i&t�~xU&xxe�
9Yt�xU&�4e�
�ExU0ah�&e

�4FU��&�~1e"�&vG
�4g�Y$�q
vGFÆM$�q�+2`^"�&!%
�0 1�:�~zxU m. z~xU a, b �C0 m }<, �' a − b( mxx
R m|a − b,oF a ≡ b (mod m). h`
�C0

m a}<. oF a 6≡ b (mod m).~0 mFzxU
Y�4e�&t����~�:xU
� 1$"+ 29 ≡ 1 (mod 7),�� 7|29− 1. ��
27 ≡ 6 (mod 7)7 23 ≡ −5 (mod 7). �4&vG^^t90�^+Q�
p�
3sF0 12R 24P3
es7(sF0 60.
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�9PBz~xU a, b 0 m�4:����P$�3%9�	:6iEIfj!wT	alg a − b '/ m w%3T��oE�G�`%
E��~	#!�/�T(|%OFT	Æ:�P ,OAy}wT a, b / m Eg�3�K5
�)xU a, b&D	_=\PBxU a, b0 mFh�4
�� 1' mFzxU
' a, bFxU
` a ≡ b (mod m)&p���F�Y�~xU k 9" a = b + km.� 2$"+ 39 ≡ 4 (mod 7),�� 39 = 5 · 7 + 4.`�
0�4�+���C �
;Æ &e�
�� 2' mF�~zxU
`0 m�4F)}�1
b

i). (6Ye) E��xU a, a ≡ a (mod m);

ii). (Eee) � a ≡ b (mod m),` b ≡ a (mod m);

iii). (z2e)� a ≡ b (mod m), b ≡ c (mod m),` a ≡ c (mod m).
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� 3�� 39 ≡ 32 (mod 7), 32 ≡ 25 (mod 7),n�

39 ≡ 25 (mod 7). z2e�3
$"+
39 ≡ 39 (mod 7), 25 ≡ 25 (mod 7), 6Ye�_

32 ≡ 39 (mod 7), 25 ≡ 32 (mod 7). Eee0�
Q%xU a, b 0 m &4U
L�PB a, b 0 mFh�4
�� 3' mF�~zxU
`xU a, b 0 m�4&pe7���F a, b( mx&4UA�
� 4$"+ 39 ≡ 25 (mod 7),�� 39 = 5 · 7 + 4, 25 = 3 · 7 + 4.
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/\	��/�3E(|�0	mÆ*wT a, b / m %wTPg6jTPgd�	JKP$o}d�[OA a, b / m Eg�3��� 4' mFzxU
' a1, a2, b1, b2 FxU
�'

a1 ≡ b1 (mod m), a2 ≡ b2 (mod m),` (i) a1 + a2 ≡ b1 + b2 (mod m); (ii) a1a2 ≡ b1b2 (mod m).� 5�� 39 ≡ 4 (mod 7), 22 ≡ 1 (mod 7),n�

61 = 39 + 22 ≡ 4 + 1 ≡ 5 (mod 7),

17 = 39 − 22 ≡ 4 − 1 ≡ 3 (mod 7),

858 = 39 · 22 ≡ 4 · 1 ≡ 4 (mod 7),

1521 = 392 ≡ 42 ≡ 2 (mod 7),

484 = 222 ≡ 12 ≡ 1 (mod 7).� 6 2003 D 5N 9�F^[(
!0 22003 ~F^[g�
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p�� 21 ≡ 2 (mod 7), 22 ≡ 4 (mod 7), 23 = 8 ≡ 1 (mod 7),.

2003 = 667 · 3 + 2. n�
22003 = (23)667 · 22 ≡ 1 · 4 ≡ 4 (mod 7).�0 22003 ~F^[P
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3&
$"0�Pt��4&e�


* �� 8' ad ≡ bd (mod m). � (d,m) = 1,` a ≡ b (mod m).e� ad ≡ bd (mod m),` m|ad − bd,R m|d(a − b).�L m|a − b.� 11�� 95 ≡ 25 (mod 7), (5, 7) = 1,n� 19 ≡ 5 (mod 7).�� 9' a ≡ b (mod m), k > 0,` ak ≡ bk (mod mk).

* �� 10' a ≡ b (mod m). � d | (a, b,m),` a
d ≡ b

d (mod m
d ).� 13�� 190 ≡ 50 (mod 70),n�z d = 10,"� 19 ≡ 5 (mod 7).

* �� 11' a ≡ b (mod m). �' d|m,` a ≡ b (mod d).

* �� 12' a ≡ b (mod mi), i = 1, . . . , k,` a ≡ b (mod [m1, . . . ,mk]).� 15� 190 ≡ 50 (mod 7), 190 ≡ 50 (mod 10) ,� 190 ≡ 50 (mod 70).

* � 16' p, qFM�bU
� a, b�: a ≡ b (mod p), a ≡ b (mod q),` a ≡ b (mod pq).
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e' a ≡ b (mod p), a ≡ b (mod p),` p|a− b, q|a− b.�� p, q FM�&bU
n� pq|a − b.b a ≡ b (mod pq).�� 13' a ≡ b (mod m),` (a,m) = (b,m).
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§2.2 Z=�[�CZ=�

���5G	 *~�2�o�M)-1�5F�}yV1bfd�L� dG�	�V℄G��1M#�yV'	VZf�ÆE��xU a, � Ca = {c | c ∈ Z, a ≡ c (mod m)}.�� 1 i)��xU7#-Y�~ Cr �
 0 ≤ r ≤ m − 1.

ii) Ca = Cb ⇔ a ≡ b (mod m). (1)

iii) Ca ∩ Cb = ∅ ⇔ a 6≡ b (mod m).�0 1 Ca �C0 m & a & Y<�. �~.4
�&��U�Cr
& Y<R{^F. � r0, r1, . . . , rm−1 F m~xU
Kn`��9z~U=MY��~.4
k
` r0, . . . , rm−1 �C
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0 m&�~ �BY<Æ. 0 m&.4
+ m~

C0, C1, . . . , Cm−1.� 1E��xU a, Ca = {a + 10k | k ∈ Z}F0 m = 10&.4



0, 1, 2, 3, 4, 5, 6, 7, 8, 9�0 10&�~��.41


1, 2, 3, 4, 5, 6, 7, 8, 9, 10�0 10&�~��.41


0, −1, −2, −3, −4, −5, −6, −7, −8, −9 �1 10'	���/52Æ

0, 3, 6, 9, 12, 15, 18, 21, 24, 27�0 10&�~��.41


10, 11, 22, 33, 44, 55, 66, 77, 88, 99 �1 10 '	���/52Æ�� 2 m~xU r0, r1, . . . , rm−1 �0 m&�~��.41&pe7���Fp"0 m zzM�4
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� 2 ( m G	�{yVÆa

i) 0, 1, . . . , m − 1 G1 m '	���/52��D1 m ' ��!,�D[>�;

ii) 1, . . . , m − 1, m G1 m '	���/52��D1 m ' ��d�D[>�;

iii) −(m − 1), . . . , −1, 0 G1 m '	���/52��D1 m ' �y!d�D[>�;

iv) −m, −(m − 1), . . . , −1 G1 m '	���/52��D1 m ' �y,�D[>�;

v) � m fH�MV4� −m/2, −(m − 2)/2, . . . , −1, 0, 1, . . . , (m − 2)/2, S

−(m − 2)/2, . . . , −1, 0, 1, . . . , (m − 2)/2, m/2, G1 m '	���/52�� m fH�dV4� −(m − 1)/2, . . . , −1, 0, 1, . . . , (m − 1)/2G1 m '	���/52�#R{���/52	f�1 m '	� {�k���D[>�.
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�� 3' (a,m) = 1 , bF��xU
� x>m0 m&�~��.41
` ax + b�>m0 m&�~��.41
e�>:g 2, �g}*�� a0, a1, . . . , am−1 F0 m&�~��.413
 m~xU aa0 + b, aa1 + b, . . . , aam−1 + b 0 m zzM�4
C6"
��Y ai 7 aj (i 6= j)9"

aai + b ≡ aaj + b (mod m),` m|a(ai − aj). �� (a,m) = 1, �> §1.4 :g 1 ���
$"+

m|ai − aj. pY* ai 8 aj 0 m�4
8z'�G
��
 ax + b�>m0 m&�~��.41
� 2 ' m = 10, a = 7, b = 5. `_� ax + b & 10 ~U

5, 12, 19, 26, 33, 40, 47, 54, 61, 68�h0 10&�~��.41
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�� 4' (m1, m2) = 1 . � x1, x2 eG>m0 m1, m2 &��.41
` m2x1 + m1x2 >m0 m1m2 &��.41
e �� x1, x2 eG>m m1, m2 ~U3
 m2x1 + m1x2 >m

m1m2 ~xU
n��g}*p m1m2 ~xU0 m1m2 zzM�4
C6"
�xU x1, x2 7 y1, y2 �:

m2x1 + m1x2 ≡ m2y1 + m1y2 (mod m1m2),` m2x1+m1x2 ≡ m2y1+m1y2 (mod m1),Rm m2x1 ≡ m2y1 (mod m1),0L
 m1|m2(x1 − y1). �� (m1,m2) = 1,n� m1|x1 − y1. � x1 8

y1 0 m1 �4
�g
 x2 8 y2 0 m2 �4
��
:gFhr&
}2
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� 3' p, q FM�&bU
 n = pq . `E��xU c,�Y��&�ExU x, y �: qx + py ≡ c (mod n), 0 ≤ x < p, 0 ≤ y < q.e�� p, qFz~M�&bU
n� p, qFBb&
�>:g 4_`}*
� x, y eG>m0 p, q &��.413
 qx + py>m0 n = pq &��.41
��
�Y��&�ExU x, y �:

qx + py ≡ c (mod n), 0 ≤ x < p, 0 ≤ y < q.� 4' m1 = 2, m2 = 5. `_� 2x1 + 5x2 & 10~U

0, 5, 10, 15, 20, 2, 7, 12, 17, 22�h0 10&�~��.41
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�� 5'm1, m2, . . . ,mkF k~Bb&zxU
� x1, x2, . . . , xkeG>m0 m1, m2, . . . , mk &��.41
`

m2 · · ·mkx1 + m1m3 · · ·mkx2 + · · · + m1 · · ·mk−1xk>m0 m1m2 · · ·mk &��.41
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§2.3 gOZ=�A.�Bk

Yt��
^^z:z~xU a, mBb&��
b (a,m) = 1.9Y$"t�.48 mBb&.4
&e�
�0 1 ' m F�~zxU
` m ~xU 0, 1, . . . , m − 1 �8 mBb&xU&~U
oF ϕ(m),�^�C -� (Euler) Aj.� 1' m = 10. ` 10~xU 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 �8 10Bb&xU� 1, 3, 7, 9,n� ϕ(10) = 4.�0 2�~0 m&.4
�CfNY<�,�'r
��Y�~8 mBb&.4
�� 1 ' r1, r2 F��0 m .4
&z~.4
` r1 8 mBb&pe7���F r2 8 mBb
g �{(�, r1 = r2 + km. 1M (r1, m) = (r2, m). ��� (r1,m) = 1 ⇔ (r2,m) = 1.
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�0 3 Y0 m &n+M��E.4
�
��~
�z�~U=h&xU&\;
�C0 m&�~ fNY<Æ.0 m&�E.41&?b~U� ϕ(m).� 3 1, 3, 7, 9F0 10&�E.41
 ϕ(10) = 4.� 4 1, 7, 11, 13, 17, 19, 23, 29F0 30&�E.41
ϕ(30) = 8.� 5 1, 2, 3, 4, 5, 6F0 7&�E.41
 ϕ(7) = 6.� 6 � m = p �bU3
 1, 2, . . . , p − 1 F0 p &�E.41
n� ϕ(p) = p − 1.�� 2� r1, . . . , rϕ(m) F ϕ(m) ~8 mBb&xU
Knzz0 mM�4
` r1, . . . , rϕ(m) F0 m&�~�E.41
e
:gz'
� ϕ(m)~xU r1, . . . , rϕ(m) F0 m&n+M��E.4
&.4
� r1, . . . , rϕ(m) F0 m&�~�E.41
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�� 3 ' (a,m) = 1 . �' x >m0 m &�~�E.41
` ax�>m0 m&�~�E.41
e�� (a,m) = 1, (x,m) = 1,n� (ax,m) = 1.pY* axF�E.4
&.4
. ax1 ≡ ax2 (mod m)3
+ x1 ≡ x2 (mod m).��


x>m0 m&�~�E.413
 ax>m ϕ(m)~U
np"zz0 mM�4
�>:g 2, ax>m0 m&�~�E.41
� 7 �� 1, 7, 11, 13, 17, 19, 23, 29 F0 30 &�E.41


(7, 30) = 1. n��

7 · 1 ≡ 7, 7 · 7 = 49 ≡ 19, 7 · 11 = 77 ≡ 17,

7 · 13 = 91 ≡ 1, 7 · 17 = 119 ≡ 29, 7 · 19 = 133 ≡ 13,

7 · 23 = 161 ≡ 11, 7 · 29 = 203 ≡ 23 (mod 30).��
 7 · 1, 7 · 7, 7 · 11, 7 · 13, 7 · 17, 7 · 19, 7 · 23, 7 · 29F0 30&�E.41
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� 8' m = 7. ' aD�0��U
�8 mBb&�:U
' xD�0�aU
>m0 m&�E.41
' anYa8 xnY�&�W��D� ax 0 m ?P`p.4
`$""��3&�D


a \ x 1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 4 6 1 3 5

3 3 6 2 5 1 4

4 4 1 5 2 6 3

5 5 3 1 6 4 2

6 6 5 4 3 2 1`� anYa&UD� axj x>m0 m&�E.41
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�� 4' (a,m) = 1 . `�YxU a′, 1 ≤ a′ < m9"

aa′ ≡ 1 (mod m).g/ (�Zf~+). �� (a,m) = 1, �?;h 3, x ?n1 m '	��Q�F/524� ax �?n1 m '	��F/52Æ����ZyV x = a′, 1 ≤ a′ < m :#

aa′ N1 1 '/5d�
 aa′ ≡ 1 (mod m). ~3Æ��Y6pQ%�
$"^^g��|-ttxU
n�$"Q%��Jgk"xU�t:g 4&�℄e}*
e� (�℄e}*). �� (a,m) = 1, �> §1.3 :g 5, Q%��Jgk"xU
Lj�xU s, t 9" sa + tm = (a,m) = 1. ��
xU a′ = s (mod m) �: aa′ ≡ 1 (mod m).� 9 ' m = 7, a D�8 m Bb&xU
�>:g 4, $""
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�A!&�4=�
1 · 1 ≡ 1, 2 · 4 ≡ 1, 3 · 5 ≡ 1, (mod 7)

4 · 2 ≡ 1, 5 · 3 ≡ 1, 6 · 6 ≡ 1, (mod 7).� 10' m = 737, a = 635. �> §1.3 p 19,'��Jgk"xU
Lj�xU s = −224, t = 1939"
(−224) · 635 + 193 · 737 = 1.��
 a′ = −224 ≡ 513 (mod 737)9"

635 · 513 ≡ 1 (mod 737).
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�� 5 ' (m1, m2) = 1 . �' x1, x2 eG>m0 m1 70 m2&�E.41
` m2x1 + m1x2 >m0 m1m2 &�E.41
e5}*� (x1,m1) = 1, (x2,m2) = 13
 (m2x1 + m1x2,m1m2) = 1.D7#��� (m1, m2) = 1, �? §1.3 ;h 3 8 §1.4 ;h 1, %#,

(m2x1 + m1x2,m1) = (m2x1, m1) = (x1, m1) = 1,

(m2x1 + m1x2,m2) = (m1x2, m2) = (x2, m2) = 1.���W�? §1.4 ;h 3, %##� (m2x1 + m1x2, m1m2) = 1.`�
}*0 m1m2 &���E.4LD�� m2x1 + m1x2,a� (x1,m1) = 1, (x2, m2) = 1. D7#��? §2.2 ;h 4, 1 m1m2 '
	/5M�EA� m2x1 + m1x2.���� (m2x1 + m1x2, m1m2) = 14��? §1.4;h 1 8

§1.3 ;h 3, ,

(x1, m1) = (m2x1, m1) = (m2x1 + m1x2, m1) = 1.�h� (x2,m2) = 1. "�isÆ
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�:g 5 L�tJY/U ϕ&e� (b ϕFn &ke/U).�� 6' m, nFBb&z~zxU
` ϕ(mn) = ϕ(m)ϕ(n).e�>:g 5,� x>m0 m&�E.41
� ϕ(m)~xU�_ y >m0 n &�E.41
� ϕ(m) ~xU3
 ym + xn >m0 mn &�E.41
`xU~U� ϕ(m)ϕ(n). �0 mn &�E.41&?b~U.� ϕ(mn). ��
n� ϕ(mn) = ϕ(m)ϕ(n).� 11 ϕ(77) = ϕ(7)ϕ(11) = 6 · 10 = 60.� 12 ϕ(30) = ϕ(2)ϕ(3)ϕ(5) = 1 · 2 · 4 = 8.
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�� 7' n+A1�Ue$=� n = ∏

p|n pα = p
α1
1 · · · pαs

k .`

ϕ(n) = n
∏

p|n
(1 − 1

p
) = n(1 − 1

p1
) · · · (1 − 1

pk
).

�!' p, q FM�&bU
` ϕ(pq) = pq − p − q + 1.e$':g 7,+ ϕ(pq) = ϕ(p)ϕ(q) = (p−1)(q−1) = pq−p−q+1.
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~� n�;U
nM�� n&�Ue$=3
�^=9tt

n&JY/U� ϕ(n).� 13'zxU nFz~M�bU&kY
�'�� n7JY/U� ϕ(n),`Ltt n&�Ue$=
eH���U p, q &\m=�






p + q = n + 1 − ϕ(n)

p · q = n.�>IH=&�81U��&�1
$"L��P�\m

z2 − (n + 1 − ϕ(n))z + n = 0tt n&�U p, q.
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§2.4 .�
� ""�
�

� 1' m = 7, a = 2. $"+ (2, 7) = 1, ϕ(7) = 6.H�0 7 &?P`p�E.41 1, 2, 3, 4, 5, 6,$"+

2 · 1 ≡ 2, 2 · 2 ≡ 4, 2 · 3 ≡ 6, 2 · 4 ≡ 1, 2 · 5 ≡ 3, 2 · 6 ≡ 5, (mod 7)."Q�4=B-E!Ak
"�
(2 · 1)(2 · 2)(2 · 3)(2 · 4)(2 · 5)(2 · 6) ≡ 2 · 4 · 6 · 1 · 3 · 5 (mod 7)R

26 · 1 · 2 · 3 · 4 · 5 · 6 ≡ 1 · 2 · 3 · 4 · 5 · 6 (mod 7)..��

1 · 2 · 3 · 4 · 5 · 6 ≡ (1 · 6)(2 · 4)(3 · 5) ≡ (−1) · 1 · 1 ≡ −1 (mod 7),� 26 ≡ 1 (mod 7).
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� 2' m = 30, a = 7. $"+ (7, 30) = 1, ϕ(30) = 8.H�0 30&?P`p�E.41 1, 7, 11, 13, 17, 19, 23, 29,+

7 · 1 ≡ 7, 7 · 7 = 49 ≡ 19, 7 · 11 = 77 ≡ 17,

7 · 13 = 91 ≡ 1, 7 · 17 = 119 ≡ 29, 7 · 19 = 133 ≡ 13,

7 · 23 = 161 ≡ 11, 7 · 29 = 203 ≡ 23 (mod 30)."Q�4=B-E!Ak
"�
(7 · 1)(7 · 7)(7 · 11)(7 · 13)(7 · 17)(7 · 19)(7 · 23)(7 · 29)

≡ 7 · 19 · 17 · 1 · 29 · 13 · 11 · 23 (mod 30)R

78 · 1 · 7 · 11 · 13 · 17 · 19 · 23 · 29 ≡ 1 · 7 · 11 · 13 · 17 · 19 · 23 · 29 (mod 30)..�� (1 · 7 · 11 · 13 · 17 · 19 · 23 · 29, 30) = 1,� 78 ≡ 1 (mod 30).
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p 17p 2 L�����&!�
bJY:g
�� 1 (Euler)�' (a,m) = 1 ,` aϕ(m) ≡ 1 (mod m).e z r1, . . . , rϕ(m) �0 m &�~?Pz�E.41
`�

a F�: (a,m) = 1 &xU3
 ar1, . . . , arϕ(m) ��0 m &�~�E.41
p;FY
 ar1, . . . , arϕ(m) 0 m &?Pz.4F

r1, . . . , rϕ(m) &�~N�
�kY (ar1) · · · (arϕ(m)) 0 m&?Pz.47kY r1 · · · rϕ(m) 0 m&?Pz.4A)
b

(ar1) · · · (arϕ(m)) ≡ r1 · · · rϕ(m) (mod m).��
 r1 · · · rϕ(m) (aϕ(m) − 1) ≡ 0 (mod m). .� (r1,m) = 1, . . . ,

(rϕ(m),m) = 1 _ §1.4 :g 3, L�t (r1 · · · rϕ(m), m) = 1. �L
�> §2.1:g 8,"� aϕ(m) − 1 ≡ 0 (mod m).
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� 3 ( m = 11, a = 2. a (2, 11) = 1, ϕ(11) = 10. � 210 ≡ 1 (mod 11).� 4(m = 23, 23 6 |a. %#, (a, 23) = 1, ϕ(23) = 22. � a22 ≡ 1 (mod 23).�� 2 (Fermat) ' pF�~bU
`E��xU a,$"+

ap ≡ a (mod p).e$"ez�p_H�

i)� a( pxU
`�3+ a ≡ 0 (mod p) 7 ap ≡ 0 (mod p).��
 ap ≡ a (mod p).

ii)� aM( pxU
` (a, p) = 1 (� §1.3 p 4). �>:g 1,

ap−1 ≡ 1 (mod p).z��k a,"�

ap ≡ a (mod p).
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� 5' p, q Fz~M�&
bU
 n = pq , aF8 pq Bb&xU
�'xU e �: 1 < e < ϕ(n), (e, ϕ(n)) = 1, 6��YxU

d, 1 ≤ d < ϕ(n), 9"
ed ≡ 1 (mod ϕ(n)).Ln
E0xU ae ≡ c (mod n), 1 ≤ c < n,+ cd ≡ a (mod n).e�� (e, ϕ(n)) = 1,�> §2.3:g 4,�YxU d, 1 ≤ d < ϕ(n),9"

ed ≡ 1 (mod ϕ(n)).��
�Y�~zxU k 9" ed = 1 + k ϕ(n). 9Y
�>:g 1 ,"�

aϕ(p) ≡ 1 (mod p).
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z�F k(ϕ(n)/ϕ(p)) �%
Kk� a"�

a1+k ϕ(n) ≡ a (mod p),b

aed ≡ a (mod p).�g


aed ≡ a (mod q).�� p7 q FM�&bU
�> §2.1:g 12 ,

aed ≡ a (mod n),��


cd ≡ (ae)d ≡ a (mod n).
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�� 3 (Wilson)' pF�~bU
` (p − 1)! ≡ −1 (mod p).� 5' p = 17. $"+
2 · 9 = 18 ≡ 1, 3 · 6 = 18 ≡ 1, 4 · 13 = 52 ≡ 1,

5 · 7 = 35 ≡ 1, 8 · 15 = 120 ≡ 1, 10 · 12 = 120 ≡ 1,

11 · 14 = 154 ≡ 1, 1 · 16 ≡ −1 (mod 17).��


1 · 2 · 3 · 4 · 5 · 6 · 7 · 8 · 9 · 10 · 11 · 12 · 13 · 14 · 15 · 16

= (1 · 16)(2 · 9)(3 · 6)(4 · 13)(5 · 7)(8 · 15)(10 · 12)(11 · 14)

≡ (−1) · 1 · 1 · 1 · 1 · 1 · 1 · 1
≡ −1 (mod 17).
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§2.5 '{*5�_t�

Y0hPmh�
^^�E
xU0 m 7
xU n , mh

bn (mod m).��
L�2"-mh bn ≡ (bn−1 (mod m)) ·b (mod m).�p�mh��
3
jF n − 1 �kU
9Y
� n XhP0��

n = n0 + n12 + · · · + nk−12
k−1,`� ni ∈ {0, 1}, i = 0, 1, . . . , k − 1.` bn (mod m)&mhL"7�

bn ≡ bn0(b2)n1
︸ ︷︷ ︸

· · · · · (b2k−2
)nk−2

︸ ︷︷ ︸

·(b2k−1
)nk−1

︸ ︷︷ ︸

(mod m).

$"?IF 2[log2 n]�kU
p~mh\U�C “&z)4�^s�”. �|hU�3�

0). � a = 1,K� nXhP0�� n = n0 +n12+ · · ·+nk−12
k−1,
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`� ni ∈ {0, 1}, i = 0, 1, . . . , k − 1.

1). �' n0 = 1,`mh a0 ≡ a · b (mod m), h`z a0 = a. bmh a0 ≡ a · bn0 (mod m).Vmh b1 ≡ b2 (mod m).

2). �' n1 = 1,`mh a1 ≡ a0 · b1 (mod m),h`z a1 = a0. bmh a1 ≡ a0 · bn1
1 (mod m).Vmh b2 ≡ b2

1 (mod m). . . . . . .

k-1). �' nk−2 = 1, `mh ak−2 ≡ ak−3 · bk−2 (mod m), h`z ak−2 = ak−3. bmh ak−2 ≡ ak−3 · b
nk−2
k−2 (mod m). Vmh

bk−1 ≡ b2
k−2 (mod m).

k). �' nk−1 = 1, `mh ak−1 ≡ ak−2 · bk−1 (mod m), h`z

ak−1 = ak−2. bmh ak−1 ≡ ak−2 · b
nk−1
k−1 (mod m).??
 ak−1 ;F bn (mod m).
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� 1mh 12996227 (mod 37909).p' m = 37909, b = 12996. � a = 1. 227 = 1 + 2 + 25 + 26 + 27.Q%0"nW\U

�mh�3�

1). n0 = 1. mh a0 = a · b ≡ 12996, b1 ≡ b2 ≡ 11421 (mod 37909).

2). n1 = 1. mh a1 = a0·b1 ≡ 13581, b2 ≡ b2
1 ≡ 32281 (mod 37909).

3). n2 = 0. mh a2 = a1 ≡ 13581, b3 ≡ b2
2 ≡ 20369 (mod 37909).

4). n3 = 0. mh a3 = a2 ≡ 13581, b4 ≡ b2
3 ≡ 20065 (mod 37909).

5). n4 = 0. mh a4 = a3 ≡ 13581, b5 ≡ b2
4 ≡ 10645 (mod 37909).

6). n5 = 1. mh a5 = a4 ·b5 ≡ 22728, b6 ≡ b2
5 ≡ 6024 (mod 37909).

7). n6 = 1. mh a6 = a5 ·b6 ≡ 24073, b7 ≡ b2
6 ≡ 9663 (mod 37909).

8). n7 = 1. mh a7 = a6 · b7 ≡ 7775 (mod 37909).??
mht 12996227 ≡ 7775 (mod 37909).
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NZ |;`+g+��Q�3!z�
1. �4=&U+vG
2. ���4=&t$
3. �%.4:g
4. 
0mh&�E
5. xp − x8x��4=
6. x��4=&$U
7. 0bU%�4=_$&x,
8. 0bU�4=
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§3.1 WS-,[.t~=b

9YH�Y0 m&pS3IH=&t$ (b�4=) .�0 1' mzxU
 f (x)IH= f (x) = anxn + · · ·+ a1x + a0,`� ai FxU
` f (x) ≡ 0 (mod m) (1)�C0 m }<a. � an 6≡ 0 (mod m),` n �C f (x)& sj,o�

deg f . �3
 (1)=.�C0 m& n s}<a.�'xU a9" f (a) ≡ 0 (mod m) hr
` a �Cr (1) &p. C6"
�: x ≡ a (mod m)&n+xU=9" (1)hr
b anY.4
 Ca = {c | c ∈ Z, a ≡ c (mod m)} �&�~.4=9" (1) hr
��
 (1)&$ a^Xh x ≡ a (mod m).Z1 m'��/52��:# (1)is'.4~U�C�4= (1)&pj.
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� 1 x5 + x + 1 ≡ 0 (mod 7)FKH1U� 1&0 7�4=
L

x ≡ 2 (mod 7)Fr�4=&$
C6"
$"+

25 + 2 + 1 = 35 = 5 · 7 ≡ 0 (mod 7).K+$ x ≡ 2 (mod 7), $U� 2.
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9Y$"H����4=&t$
�� 1 ' a 6 |m . `���4= ax ≡ b (mod m) (2) +$&p���F (a,m)|b. n� (2)+$3
`$U� d = (a,m).e 7�e
' (2) +$ x ≡ x0 (mod m), b�YxU y0 9"

ax0 − my0 = b.�� (a,m)|a, (a,m)|m, n� (a,m)|ax0 − my0 = b.��
7�ehr
 pee
' (a,m)|b. ` b

(a,m)

�xU
K5
$"H��4= a

(a,m)
x ≡ 1 (mod

m

(a,m)
). (3)�� (

a

(a,m)
,

m

(a,m)
) = 1,��Y x0,9" (3)hr
Ln
�4= (3)+��$ x ≡ x0 (mod m

(a,m)). (4)C6"
��3+ a
(a,m)x ≡ 1 (mod m

(a,m)) 7 a
(a,m)x0 ≡ 1 (mod m

(a,m))
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hr
z=A� a
(a,m)(x−x0) ≡ 0 (mod m

(a,m)).� x ≡ x0 (mod m
(a,m)).`�
Xt�4= a

(a,m)x ≡ b
(a,m) (mod m

(a,m)) (5)&��$ x ≡ x1 ≡ x0
b

(a,m) (mod m
(a,m)). (6)Ln
 x ≡ x1 ≡ x0

b

(a,m)
(mod m)F (2)&�~v$
??
Xt (2) ,b ax ≡ b (mod m) &�R$

x ≡ x1+t
m

(a,m)
(mod m), t = 0, 1, . . . , (a,m)−1.C6"
�'�3+ ax ≡ b (mod m) 7 ax1 ≡ b (mod m), z=A�"� a(x−x1) ≡ 0 (mod m).�> §2.1:g 107:g 8,p)}0

x ≡ x1 (mod
m

(a,m)
).��
�4= (2) &�R$LXh (7)=
}2
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� 2 t$���4= 33x ≡ 22 (mod 77).pK5
mh (33, 77) = 11,n+ (33, 77) = 11|22,�B�4=+$
`�
Q%��Jgk"xU
tt�4= 3x ≡ 1 (mod 7)&�~v$ x′0 ≡ 5 (mod 7).0�
Xt�4= 3x ≡ 2 (mod 7)&�~v$ x0 ≡ 2 · x′0 ≡ 2 · 5 ≡ 3 (mod 7).??
XtB�4=&�R$
x ≡ 3 + t

77

(33, 77)
≡ 3 + 7t (mod 77), t = 0, 1, . . . , 10.

Rm

x ≡ 3, 10, 17, 24, 31, 38, 45, 52, 59, 66, 73 (mod 77).
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�>:g 1,$"L���m-'Q §2.3:g 4.�� 2' (a,m) = 1 . ` ax ≡ 1 (mod m)+��$ x ≡ a′ (mod m).e' (a,m) = 1, b = 1," (a,m)|b. �B�4=+��$
�0 2' aFxU
�'�YxU a′ 9" aa′ ≡ 1 (mod m)hr
` a �C0 m ~+F.�>:g 2,Y0 m&��3
 a′ F���Y&
p3 a′ �C a&0 m +F, oF a′ = a−1 (mod m).+~0 m B?&YU
$"L���4= (2) &t$Xh�� 3' (a,m)|b . `���4= ax ≡ b (mod m)&�R$�

x ≡ b

(a,m)
·















a

(a,m)








−1
(mod

m

(a,m)
)








+ t

m

(a,m)
(mod m),

t = 0, 1, . . . , (a,m) − 1.
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9Y$"�t0�E.4&�~)}'Q
�� 4' mF�~zxU
`xU aF0 m �E.4&p���FxU aF0 m B?
e7�e
�'xU aF0 m �E.4
` (a,m) = 1. �>:g 2,�YxU a′ 9" aa′ ≡ 1 (mod m).��
':� 2, aF0 m B?
pee
�' aF0 m B?
`�YxU a′ 9"

aa′ ≡ 1 (mod m).b�4= ax ≡ 1 (mod m) +$ x ≡ a′ (mod m). �>:g 1, $"+ (a,m)|1. �L
 (a,m) = 1. ��
xU aF0 m �E.4
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§3.2 y�Z=
��1�&/5;hSl5;h�a�[	1�l5i7�'�+N�V�{�,,+N�aV���V�,Q�))V�,��^^V�,Q�"+,J%����Q2�Æ%�*n����V�,QF"1	�^2�))V�,�F"1
2��^^V�,QF"1�2��qVVBy#�Q��2��W�}Q�	2�
#V�VQ2�Æ��*M�U�!z%�4==D�;F�







x ≡ 2 (mod 3),

x ≡ 3 (mod 5),

x ≡ 2 (mod 7).

115



M%�*n���V�,QF"1	�^2�))V�,�F"1
2��^^V�,QF"1�2��qVVBy#�Q��2��W�}Q�	2�
#V�VQ2�Æ;��
2 · 5 · 7 · 2 = 140, 1 · 3 · 7 · 3 = 63, 1 · 3 · 5 · 2 = 30,

2 · 3 · 5 · 7 = 210, 140 + 63 + 30 = 233, 233 − 210 = 23.Y�UM�U�!z�
�'�
3, 5, 7eGFF0 m1, m2, m3; 2, 3, 2eGFF b1, b2, b3;

5 ·7, 3 ·7, 3 ·5eGFFM1, M2, M3; 2, 1, 1eGFFM ′
1, M ′

2, M ′
3;

233 F�n�℄&xU� 105 F�0 m = m1 · m2 · m3.`p"�:�4=� M ′
iMi ≡ 1 (mod mi), i = 1, 2, 3,7 x ≡ M ′

1M1b1 + · · · + M ′
kMkbk (mod m).
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9YH��*M�U�!z&��_=
b�%.4:g
�� 1 (x?Y<��) ' m1, . . . , mk F k ~zzBb &zxU
`E��&xU b1, . . . , bk,�4==







x ≡ b1 (mod m1),

. . . . . .

x ≡ bk (mod mk).

(1)

�:+$
n$F��&
C6"

(i)�� m = m1 · · ·mk, m = miMi, i = 1, . . . , k,`�4== (1)&$LD��

x ≡ M ′
1M1b1 + · · · + M ′

kMkbk (mod m), (2)`� M ′
iMi ≡ 1 (mod mi), i = 1, 2, . . . , k.
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(ii)��
Ni = m1 · · ·mi, i = 1, . . . , k − 1,`�4== (1) &$LD���

x ≡ xk (mod m1 · · ·mk),`� N ′
iNi ≡ 1 (mod mi+1), i = 1, 2, . . . , k − 1,L xi F�4==







x ≡ b1 (mod m1),

. . . . . .

x ≡ bi (mod mi).&$
 i = 1, . . . , k, K�:2"�1=
xi ≡ xi−1+Ni−1(N

′
i−1(bi−xi−1) (mod mi)) (mod m1 · · ·mi)

i = 2, . . . , k
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eK5}$&��e
' x, x′=F�:�4= (1)=&$
` x ≡ bi ≡ x′ (mod mi), i = 1, . . . , k.�� m1, . . . , mk FzzBb&
n� x ≡ x′ (mod m).V}*$&�Ye

(i) ���℄�4==&$��>z'
E���:& i, 1 ≤ i ≤ k,+ (mi,mj) = 1,

1 ≤ j ≤ k, j 6= i,.�> §1.4:g 3,+ (mi,Mi) = 1.Q%��Jgk"xU
ttxU M ′
i,9" M ′

iMi ≡ 1 (mod mi),p�
�℄t_� (2)&xU
b x = M ′
1M1b1+· · ·+M ′

kMkbk (mod m).�� m = miMi_ mi|Mj, 1 ≤ j ≤ k, j 6= i,n�p~xU x�:�4= x ≡ M ′
iMibi ≡ bi (mod mi), i = 1, . . . , k.�;FY
_� (2)=&xUF�4= (1)=&$
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� 1 t$�4==







x ≡ b1 (mod 5),

x ≡ b2 (mod 6),

x ≡ b3 (mod 7),

x ≡ b4 (mod 11).p� m = 5 · 6 · 7 · 11 = 2310,

M1 = 6 · 7 · 11 = 462, M2 = 5 · 7 · 11 = 385,

M3 = 5 · 6 · 11 = 330, M4 = 5 · 6 · 7 = 210.eGt$�4= M ′
iMi ≡ 1 (mod mi), i = 1, 2, 3, 4."� M ′

1 = 3, M ′
2 = 1, M ′

3 = 1, M ′
4 = 1.��4==&$�

x ≡ 3 · 462 · b1 + 385 · b2 + 330 · b3 + 210 · b4 (mod 2310).
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� 2,\3I�+I�D
��h(a9D
`2a���h	a9D
`2a(��h℄a9D
`2a℄��h1�a9D
`2a1�
tIU
p,\3I!zL/E��4==







x ≡ 1 (mod 5),

x ≡ 5 (mod 6),

x ≡ 4 (mod 7),

x ≡ 10 (mod 11).p-E b1 = 1, b2 = 5, b3 = 4, b4 = 10!%p 1,"�

x ≡ 3 · 462 + 385 · 5 + 330 · 4 + 210 · 10

≡ 6731

≡ 2111 (mod 2310).
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p�: "7�℄�4==&$
� N1 = 5. �4==&0�~�4=+$ x ≡ x1 ≡ 1 (mod 5),��4==&$D�� (y �:VU) x = 1 + 5y. � x ���4==&0P~�4=
+ 1 + 5y ≡ 5 (mod 6), R 5y ≡ 4 (mod 6).ExU N1 = 5_0 m2 = 6, LttxU N ′
1 ≡ N−1

1 ≡ 5 (mod 6),� y ≡ 5·4 ≡ 2 (mod 6).�4==&$� x = x2 = 1+5·2 ≡ 11 (mod 30).�pD� (y�:VU)x = x2 = 11 + 30y.���4==&0�~�4=
+ 11 + 30y ≡ 4 (mod 7), R 30y ≡ 4 − 11 ≡ 0 (mod 7).ExU N2 = 30_0 m3 = 7, LttxU N ′
2 ≡ N−1

2 ≡ 4 (mod 7),� y ≡ 4·0 (mod 7).�4==&$� x = x3 = 11+30·0 ≡ 11 (mod 210).�pD�� (y �:VU) x = x3 = 11 + 210y.���4==&
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0℄~�4=
$"+
11 + 210y ≡ 10 (mod 11), R 210y ≡ 10 − 11 ≡ 10 (mod 11).Q%��Jgk"xU
ExU N3 = 210_0 m4 = 11, LttxU N ′
3 ≡ N−1

3 ≡ 1 (mod 11),$"+
y ≡ 1 · 10 (mod 11).��4==&$�

x = x3 = 11 + 210 · 10 ≡ 2111 (mod 210).
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!%�%.4:g
L��UnT&Qh/E����&Qh
� 3mh 21000000 (mod 77).p-o% Euler:g_0"nW\mhU��mh
�� ϕ(77) = ϕ(7)ϕ(11) = 60, o� 260 ≡ 1 (mod 77). / 1000000 = 16666 · 60 + 40,o� 21000000 = (260)16666 · 240 ≡ 240 (mod 77). ( m = 77, b = 2. � a = 1. 40 = 23 + 25.R&1#oX℄V���ni�4�
1). n0 = 0. ni a0 = a ≡ 1, b1 ≡ b2 ≡ 4 (mod 77).

2). n1 = 0. ni a1 = a0 ≡ 1, b2 ≡ b2
1 ≡ 16 (mod 77).

3). n2 = 0. ni a2 = a1 ≡ 1, b3 ≡ b2
2 ≡ 25 (mod 77).

4). n3 = 1. ni a3 = a2 · b3 ≡ 25, b4 ≡ b2
3 ≡ 9 (mod 77).

5). n4 = 0. ni a4 = a3 ≡ 25, b5 ≡ b2
4 ≡ 4 (mod 77).

6). n5 = 1. ni a5 = a4 · b5 ≡ 23 (mod 77).??
mht 21000000 ≡ 23 (mod 77).
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p�� x = 21000000.�� 77 = 7 · 11,n�mh x (mod 77))}0t$�4== 





x ≡ b1 (mod 7)

x ≡ b2 (mod 11).�� Euler :g�t 2ϕ(7) ≡ 26 ≡ 1 (mod 7), �_ 1000000 =

166666 · 6 + 4,n� b1 ≡ 21000000 ≡ (26)166666 · 24 ≡ 2 (mod 7).
_-
�� 2ϕ(11) ≡ 210 ≡ 1 (mod 11), 1000000 = 100000 · 10,n� b2 ≡ 21000000 ≡ (210)100000 ≡ 1 (mod 11).� m1 = 7, m2 = 11, m = m1 · m2 = 77, M1 = m2 = 11, M2 =

m1 = 7,eGt$�4= 11M ′
1 ≡ 1 (mod 7), 7M ′

2 ≡ 1 (mod 11)."� M ′
1 = 2, M ′

2 = 8.�

x ≡ 2 · 11 · 2 + 8 · 7 · 1 ≡ 100 ≡ 23 (mod 77).��
 21000000 ≡ 23 (mod 77).
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�� 2Y:g 1&��3
� b1, . . . , bkeG>m0m1, . . . , mk&��.41
` x ≡ M ′
1M1b1 + · · · + M ′

kMkbk (mod m)>m0 m = m1 · · ·mk &��.41
e � x0 = M ′
1M1b1 + · · · + M ′

kMkbk (mod m), `� b1, . . . , bkeG>m0 m1, . . . , mk &��.413
 x0 >m m1 · · ·mk ~U
�'=�}*p"0 m zzM�4
`:ghr
C6"
� M ′
1M1b1 + · · · + M ′

kMkbk ≡ M ′
1M1b

′
1 + · · · + M ′

kMkb
′
k (mod m),`�> §2.1:g 11, M ′

iMibi ≡ M ′
iMib

′
i (mod mi), i = 1, . . . , k.��M ′

iMi ≡ 1 (mod mi), i = 1, . . . , k ,n�
 bi ≡ b′i (mod mi), i =

1, . . . , k.� bi, b′i F��~��.41�&z~U
�
bi = b′i, i = 1, . . . , k.:ghr


126



§3.3 .t~=b�qk[q�

9Y$"H�x��4=&t$
�� 1' m1, . . . , mk zzBb
 m = m1 · · ·mk. `

f (x) ≡ 0 (mod m) (1) ⇔







f (x) ≡ 0 (mod m1),

. . . . . .

f (x) ≡ 0 (mod mk)

(2)

� Ti� f (x) ≡ 0 (mod mi)&$U
T � (1)&$U
` T = T1 · · · Tk.
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� 1 $�4= f (x) ≡ x4 + 2x3 + 8x + 9 ≡ 0 (mod 35).p ':g 1 �B�4=)}0�4== 





f (x) ≡ 0 (mod 5),

f (x) ≡ 0 (mod 7).��~h

f (x) ≡ 0 (mod 5)&$� x ≡ 1, 4 (mod 5),

f (x) ≡ 0 (mod 7)&$� x ≡ 3, 5, 6 (mod 7).�>�%.4:g
Lt"�4== 





x ≡ b1 (mod 5)

x ≡ b2 (mod 7)&$� x ≡ 3 · 7 · b1 + 3 · 5 · b2 (mod 35).�B�4=&$�

x ≡ 31, 26, 6, 24, 19, 34 (mod 35),� 2 · 3 = 6~
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�� m = ∏

p pα, n��t$�4= f (x) ≡ 0 (mod m), �jt$�4= f (x) ≡ 0 (mod pα).$"t� p�bU3
 f (x) ≡ 0 (mod pα) (3) &$U
' f (x) = anxn + · · ·+ a2x
2 + a1x + a0�x1UIH=
$"o

f ′(x) = nanxn−1 + · · · + 2a2x + a1. e f ′(x)� f (x) &�a.�� 2' x ≡ x1 (mod p)F�4= f (x) ≡ 0 (mod p) (4)&�~$
n (f ′(x1), p) = 1,`�4= (3)+$ x ≡ xα (mod pα),`� xα '3&�1=2""��






xi ≡ xi−1 + pi−1ti−1 (mod pi),

ti−1 ≡ −f (xi−1)

pi−1 (f ′(x1)
−1 (mod p)) (mod p),

i = 2, . . . , α.
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� 2 t$�4= f (x) ≡ x4 + 7x + 4 ≡ 0 (mod 27).p- (�l:g 2 &}*)m)E0 f (x) ≡ x4 + 7x + 4 (mod 27),+ f ′(x) ≡ 4x3 + 7 (mod 27).��~h
��4= f (x) ≡ 0 (mod 3)+�$ x1 ≡ 1 (mod 3).� x = 1 + 3t1 �� f (x) ≡ 0 (mod 9), L" f (1) + 3t1f
′(1) ≡ 0 (mod 9).�� f (1) ≡ 3 (mod 9), f ′(1) ≡ 2 (mod 9), n�"Q�4=LXh

3 + 3t1 · 2 ≡ 0 (mod 9) R 2t1 ≡ −1 (mod 3). $" t1 ≡ 1 (mod 3),� f (x) ≡ 0 (mod 9)&$� x2 ≡ 1 + 3t1 ≡ 4 (mod 9).V� x = 4+9t2�� f (x) ≡ 0 (mod 27)," f (4)+9t2f
′(4) ≡ 0 (mod 27).�� f (4) ≡ 18 (mod 27), f ′(4) ≡ 20 (mod 27),n�"Q�4=LXh 18+9t2 ·20 ≡ 0 (mod 27) R 2t2 ≡ −2 (mod 3). $" t2 ≡ 2 (mod 3),��
�4= f (x) ≡ 0 (mod 27)&$� x3 ≡ 4 + 9t2 ≡ 22 (mod 27).

130



p� (!%:g 2 &!�)E0 f (x) ≡ x4 + 7x + 4 (mod 27),+ f ′(x) ≡ 4x3 + 7 (mod 27).��~h
��4= f (x) ≡ 0 (mod 3)+�$ x1 ≡ 1 (mod 3).K5
mh f ′(x1) = 4 ·13+7 ≡ −1 (mod 3), f ′(x1)
−1 ≡ −1 (mod 3);

`�
mh






t1 ≡ −f (x1)
31 (f ′(x1)

−1 (mod 3)) ≡ 1 (mod 3),

x2 ≡ x1 + 3t1 ≡ 4 (mod 9);

??
mh







t2 ≡ −f (x2)

32 (f ′(x1)
−1 (mod 3)) ≡ 2 (mod 3),

x3 ≡ x2 + 32t2 ≡ 22 (mod 27).��
�4= f (x) ≡ 0 (mod 27)&$� x3 ≡ 22 (mod 27).
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§3.4 rk'�~=b

H� f (x) = anxn + · · · + a1x + a0 ≡ 0 (mod p) (1) `� p 6 |an.4� (IH=Jgk"xU) ' f (x) = anxn + · · · + a1x + a0 �

n �x1UIH=
 g(x) = xm + · · · + b1x + b0 � m ≥ 1 �K�x1UIH=
`�Yx1UIH= q(x)7 r(x)9"

f (x) = g(x)q(x) + r(x), deg r(x) < deg g(x).eez�p_� (I) n < m. z q(x) = 0, r(x) = f (x), !�hr


(II) n ≥ m. E f (x)&�U n FUq"7U
 n = m. $"+

f (x) − an · g(x) = (an−1 − anbm−1)x
n−1 + · · · + (a1 − anb0)x + a0.��
 q(x) = anx, r(x) = f (x) − anx · g(x)�nt
z' n − 1 ≥ m3
!�hr
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E0 n > m,$"+
f (x) − anxn−m · g(x)

= (an−1 − anbm−1)x
n−1 + · · · + (an−m − anb0)x

n−m

+an−m−1x
n−m−1 + · · · + a0.pY* f (x)− anxn−m · g(x)F�U ≤ n− 1&IH=
E`Q%"7z'Rp_ (I),�Yx1UIH= q1(x)7 r1(x)9"

f (x) − anxn−m · g(x) = g(x)q1(x) + r1(x), deg r1(x) < deg g(x).��
 q(x) = anxn−m + g1(x), r(x) = r1(x)�nt
�>Uq"7UBg
!�Fhr&
}2
��IH= xp−x (mod p)E�9xUz���
n�(,0p�_IH=Jgk"xU
L�x�IH=&t$/E��UM
) p − 1&IH=&t$
b+
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�� 1�4= (1)8�~�UM
) p− 1 0 p�4=)}
e'Jgk"xU
�Y q(x), r(x)9" f (x) = (xp−x)q(x) + r(x),`� deg r(x) ≤ p − 1..E�9xU x,=+ xp − x ≡ 0 (mod p).��4= f (x) ≡ 0 (mod p))}0�4= r(x) ≡ 0 (mod p).� 1 t8�4= 3x14 + 4x13 + 2x11 + x9 + x6 + x3 + 12x2 + x ≡
0 (mod 5))}&�U < 5&�4=
pFIH=&Jgk"xU
$"+

3x14 + 4x13 + 2x11 + x9 + x6 + x3 + 12x2 + x

= (x5 − x)(3x9 + 4x8 + 2x6 + 3x5 + 5x4 + 2x2 + 4x + 5)

+3x3 + 16x2 + 6x.n�B�4=)}0 3x3 + 16x2 + 6x ≡ 0 (mod 5).
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�� 2' 1 ≤ k ≤ n.�' x ≡ ai (mod p)F (1) & k ~M�$
`E�9xU x,=+ f (x) ≡ (x−a1) · · · (x−ak)fk(x) (mod p), (2)`� fk(x)F n − k �IH=
KH1UF an.� 2$"+�4=
3x14 + 4x13 + 2x11 + x9 + x6 + x3 + 12x2 + x

≡ x(x − 1)(x − 2)(3x11 + 3x10 + 3x9 + 4x7 + 3x6 + x5 + 2x4 + x2 + 3x + 3) (mod 5).

9Yt�0 p �4=$U
K5�t�4=$U&"&�m
�� 4�4= (1) &$UM
)p&�U
�! �U < p &x1UIH=En+xUz�0 p ��&p���F`1U( pxx
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9Y�t�4=$U&PB
�� 5' n ≤ p . ` f (x) = xn+ · · ·+a1x+a0 ≡ 0 (mod p), (3)+ n ~$&pe7���F xp − x ( f (x) xn"4=&n+1U=F p&&U
�!' pF�~bU
dF p−1&z�U
6�IH= xd−10 p+ d~M�&�
e �� d|p − 1, n��YxU q 9" p − 1 = dq. p�
$"+�=e$=�

xp−1 − 1 = (xd − 1)(xd(p−1) + xd(p−2) + · · · + xd + 1).�>:g 5,IH= xd − 1 0 p+ d~M�&�
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� 3PB�4= 2x3 +5x2 +6x+1 ≡ 0 (mod 7)Fh+�~$
p �!%:g 5, j�IH==hK�&
.�� 4 · 2 ≡
1 (mod 7),$"+ 4(2x3 + 5x2 + 6x + 1) ≡ x3 − x2 + 3x − 3 (mod 7).��4=8B�4=)}
FIH=&Jgk"xU
$"+

x7 − x = (x3 − x2 + 3x − 3)(x3 + x2 − 2x − 2)x + 7x(x2 − 1).�>:g 5,B�4=&$U� 3.� 4 t$�4= 21x18 + 2x15 − x10 + 4x − 3 ≡ 0 (mod 7).pK5
|61U� 7&&U&H
" 2x15−x10+4x−3 ≡ (mod 7).`�
FIH=&Jgk"xU
$"+
2x15−x10 +4x−3 = (x7−x)(2x8−x3 +2x2)+(−x4 +2x3 +4x−3).B�4=)}0�4= x4 − 2x3 − 4x + 3 ≡ 0 (mod 7).��~h x = 0,±1,±2,±3,��4=&$
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� 5t$�4= 3x14+4x13+2x11+x9+x6+x3+12x2+x ≡ 0 (mod 5).p-FIH=&Jgk"xU
$"+

3x14 + 4x13 + 2x11 + x9 + x6 + x3 + 12x2 + x

= (x5 − x)(3x9 + 4x8 + 2x6 + 3x5 + 5x4 + 2x2 + 4x + 5) + 3x3 + 16x2 + 6x.B�4=)}0 3x3 + 16x2 + 6x ≡ 3x3 + x2 + x (mod 5).��~h
$� x ≡ 0, 1, 2 (mod 5).p� '>)�4= xp − x ≡ 0 (mod p), L"
E0��zxU t, k, xt+k(p−1) ≡ xt (mod p).vG (p = 5),

x14 ≡ x10 ≡ x6 ≡ x2, x13 ≡ x9 ≡ x5 ≡ x, x11 ≡ x7 ≡ x3, (mod 5).��
B�4=)}0 3x3 + 16x2 + 6x ≡ 0 (mod 5). 0L)}0

2(3x3 + 16x2 + 6x) ≡ x3 + 2x2 + 2x ≡ 0 (mod 5).
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��~h
�4=&$� x ≡ 0, 1, 2 (mod 5).
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nZ �r|;`�3�X;+g+�t��3!z

1. P��4=&U+vG
2. 0W\.480W\`.4
3. `	"k2 P�BYÆ
4. P��4=+$&PB
5. x[ g P�BYÆ�}*
6. xN0k2

7. 0 p W\�&mh

8. �Ex?3&mh
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§4.1 .M�t~=b

Q��5>'	�`>G ax2 + bx + c ≡ 0 (mod m) (1) `� m 6 |a.�� m = p
α1
1 · · · pαk

k ,n�P��4= (1)=)}0�4==�







ax2 + bx + c ≡ 0 (mod p
α1
1 ),

. . . . . .

ax2 + bx + c ≡ 0 (mod p
αk
k ).��gt�0� pα�4=� ax2 + bx + c ≡ 0 (mod pα), p 6 |a. (2)� (2) &z��k 4a, "� 4a2x2 + 4abx + 4ac ≡ 0 (mod pα) R

(2ax + b)2 ≡ b2 − 4ac (mod pα). � y = 2ax + b,+
y2 ≡ b2 − 4ac (mod pα).vG-
� pF
bU3
 (p, 2a) = 1. "Q�4=)}0 (2).
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�0 1��4= x2 ≡ a (mod m), (a,m) = 1 (3)+$
` a �C0 m&4�Y<(R �sY<);h`
 a �C0 m&4��Y< (R�s�Y<).
x: 1)xU a 0 m W\.486U�W\� √
a+5�vG�

2)�9PB�4= (3)+$� 3)�9t�4= (3)&$�� 1 1F0 4 W\.4
 -1F0 4 W\`.4
� 2 1, 2, 4F0 7 W\.4
 −1, 3, 5F0 7 W\`.4
�� 12 ≡ 1, 22 ≡ 4, 32 ≡ 2, 42 ≡ 2, 52 ≡ 4, 62 ≡ 1 (mod 7).� 3 −1, 1, 2, 4, 8, 9, 13, 15F0 17 W\.4�
3, 5, 6, 7, 10, 11, 12, 14F0 17 W\`.4
�� 12 ≡ 162 ≡ 1, 22 ≡ 152 ≡ 4, 32 ≡ 142 ≡ 9, 42 ≡ 132 ≡ 16 ≡

−1, 52 ≡ 122 ≡ 8, 62 ≡ 112 ≡ 2, 72 ≡ 102 ≡ 15, 82 ≡ 92 ≡ 13 (mod 17).
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� 4 t�:\m E : y2 = x3 + x + 1 (mod 7) &n+3
pE x = 0, 1, 2, 3, 4, 5, 6,eGtt y.

x = 0, y2 = 1 (mod 7), y = 1, 6 (mod 7),

x = 1, y2 = 3 (mod 7), &$,

x = 2, y2 = 4 (mod 7), y = 2, 5 (mod 7),

x = 3, y2 = 3 (mod 7), &$,

x = 4, y2 = 6 (mod 7), &$,

x = 5, y2 = 5 (mod 7), &$,

x = 6, y2 = 6 (mod 7), &$.
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� 5 t�:\m E : y2 = x3 + x + 2 (mod 7) &n+3
pE x = 0, 1, 2, 3, 4, 5, 6 ,eGtt y.

x = 0, y2 = 2 (mod 7), y = 3, 4 (mod 7),

x = 1, y2 = 4 (mod 7), y = 2, 5 (mod 7),

x = 2, y2 = 5 (mod 7), &$,

x = 3, y2 = 4 (mod 7), y = 2, 5 (mod 7),

x = 4, y2 = 0 (mod 7), y = 0 (mod 7),

x = 5, y2 = 6 (mod 7), &$,

x = 6, y2 = 0 (mod 7), y = 0 (mod 7).
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§4.2 '�;rk�5�Z=A5� Z=

t�0�bU p&P��4= x2 ≡ a (mod p), (a, p) = 1. (1)�� 1 (JYPG��) ' pF
bU
 (a, p) = 1. `

(i) aF0 p&W\.4&pe7���F a
p−1

2 ≡ 1 (mod p); (2)

(ii) aF0 p&W\`.4&pe7���F a
p−1

2 ≡ −1 (mod p). (3)Kn� aF0 p&W\.43
�4= (1) h+P$
e (i)�� pF
bU
n�+D	=
xp − x = x((x2)

p−1
2 − a

p−1
2 ) + (a

p−1
2 − 1)x = (x2 − a)xq(x) + (a

p−1
2 − 1)x,`� q(x)F x&x1UIH=
� a G1 p 'X℄/5�
 x2 ≡ a (mod p) ,Q�% x, �? §3.4 ;h 5, 5>'2V) p yy�
 p|ap−1

2 − 1. o� (2) isÆZ*℄�� (2) is�a�5> x2 ≡ a (mod p) ,%�
 a G1 p X℄/5Æ
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(ii)�� pF
bU
 (a, p) = 1,�>JY:g
+

(a
p−1

2 + 1)(a
p−1

2 − 1) = ap−1 − 1 ≡ 0 (mod p).V�> §1.4:g 2,$"+ p|ap−1
2 − 1 R p|ap−1

2 + 1.��
!� (i)ze$"�aF0 p&W\`.4&p���F a
p−1

2 ≡ −1 (mod p).�!' pF
bU
 (a1, p) = 1, (a2, p) = 1. `

(i)� a1, a2 F0 p&W\.4
` a1a2 F0 p&W\.4�

(ii)� a1, a2 F0 p&W\`.4
` a1a2 F0 p&W\.4�

(iii)� a1 F0 pW\.4
a2 0 pW\`.4
` a1a2F0 p&W\`.4
e�� (a1a2)
p−1

2 = a
p−1

2
1 · a

p−1
2

2 ,n�':g 1b"!�
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� 1 PB 137Fh�0 227 W\.4
p�>:g 1,$"�mh� 137(227−1)/2 = 137113 (mod 227).Q%0"nW\U
' m = 227, b = 137.� a = 1. � 113XhP0�
 113 = 1 + 24 + 25 + 26. $"
�mh�3�

1). n0 = 1. mh a0 = a · bn0 ≡ 137, b1 ≡ b2 ≡ 155 (mod 227).

2). n1 = 0. mh a1 = a0 · bn1
1 ≡ 137, b2 ≡ b2

1 ≡ 190 (mod 227).

3). n2 = 0. mh a2 = a1 · bn2
2 ≡ 137, b3 ≡ b2

2 ≡ 7 (mod 227).

4). n3 = 0. mh a3 = a2 · bn3
3 ≡ 137, b4 ≡ b2

3 ≡ 49 (mod 227).

5). n4 = 1. mh a4 = a3 · bn4
4 ≡ 130, b5 ≡ b2

4 ≡ 131 (mod 227).

6). n5 = 1. mh a5 = a4 · bn5
5 ≡ 5, b6 ≡ b2

5 ≡ 136 (mod 227).

7). n6 = 1. mh a6 = a5 · bn6
6 ≡ 226 ≡ −1 (mod 227).��
 137�0 227 W\`.4


148



�� 2' pF
bU
`0 p&�E.41�W\.48W\`.4&~U�� (p − 1)/2, n (p − 1)/2 ~W\.48l��

12, 22, . . . , (p−1
2 )2 (4) �&�~U�4
n-8�~U�4
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§4.3 �K�(D

§4.2 ;h 1 �u�yV a GiG1d
V p Q�/5'QHVa��h�G�oU'RiÆ%#.�,	 	��'QHVaÆ�0 1' pFbU
:� �J� (Legendre) 'C�3�








a

p






 =







1, � aF0 p&W\.4�

−1, � aF0 p&W\`.4�

0, � p|a.� 1�> §4.1 p 3,$"+







−1

17






 =








1

17






 =








2

17






 =








4

17






 =








8

17






 =








9

17






 =








13

17






 =








15

17






 = 1;








3

17






 =








5

17






 =








6

17






 =








7

17






 =








10

17






 =








11

17






 =








12

17






 =








14

17






 = −1.
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o%`	"k2
L� §4.2:g 1kQ���� 1 (-�0`�X) E��xU a,



a
p



 ≡ a
p−1

2 (mod p).� 2}* 2F0 17 W\.4� 3F0 17 W\`.4
�� (17 − 1)/2 = 23, n+ 22 ≡ 4, 24 ≡ 42 ≡ −1, 28 ≡ (−1)2 ≡ 1;

32 ≡ 9, 34 ≡ 92 ≡ −4, 38 ≡ (−4)2 ≡ −1 (mod 17).�! 1' pF
bU
` (1)








1

p






 = 1; (2)








−1

p






 = (−1)

p−1
2 .

�! 2' pF
bU
6� 


−1
p



 =







1, � p ≡ 1 (mod 4);

−1, � p ≡ 3 (mod 4).
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�� 2 ' pF
bU
` (i)








a + p

p






 =








a

p






;

(ii)








ab

p






 =








a

p















b

p






 ; (iii)' (a, p) = 1,` 








a2

p










= 1.e (i)���4= x2 ≡ a + p (mod p))}0�4=

x2 ≡ a (mod p),n� 


a+p
p



 =



a
p



 .

(ii)�>JYPGU`
 


a
p



 ≡ a
p−1

2 (mod p),



b
p



 ≡p−1
2 (mod p)�_




ab
p



 ≡ (ab)
p−1

2 (mod p).��







ab

p






 ≡ (ab)

p−1
2 = a

p−1
2 b

p−1
2 ≡








a

p















b

p






 (mod p).��`	"k2z� ±1, n pF
bU
n�+ 


ab
p



 =



a
p








b
p



 .�!' pF
bU
� a ≡ b (mod p),` 


a
p



 =



b
p



 .
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F9 p C
' a, Gauss �u��	QHVa��QC a Gi�1 p Q�/5Æ

4� (Gauss)' p
bU
 (a, p) = 1. � a · 1, a · 2, . . . , a · p − 1

2�0 p&?Pz.4
0 p

2

&~UF m,` 


a
p



 = (−1)m.

�� 3 (i)








2

p






 = (−1)

p2−1
8 . (ii)� (a, 2p) = 1,`








a

p






 = (−1)

∑(p−1)/2
k=1

[

ak
p

]

.
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�!' pF
bU
6�








2

p






 =







1, � p ≡ ±1 (mod 8);

−1, � p ≡ ±3 (mod 8).e�>:g 3 (i),$"+







2

p






 = (−1)

p2−1
8 .� p ≡ ±1 (mod 8),`�YzxU k 9" p = 8k ± 1. �L








2

p






 = (−1)

p2−1
8 = (−1)2(4k2±k) = 1.� p ≡ ±3 (mod 8),`�YzxU k 9" p = 8k ± 3. �L








2

p






 = (−1)

p2−1
8 = (−1)2(4k2±3k)+1 = −1.
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�� 4 (P�BYÆ) � p, q FBb
bU
`








q

p






 = (−1)

p−1
2 ·q−1

2








p

q






 (9)� 3 2F0 17 W\.4� 3F0 17 W\`.4
p�>:g 3 (i),




2
17



 = (−1)
172−1

8 = (−1)2·18 = 1.��
 2F0 17 W\.4
�>:g 4,







3

17






 = (−1)

3−1
2 ·17−1

2








17

3






 ..�>:g 2 (i) 7:g 1 ��� 1 (ii),




17
3



 =



−1
3



 = (−1)
3−1

2 = −1,��
 


3
17



 = −1, 3F0 17 W\`.4
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� 4 PB�4= x2 ≡ 137 (mod 227)Fh+$
p�� 227FbU
�>:g 2 ,







137

227






 =








−90

227






 =








−1

227

















2 · 32 · 5

227










= −







2

227















5

227






 .

':g 3 (i),$"+







2

227






 = (−1)

2272−1
8 = (−1)

226·228
8 = −1..':g 4_:g 3 (i),$"+








5

227






 = (−1)

5−1
2

227−1
2








227

5






 =








2

5






 = (−1)

52−1
8 = −1.��
 


137
227



 = −1.�4= x2 ≡ 137 (mod 227)&$
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� 5PB x2 ≡ −1 (mod 365)Fh+$
+$3
tt`$U
p 365 = 5 · 73 MFbU
B�4=)}0�







x2 ≡ −1 (mod 5),

x2 ≡ −1 (mod 73).�� 


−1
5



 =



−1
73



 = 1,��4==+$
B�4=+$
$U� 4.� 6 PB x2 ≡ 2 (mod 3599)Fh+$
+$3tt`$U
p 3599 = 59 · 61 MFbU
B�4=)}0�







x2 ≡ 2 (mod 59),

x2 ≡ 2 (mod 61).�� 


2
59



 = (−1)(592−1)/8 = −1,��4==&$
B�4=&$
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§4.4 �tL���f%

§4.3 �� 4 he$:�}*� 


q
p








p
q



 = (−1)
p−1

2 ·q−1
2 .

�� (2, pq) = 1,+ 


q
p



 = (−1)
∑

p−1
2

h=1

[

qh
p

]

,



p
q



 = (−1)
∑

q−1
2

k=1

[

pk
q

]

,n��g}* ∑

p−1
2

h=1




qh
p



 + ∑

q−1
2

k=1




pk
q



 = p−1
2 · q−1

2 .

-

6

"
"

"
"

"
"

"
"

"
"

"
"

"
"

"
"

"
""

x
(p−1

2 , 0)S(h, 0)

y
(0,q−1

2 )
N(0, k)

O

T M
y = q

px

HZa� p

2
, R� q

2

&a\_<&x3~U�Y{��? ST

"
x3~U� [
qh

p
],��
3��_<&x3~U� p−1

2∑

h=1








qh

p






 ;
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YWW�? NM"
x3~U� [
pk

q
],��
"��_<&x

3~U� q−1
2∑

k=1








pk

q






.��E�?"&x3
n�a\_<x3~U�

p−1
2∑

h=1








qh

p






 +

q−1
2∑

k=1








pk

q






 =

p − 1

2

q − 1

2
.p;�h~:g&}*
}2
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� 1tn+
bU p,p� 3�`P�.4
pb�tn+
bU p,9" 


3
p



 = 1.�>P�BYÆ
 


3
p



 = (−1)(p−1)/2
(p
3

)

. ��

(−1)(p−1)/2 =







1, � p ≡ 1 (mod 4);

−1, � p ≡ −1 (mod 4),

�` (
p
3

)

=












1

3




 = 1, � p ≡ 1 (mod 6);






−1

3




 = −1, � p ≡ −1 (mod 6),

� 






−1

p






 = 1 &p���F 





p ≡ 1 (mod 4)

p ≡ 1 (mod 6)

R 





p ≡ −1 (mod 4)

p ≡ −1 (mod 6).peG)}0 p ≡ 1 (mod 12), R p ≡ −1 (mod 12).��
 3F0 pP�.4&pe7���F p ≡ ±1 (mod 12).
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� 2' pF
bU
 dFxU
�' 






d

p






 = −1,` p�:M=D�� x2 − dy2 &_=
e �' p +D	= p = x2 − dy2, `' p FbU
L"�

(x, p) = (y, p) = 1.C6"
� (x, p) 6= 1,`

p|x, p|x2 − p = dy2.� (d, p) = 1,n� p|y2,0L p|y. p� p2|x2, p2|y2.�L p2|x2 − dy2 = p.pML=
��








d

p






 =








d

p

















y2

p










=










dy2

p










=










x2

p










= 1.

p8z'�G
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§4.5 (�V(D

Za
#l3'ni���u1 p �
VÆ:Z�q� �	�'1 m.�0 1 ' m = p1 · · · pr F
bU pi &kY
E��xU a,:�'~U (Jacobi) 'C�





a

m




 =








a

p1






 · · ·








a

pr






 .xL0k2_="F`	"k2&��
�nS-&���6M�
xL0k2� -1, LPB a F0 m W\`.4��xL0k2� 1,�M=PB aF0 mW\.4
p�
 3F0 119W\`.4
�








3

119






 =








3

7















3

17






 = (−1)(−1) = 1.
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�� 1' mFz
U
` (i)






a + m

m





 =






a

m




;

(ii)








ab

m






 =






a

m













b

m






 ; (iii)' (a,m) = 1,` 








a2

m










= 1.e' m = p1 · · · pr ,`� pi �
bU
�>:�


(i)
(

a+m
m

)

=



a+m
p1



 · · ·



a+m
pr



 =



a
p1



 · · ·



a
pr



 =





a

m




 .

(ii)








ab

m






 =








ab

p1






 · · ·








ab

pr






 =








a

p1















b

p1






 · · ·








a

pr















b

pr








=








a

p1






 · · ·








a

pr















b

p1






 · · ·








b

pr






 =






a

m













b

m






.

(iii)




a2

m




 =





a2

p1




 · · ·





a2

pr




 = 1.
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4�:' m = p1 · · · pr F
U
`

m − 1

2
≡ p1 − 1

2
+ · · · +

pr − 1

2
(mod 2);

m2 − 1

8
≡ p2

1 − 1

8
+ · · · +

p2
r − 1

8
(mod 2).

�� 2' mF
U
` (i)








1

m






 = 1;

(ii)








−1

m






 = (−1)

m−1
2 ; (iii)








2

m






 ≡ (−1)

m2−1
8

�� 3' m,n=F
U
` (

n
m

)

= (−1)
m−1

2 ·n−1
2

(

m
n

)

.
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� 1PB�4=
x2 ≡ 286 (mod 563)Fh+$
pM%H� 563Fh�bU
��mhxL0k2
��








286

563






 =








2

563















143

563






 = (−1)

5632−1
8 (−1)

143−1
2 ·563−1

2








563

143






 =








−9

143






 =








−1

143






 = −1,n�B�4=&$
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� 2tt y2 ≡ x3 + x + 1 (mod 17)&n+$_$U
p� f (x) = x3 + x + 1. �> §4.1p 3,$"+

f(0) = 1, y = 1, y = 16; f(1) = 3, '%;

f(2) = 11, '% f(3) = 14, '%;

f(4) = 1, y = 1, y = 16; f(5) = 12, '%;

f(6) = 2, y = 6, y = 11; f(7) = 11, '%;

f(8) = 11, '%; f(9) = 8, y = 5, y = 12;

f(10) = 8, y = 5, y = 12; f(11) = 0, y = 0;

f(12) = 7, '%; f(13) = 1, y = 1, y = 16;

f(14) = 5, '%; f(15) = 8, y = 5, y = 12;

f(16) = −1, y = 4, y = 13 (mod 17).�B�4=$�(0, 1), (0, 16), (4, 1), (4, 16), (6, 6), (6, 11), (9, 5), (9, 12),

(10, 5), (10, 12), (11, 0), (13, 1), (13, 16), (15, 5), (15, 12), (16, 4), (16, 13).
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§4.6 ' p 5�3

' p �
bU
E���:&xU a, !%x[P�BYÆ

(§4.3:g 4)L�Qd-PB aFh�0 pW\.4
bP��4=

x2 ≡ a (mod p)Fh+$
�;FY$&�Ye


9YY+$&pS3
b a�:
a

p−1
2 ≡








a

p






 ≡ 1 (mod p)&pS3
H�P��4=&�|t$
t$)m�l3&&hU0a
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E
bU p ,� p− 1Xh p− 1 = 2t · s, t ≥ 1,`� sF
U


(i) ��oz�~0 p W\`.4 n, bxU n 9" 


n
p



 = −1.V� b := ns (mod p).+ b2t ≡ 1, b2t−1 ≡ −1 (mod p).b bF0 p& 2t ����
�`0 p& 2t−1 ����


(ii) mh xt−1 := a
s+1
2 (mod p).+ a−1x2

t−1 �:�4=

y2t−1 ≡ 1 (mod p), b a−1x2
t−1 F0 p& 2t−1 ����
C6"


(a−1x2
t−1)

2t−1 ≡ a2t−1s ≡ a(p−1)/2 ≡







a

p






 ≡ 1 (mod p).

(iii)�' t = 1,` x = xt−1 = x0 ≡ a
s+1
2 (mod p)�: x2 ≡ a (mod p).�' t ≥ 2,�vj xt−2 9" a−1x2

t−2 �: y2t−2 ≡ 1 (mod p).b a−1x2
t−2 F0 p& 2t−2 ����
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�vj xt−2 9" a−1x2
t−2 �: y2t−2 ≡ 1 (mod p).

(a)�' (a−1x2
t−1)

2t−2 ≡ 1 (mod p),� j0 := 0, xt−2 := xt−1 = xt−1b
j0 (mod p),` xt−2 b�nt�

(b)�' (a−1x2
t−1)

2t−2 ≡ −1 ≡ (b−2)2
t−2

(mod p),� j0 := 1, xt−2 := xt−1b = xt−1b
j0 (mod p),` xt−2 b�nt
��3|
 . . . .z'j�xU xt−k 9" a−1x2

t−k �: y2t−k ≡ 1 (mod p),b a−1x2
t−k F0 p& 2t−k ����� (a−1x2

t−k)2
t−k ≡ 1 (mod p).

(k+2)�' t = k,` x = xt−k (mod p)�: x2 ≡ a (mod p).�' t ≥ k + 1,�vj xt−k−1 9" a−1x2
t−k−1 �:

y2t−k−1 ≡ 1 (mod p). b a−1x2
t−k−1 F0 p& 2t−k−1 ����
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vj xt−k−1 9" a−1x2
t−k−1 �: y2t−k−1 ≡ 1 (mod p).

(a)�' (a−1x2
t−k)2

t−k−1 ≡ 1 (mod p),�

jk−1 := 0, xt−k−1 := xt−k = xt−kb
jk−12

k−1
(mod p),` xt−k−1 b�nt�

(b)�' (a−1x2
t−k)2

t−k−1 ≡ −1 ≡ (b−2k
)2

t−k−1
(mod p),$"�

jk−1 := 1, xt−k−1 := xt−kb
2k−1

= xt−kb
jk−12

k−1
(mod p),` xt−k−1 b�nt
 vG-
E0 k = t − 1,+

x = x0 ≡ x1b
jt−22

t−2 ≡ . . . ≡ xt−1b
j0+j12+···+jt−22

t−2

≡ a
s+1
2 bj0+j12+···+jt−22

t−2
(mod p)�:�4= x2 ≡ a (mod p).
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� 1!%"QhUt$�4= x2 ≡ 186 (mod 401).p�� a = 186 = 2 · 3 · 31, mh`	"k2








2

401






 = (−1)(4012−1)/8 = 1,








3

401






 = (−1)

3−1
2

401−1
2








401

3






 =








−1

3






 = −1,








31

401






 = (−1)

31−1
2

401−1
2








401

31






 =








−2

31






 =








−1

31















2

31






 = (−1)

31−1
2 (−1)

312−1
8 = −1,n� 


186
401



 =



2

401








3

401








31
401



 = 1 · (−1) · (−1) = 1.�B�4=+$
3&�|t$�
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E p = 401 ,X p− 1 = 400 = 24 · 25,`� t = 4, s = 25F
U


(i)�o�~0 401W\`.4 n = 3,b n = 39" 


3

403



 = −1.V� b := 325 ≡ 268 (mod 401).

(ii)mh x3 := 186
25+1

2 ≡ 103 (mod 401).�_ a−1 ≡ 235 (mod 401).

(iii)�� (a−1x2
3)

22 ≡ 984 ≡ −1 (mod 401),$"� j0 := 1, x2 := x3b
j0 = 103 · 268 ≡ 336 (mod 401),

(iv)�� (a−1x2
2)

2 ≡ (−1)2 ≡ 1 (mod 401),$"� j1 := 0, x1 := x2b
j12 = 336 (mod 401).

(v)�� a−1x2
1 ≡ −1 (mod 401),$"� j2 := 1, x0 := x1b

j22
2

= 336 · 2684 ≡ 304 (mod 401),` x ≡ x0 ≡ 304 (mod p)�:�4=

x2 ≡ 186 (mod 401).
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� 2' pF_� 4k + 3&bU
�' x2 ≡ a (mod p)+$
``$F x ≡ ±a(p+1)/4 (mod p).p�� pF_� 4k+3&bU
n��Y
U q9" p−1 = 2q.9Y�4= x2 ≡ a (mod p)+$
`$"+ a
p−1

2 ≡ 1 (mod p),Rm aq ≡ 1 (mod p).z��3k� a,"�
aq+1 ≡ a (mod p).��
�4=&$�

x ≡ ±a
q+1
2 ≡ ±a(p+1)/4 (mod p).
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� 3 ' p, q F_� 4k + 3 &M�bU
�'xU a �:




a
p



 =



a
q



 = 1,t$�4= x2 ≡ a (mod pq).p�� x2 ≡ a (mod pq))}0�4== 





x2 ≡ a (mod p)

x2 ≡ a (mod q),L�4= x2 ≡ a (mod p)&$� x ≡ ±a(p+1)/4 (mod p),�4= x2 ≡ a (mod q)&$� x ≡ ±a(q+1)/4 (mod q),�> §3.2:g 1(�%.4:g), B�4=&$�

x ≡ ±(a
p+1

4 (mod p))uq ± (a
q+1
4 (mod q))vp (mod pq),`�xU u, v eG�:

uq ≡ 1 (mod p), vp ≡ 1 (mod q).
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Z H1�mZ+g�t�&+�<��
1. x��4=
2. 	U

3. U+e� (tJ�)

4. B��Ye
5. B�&�℄R+h?&�℄
6. 	A

7. n�.4

8. kUD&�℄
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§5.1 ok[9WS#v

+g�0�Pt��4= xn ≡ a (mod m). (1)' m > 1FxU
(a,m) = 1. �>JY:g aϕ(m) ≡ 1 (mod m).!r ϕ(m) FhF9""=hr&?PzxU�_p~?PzxU�+5Ue�
�0 1' m > 1FxU
 aF8 m Bb&zxU
`9"

ae ≡ 1 (mod m)hr&?PzxU e�C aE0 m&nj. oF ordm(a).�' aE0 m&	UF ϕ(m),` a�C0 m&I2.
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� 1' m = 7. ϕ(7) = 6.` 11 ≡ 1, 23 = 8 ≡ 1, 33 = 27 ≡ −1,

43 ≡ (−3)3 ≡ 1, 53 ≡ (−2)3 ≡ −1, 62 ≡ (−1)2 ≡ 1 (mod 7).�hD�� a 1 2 3 4 5 6

ordm(a) 1 3 6 3 6 2��
 3, 5F0 7&B�
� 2, 4, 6MF0 7&B�
� 2'xU m = 14 = 2 · 7,p3 ϕ(14) = 6.$"+

11 ≡ 1, 33 = 27 ≡ −1, 53 = 125 ≡ −1,

93 ≡ (−5)3 ≡ 1, 113 ≡ (−3)3 ≡ 1, 132 ≡ (−1)2 ≡ 1 (mod 14).�hD��

a 1 3 5 9 11 13

ordm(a) 1 6 6 3 3 2��
 3, 5F0 14&B�
� 9, 11, 13MF0 14&B�
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� 3'xU m = 15 = 3 · 5,p3 ϕ(15) = 8.$"+

11 ≡ 1, 24 = 16 ≡ 1, 42 = 16 ≡ 1, 72 = 49 ≡ 4, 74 ≡ 16 ≡ 1,

84 ≡ (−7)4 ≡ 1, 112 ≡ (−4)2 ≡ 1, 134 ≡ (−2)4 ≡ 1, 142 ≡ (−1)2 ≡ 1 (mod 15).

�hD�� a 1 2 4 7 8 11 13 14

ordm(a) 1 4 2 4 4 2 4 2��
�+0 15&B�
� 4'xU m = 9 = 32,p3 ϕ(9) = 6.$"+

11 ≡ 1, 23 = 8 ≡ −1, 43 = 64 ≡ 1,

53 ≡ (−4)3 ≡ −1, 73 ≡ (−2)3 ≡ 1, 82 ≡ (−1)2 ≡ 1 (mod 9).

�hD�� a 1 2 4 5 7 8

ordm(a) 1 6 3 6 3 2��
 2, 5F0 9&B�
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� 5'xU m = 8 = 23,p3 ϕ(8) = 4.$"+

11 ≡ 1, 32 = 9 ≡ 1, 52 = 25 ≡ 1, 72 ≡ (−1)2 ≡ 1 (mod 8).

�hD�� a 1 3 5 7

ordm(a) 1 2 2 2��
�+0 8&B�
� 6}*� 5F0 3_0 6&B�
�F0 32, 2 · 32&B�


ϕ(3) = 2, o 5 ≡ −1, 52 ≡ 1 (mod 3); ��� ϕ(6) = 2, o 5 ≡ −1, 52 ≡ 1 (mod 6);
_-
�� ϕ(32) = 6,n
5 ≡ 5, 52 ≡ 7, 53 ≡ 8 ≡ −1, 54 ≡ 4, 55 ≡ 2, 56 ≡ 1 (mod 32);E00 2 · 32,�� (5, 2) = 1,n�$"+

5 ≡ 5, 52 ≡ 7, 53 ≡ 8 ≡ −1, 54 ≡ 4, 55 ≡ 2, 56 ≡ 1 (mod 2 · 32).
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�� 1' (a,m) = 1 . `xU d9" ad ≡ 1 (mod m)&pe7���F ordm(a)|d.epee
' ordm(a)|d,`�Y k 9" d = k ordm(a).��
 ad = (aordm(a))k ≡ 1 (mod m).7�e
�' ordm(a)|dMhr
`'Jgk"xU
�YxU q, r 9" d = ordm(a)q + r, 0 < r < ordm(a).�L
 ar ≡ ar(aordm(a))q = ad ≡ 1 (mod m).p8 ordm(a)&?Pe�G
� ordm(a)|d.�! 1'm > 1FxU
aF8mBb&xU
` ordm(a)|ϕ(m).�>�� 1, xU a 0 m &	U ordm(a) F ϕ(m) &�U
n�LY ϕ(m)&�U�t ordm(a).
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� 7txU 50 17&	U ord17(5).p ϕ(17) = 16, �gE 16&�U d = 1, 2, 4, 8, 16,mh ad (mod m).��
51 ≡ 5, 52 = 25 ≡ 8, 54 ≡ 64 ≡ 13 ≡ −4, 58 ≡ (−4)2 ≡ 16 ≡ −1, 516 ≡ (−1)2 ≡ 1 (mod 17),n� ord17(5) = 16.pY* 5F0 17&B�
�! 2' pF
bU
n (p − 1)/2�FbU
�' (a, p) = 1

,n aMF 1&0 pP��4�
` ordp(a) = p−1
2 R p − 1.e�>JY:g
 aϕ(p) ≡ 1 (mod p).�>�� 1, ordp(a) F ϕ(p) = p − 1 = 2 · p − 1

2

&�U
�

ordm(a) 6= 2,n� ordp(a) = p−1
2 R p − 1.
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"u 1' (a,m) = 1.

(i)� b ≡ a (mod m),` ordm(b) = ordm(a).

(ii)' a−1 9" a−1a ≡ 1 (mod m),` ordm(a−1) = ordm(a).� 8 390 17&	U� ord17(39) = ord17(5) = 16.

70 17&	U� 16.�� 5−1 ≡ 7 (mod m).�� 2 ' (a,m) = 1. ` 1 = a0, a, . . . , aordm(a)−1 0 m zzM�4
vG-
� aF0 m&B�
b ordm(a) = ϕ(m)3
p

ϕ(m)~U=h0 m&�E.41
e Y}U
�' ordm(a) ~U a0, a, . . . , aordm(a)−1 �+z~U0 m�4
`�YxU 0 ≤ k, l < ordm(a)9"
ak ≡ al (mod m).M^' k > l.z��k a−1 (mod m),+ ak−l ≡ 1 (mod m).
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� 0 < k − l < ordm(a).p8 ordm(a)&?Pe�G
�!�hr
V' a F0 m &B�
b ordm(a) = ϕ(m) , ` ϕ(m) ~U

1 = a0, a, . . . , aϕ(m)−1 0 mzzM�4
�> §2.3:g 2,p ϕ(m)~U=h0 m&�E.41
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� 9xU {5k | k = 0, . . . , 15}=h0 17&�E.41
pFmh�3�
50 ≡ 1, 51 ≡ 5, 52 = 25 ≡ 8,

53 ≡ 8 · 5 ≡ 6, 54 ≡ 82 ≡ 13, 55 ≡ 13 · 5 ≡ 14,

56 ≡ 62 ≡ 2, 57 ≡ 2 · 5 ≡ 10, 58 ≡ 10 · 5 ≡ 40 ≡ −1

59 ≡ (−1) · 5 ≡ 12, 510 ≡ (−1) · 8 ≡ 9, 511 ≡ (−1) · 6 ≡ 11,

512 ≡ (−1) · 13 ≡ 4, 513 ≡ (−1) · 14 ≡ 3, 514 ≡ (−1) · 2 ≡ 15,

515 ≡ (−1) · 10 ≡ 7 (mod 17).�D��

50 51 52 53 54 55 56 57 58 59 510 511 512 513 514 515

1 5 8 6 13 14 2 10 -1 12 9 11 4 3 15 7
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�� 3' (a,m) = 1 . ` ad ≡ ak (mod m) ⇔ d ≡ k (mod ordm(a)).� 10 21000000 ≡ 210 ≡ 100 (mod 231). �� ord231(2) = 30,

1000000 ≡ 10 (mod 30).� 11 22002 ≡ 21 ≡ 2 (mod 7).�� ord7(2) = 3, 2002 ≡ 1 (mod 3).�� 4' (a,m) = 1 . ' d ≥ 0�xU
` ordm(ad) = ordm(a)
(ordm(a),d).� 12 52 ≡ 8 (mod 17)0 17&	U� ord17(5

2) =
ord17(5)

(ord17(5), 2)
= 8.
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�!' m > 1FxU
 g F0 m&B�
' d ≥ 0�xU
` gd F0&B��n-� (d, ϕ(m)) = 1.e�>:g 4,$"+
ordm(gd) =

ordm(g)

(ordm(g), d)
=

ϕ(m)

(ϕ(m), d)
.

��
 gdF0&B�
b ordm(gd) = ϕ(m)�n-� (d, ϕ(m)) = 1.
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�� 5�'0 m+�~B� g,`0m+ ϕ(ϕ(m))~M�&B�
e' g F0 m&�~B�
` ϕ(m)~xU

g, g2, . . . , gϕ(m)�h0 m&�~�E.41
. gd F0 m&B��n-� (d, ϕ(m)) = 1.��p�& d �+ ϕ(ϕ(m)) ~
n�0 m+ ϕ(ϕ(m)) ~M�&B�
� 13tt0 17&n+B�
p'p 7�� 5F0 17&B�
V':g 5,"� ϕ(ϕ(17)) =

ϕ(16) = 8~xU 5, 53 ≡ 6, 55 ≡ 14, 57 ≡ 10, 59 ≡ 12, 511 ≡ 11, 513 ≡
3, 515 ≡ 7 (mod 17)F0 17&�RB�
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�� 6' (ab,m) = 1, (a, b) = 1 . �' (ordm(a), ordm(b)) = 1,` ordm(ab) = ordm(a)ordm(b).Y���
e�� (a,m) = 1, (b,m) = 1,n� (ab,m) = 1,��Y ordm(ab).. aordm(b)ordm(ab) ≡ (aordm(b))ordm(ab)(bordm(b))ordm(ab)

≡ ((ab)ordm(ab))ordm(b) ≡ 1 (mod m),��
 ordm(a) | ordm(b)ordm(ab).� (ordm(a), ordm(b)) = 1, �> §1.4:g 1 ���
 ordm(a) | ordm(ab).�g
 ordm(b) | ordm(ab).V' (ordm(a), ordm(b)) = 1 _ §1.4:g 4,"� ordm(a)ordm(b) | ordm(ab).��\&
 (ab)ordm(a)ordm(b) = (aordm(a))ordm(b)(bordm(b))ordm(a)

≡ 1 (mod m),�L ordm(ab) | ordm(a)ordm(b). �
ordm(ab) = ordm(a)ordm(b).
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Y)\
�' ordm(ab) = ordm(a)ordm(b),6�'

(ab)[ordm(a),ordm(b)] = a[ordm(a),ordm(b)] b[ordm(a),ordm(b)] ≡ 1 (mod m),�" ordm(ab)|[ordm(a), ordm(b)],b ordm(a)ordm(b)|[ordm(a), ordm(b)].��
 (ordm(a), ordm(b)) = 1.!�hr
� 14t0 71&B�
pmhxU 20 71&	U� ord71(2) = 35;��
xU -2�0 71&B�
�� -20 71&	U� ord71(−2) = ord71(−1)ord71(2) = 70.
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�� 7' m, n=F
0 1&xU
 (a,m) = 1 . `

(i)� n|m,` ordn(a) | ordm(a).

(ii)� (m,n) = 1,` ordmn(a) = [ordm(a), ordn(a)].e (i) �> ordm(a)&:�
 aordm(a) ≡ 1 (mod m).��
� n|m3
L�t aordm(a) ≡ 1 (mod n).� ordn(a) | ordm(a).

(ii)' (i)+ ordm(a) | ordmn(a), ordn(a) | ordmn(a),�L
 [ordm(a), ordn(a)] | ordmn(a)..' a[ordm(a),ordn(a)] ≡ 1 (mod m), a[ordm(a),ordn(a)] ≡ 1 (mod n),L�t a[ordm(a),ordn(a)] ≡ 1 (mod mn).�L
ordmn(a) | [ordm(a), ordn(a)].� ordmn(a) = [ordm(a), ordn(a)].�! 1' p, qFz~M�&
bU
aF8 pqBb&xU
` ordpq(a) = [ordp(a), ordq(a)].
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� 15' p 6= q =F
bU
 n = pq , (a, p) = 1 . �'xU e�: 1 < e < ϕ(n), (e, ϕ(n)) = 1,6��YxU d = da, 1 ≤ d < ordn(a),9" ed ≡ 1 (mod ordn(a)).Ln
E0xU ae ≡ c (mod n), 1 ≤ c < n,+ cd ≡ a (mod n).e ' (e, ϕ(n)) = 1, ordn(a) | ϕ(n), " (e, ordpq(a)) = 1. ��Y

d = da, 1 ≤ d < ordn(a), 9" ed ≡ 1 (mod ordn(a)).��
�Y�~zxU k 9" ed = 1 + k ordpq(a).9Y
�>	U&:�
"� aordp(a) ≡ 1 (mod p).. (ordpq(a)/ordp(a))�xU
z�F k(ordpq(a)/ordp(a))�%
Kk� a"� a1+k ordpq(a) ≡ a (mod p), b aed ≡ a (mod p).�g
 aed ≡ a (mod q). �� p 7 q FM�&bU
�> §2.1:g 12 , aed ≡ a (mod n),��
 cd ≡ (ae)d ≡ a (mod n).
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�! 2' (a,m) = 1 . `� m = 2np
α1
1 · · · 2pαk

k 3
$"+

ordm(a) = [ord2n(a), ord
p
α1
1

(a), . . . , ord
p
αk
k

(a)].�� 8' (m,n) = 1.`E8 mn Bb&��xU a1, a2,�YxU a9" ordmn(a) = [ordm(a1), ordn(a2)].eH��4== 





x ≡ a1 (mod m),

x ≡ a2 (mod n).�>�%.4:g
p~�4==+��$ x ≡ a (mod mn).�>e� 1 (i),+ ordm(a) = ordm(a1), ordn(a) = ordn(a2).��
�:g 7 , ordmn(a) = [ordm(a), ordn(a)] = [ordm(a1), ordn(a2)].~E00 m,M�:+ ordm(ab) = [ordm(a), ordm(b)]hr
p�
'p 2, ord10(3 · 3) = 2 6= [ord10(3), ord10(3)] = 4, ord10(3 · 7) = 1 6=
[ord10(3), ord10(7)] = 4.�+ ord10(7 · 9) = 4 = [ord10(7), ord10(9)] = 4.
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�� 9E8 m Bb&��xU a, b,�YxU c9"

ordm(c) = [ordm(a), ordm(b)].e �> §1.5 p 5, E0xU ordm(a) 7 ordm(b), �YxU u, v�:� u|ordm(a), v|ordm(b), (u, v) = 19" [ordm(a), ordm(b)] = uv.9Y� s = ordm(a)
u , t = ordm(b)

v ,�>:g 4,$"+
ordm(as) =

ordm(a)

(ordm(a), s)
= u, ordm(bt) = v.V�>:g 6,$""�

ordm(asbt) = ordm(as)ordm(bt) = uv = [ordm(a), ordm(b)].��
z c = asbt (mod m). b�nt
}2
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� 16'xU m = 3631. mFbU
$"+

ϕ(3631) = 3630 = 2 · 3 · 5 · 112,

ord3631(2) = 605 = 5 · 112, ord3631(3) = 1210 = 2 · 5 · 112,

ord3631(5) = 363 = 3 · 112, ord3631(6) = 1210 = 2 · 5 · 112,

ord3631(7) = 33 = 3 · 11, ord3631(10) = 1815 = 3 · 5 · 112,

ord3631(11) = 330 = 2 · 3 · 5 · 11, ord3631(12) = 1210 = 2 · 5 · 112,

ord3631(13) = 1815 = 3 · 5 · 112, ord3631(14) = 1815 = 3 · 5 · 112,

ord3631(15) = 3630 = 2 · 3 · 5 · 112, ord3631(17) = 1210 = 2 · 5 · 112.�>:g 9, zxU a = 3, b = 5 �_ u = 1210, v = 33, p3

s = 1, t = 112,LxU c = asbt = 31 · 5121 ≡ 2623 (mod 3631)&	U�

[ord3631(3), ord3631(3)] = [1210, 363] = 3630.��
 c = 2623F0 3631&B�
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§5.2 J3uU�zh

$"5t� m�
bU p&p_��� 1' pF
bU
`0 p&B��Y
e-(�℄e) Y0 p&�E.41 1, . . . , p − 1 �
o

er = ordp(r), 1 ≤ r ≤ p − 1, e = [e1, . . . , ep−1].6��> §5.1:g 8,�YxU g,9" ge ≡ 1 (mod p).��
 e|ϕ(p) = p − 1..�� er|e, r = 1, . . . , p − 1,�L�t�4= xe ≡ 1 (mod p) + p − 1 ~$ x ≡ 1, . . . , p −
1 (mod p).�> §3.4:g 4,$"+ p− 1 ≤ e.� g &	U� p− 1, b g F0 p&B�
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e�(�Ye) ' d|p − 1.% F (d)D�0 p&�E.41�	U� d&?b~U
�}*� F (d) = ϕ(d).C6"
$"+ ∑

d|p−1 F (d) = p − 1 ∑

d|p−1 ϕ(d) = p − 10L
 ∑

d|p−1(ϕ(d) − F (d)) = 0.�'=}* F (d) ≤ ϕ(d),`En+ d|p − 1, F (d) = ϕ(d).vG
 F (p− 1) = ϕ(p − 1).pY*�Y0 p 	U� p− 1&?b
b0 p&B��Y
 3}� F (d) = ϕ(d).��1 p 
V� d '�
�;� xd − 1 ≡ 0 (mod p), (2)o� a G1 p 
V� d '�
� (2) '%M�EAi x ≡ a0, a, . . . , ad−1.a�
V� d '�
, ϕ(d) . ��� F (d) = ϕ(d). M��,1 p 
V� d '�
�a F (d) = 0. 8��, F (d) ≤ ϕ(d).�!' pF
bU
 d|p− 1 . `0 p 	U� d&?b�Y
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�� 2' g F0 pB�
` g Rm g + pF0 p2 &B�
e' g 0 p2 &	U� n. ` gn ≡ 1 (mod p2), n | ϕ(p2) = p(p − 1)..+ gn ≡ 1 (mod p) _ g FB�
� p − 1 = ordp(g) | n.��
 n = p − 1 Rm n = p(p − 1). �' n = p(p − 1) = ϕ(p2),` g F0 p2 &B�
�' n = p − 1,` gp−1 ≡ 1 (mod p2).$"�}* g + pF0 p2 &B�
C6"
$"+

(g + p)p−1 = gp−1 + (p − 1)gp−2p +





p

2




 gp−3p2 + . . . + pp−1

≡ gp−1 + (p − 1)gp−2p (mod p2).���(g+p)p−1 ≡ 1+(p−1)gp−2p ≡ 1−gp−2p (mod p2).qZ+ (g+p)p−1 6≡ 1 (mod p2).ia��( (g + p)p−1 ≡ 1 (mod p2), a, gp−2p ≡ 0 (mod p2), 1M gp−2 ≡ 0 (mod p),qGNM>'Æ��� ordp2(g + p) = p(p − 1) = ϕ(p2). g + p G1 p2 'C�Æ
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�� 3' pF
bU
`E�� α,0 pα &B��Y
��m-Y
�' g F0 p2 B�
`E�� α, g F0 pα &B�
e��0 p2 &B� g �Y
Kn+ gp−1 6≡ 1 (mod p2).9E α FUq"7U
\}*� gpα−2(p−1) 6≡ 1 (mod pα). (∗)
α = 24�-{isÆ{( α ≥ 24�-{is�
 gpα−2(p−1) 6≡ 1 (mod pα).p~�1=LXh� gpα−2(p−1) = 1 + uα−2p

α−1, p 6 |uα−2. z�F p�\
$"+

gpα−1(p−1) = 1 +





p

1




 uα−2p

α−1 +





p

2




 (uα−2p

α−1)2 + · · · + (uα−2p
α−1)p

≡ 1 + uα−2p
α (mod pα+1). (∗∗)�� p 6 |uα−2, n� gpα−1(p−1) 6≡ 1 (mod pα+1). b (*) E0 α + 1 hr
�>Uq"7UBg
�1= (*)En+xU α ≥ 2hr
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' g 0 pα 	U� d,` gd ≡ 1 (mod pα),�L gd ≡ 1 (mod p2).�� g F0 p2 B�
n� g 0 p2 	U p(p − 1) = ϕ(p2)|d.�3
 d|ϕ(pα).��
L� dXh d = pr−1(p − 1), 2 ≤ r ≤ α.V�"=�� (**),"�
1 + ur−1p

r = gpr−1(p−1) ≡ 1 (mod pα)Rm

ur−1p
r ≡ 0 (mod pα).�� p 6 |ur−1,n� r ≥ α. ��
 r = α.p;FY
 g F0 pα&B�
}2
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�� 4 ' α ≥ 1, g F0 pα &�~B�
` g 8 g + pα �&
UF0 2pα &�~B�
e (i)'
U a�:�4= ad ≡ 0 (mod pα),.7�+ ad ≡ 0 (mod 2),�> §2.1:g 12, ad ≡ 0 (mod 2pα).Y�7�


(ii)� g F
U
� d = ϕ(pα),` ϕ(2pα) = ϕ(pα) = d..� gd ≡ 1 (mod pα), gr 6≡ 1 (mod pα), 0 < r < d3
+ gd ≡ 1 (mod 2pα), gr 6≡ 1 (mod 2pα), 0 < r < d.� g F0 2pα &�~B�

(iii)� gFLU
` g +pαF
U

_ (ii)L"!�
}2
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�� 5' aF�~
U
`E��xU α ≥ 3,+

aϕ(2α)/2 ≡ a2α−2 ≡ 1 (mod 2α).e %"7U\}*p~!�
�
U a Xh a = 2b + 1, +

a2 = 4b(b + 1) + 1 ≡ 1(mod 23).��
!�E0 α = 3hr
z'E0 α − 1,!��hr
b a2(α−1)−2 ≡ 1 (mod 2α−1)R�YxU tα−3 9" a2(α−1)−2
= 1 + tα−32

α−1.z�W\
"�

a2α−2
= (1 + 2α−1tα−3)

2 = 1 + (tα−3 + 2α−2t2α−3)2
α ≡ 1 (mod 2α).p;FY
!�E αhr
�>Uq"7UBg
�4= (10)En+&xU α ≥ 3hr
}2
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�� 6' α ≥ 3 . ` ord2α(5) = ϕ(2α)/2 = 2α−2.e�>:g 5,+ 52α−2 ≡ 1 (mod 2α).�L ord2α(5) | 2α−2.��
�"�!�
$"�g}* ord2α(5) 6 | 2α−3.C6"
$"+ 52α−3 ≡ 1 + 2α−1 (mod 2α).$"E α FUq"7U
\}*p~�1=


α = 33
 523−3 ≡ 1 + 22 (mod 23).��
�1=hr
z' α ≥ 33
,zhr
b 52α−3 ≡ 1 + 2α−1 (mod 2α).p�
�Y�~xU q 9" 52α−3
= 1 + 2α−1 + q2α.z�W\
$"+

52(α+1)−3
= (1+2α−1)2 +2(1+2α−1)q2α +(q2α)2 = 1+2α +(2α−3 +q +q2α−1 +q22α−1)2α+1.�� 52(α+1)−3 ≡ 1 + 2(α+1)−1 (mod 2α+1).b�1=E0 α + 1hr
�?#8VCh��2>Fo, α ≥ 3isÆ� ord2α(5) = 2α−2 = ϕ(2α)/2.
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�� 70 m&B��Y ⇔ m = 2, 4, pα, 2pα,`� pF
bU
e7�e
' m&A1e$=� m = 2αp
α1
1 · · · 2pαk

k .� (a,m) = 1,` (a, 2α) = 1, (a, p
αi
i ) = 1, i = 1, . . . , k.

�?KZ;h`;h 5,







aτ ≡ 1 (mod 2α)

aϕ(p
α1
1 ) ≡ 1 (mod p

α1
1 )

...

aϕ(p
αk
k ) ≡ 1 (mod p

αk
k ),

`� τ =







ϕ(2α), α ≤ 2,
1
2ϕ(2α), α ≥ 3.

� h = [τ, ϕ(p
α1
1 ), . . . , ϕ(p

αk
k )]. �> §5.1 :g 6 ���
En+xU a, (a,m) = 1,$"+ ah ≡ 1 (mod m).��
� h < ϕ(m),`0 m&B�M�Y
9Yt�93

h = ϕ(m) = ϕ(2α)ϕ(p
α1
1 ) · · ·ϕ(p

αk
k ).
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:Zu�:4 h = ϕ(m) = ϕ(2α)ϕ(pα1
1 ) · · ·ϕ(p

αk
k ).

(a)� α ≥ 33
 τ =
ϕ(2α)

2
.��
 h ≤ ϕ(m)

2 < ϕ(m).

(b)� k ≥ 23
 2|ϕ(p
α1
1 ), 2|ϕ(p

α2
2 ).0L


[ϕ(p
α1
1 ), ϕ(p

α2
2 )] ≤ 1

2ϕ(p
α1
1 )ϕ(p

α2
2 ) < ϕ(p

α1
1 p

α2
2 ).��
 h < ϕ(m).

(c)� α = 2, k = 13
 ϕ(2α) = 2, 2|ϕ(p
α1
1 ).��


h = ϕ(p
α1
1 ) < ϕ(2n)ϕ(p

α1
1 ) = ϕ(m).�
,Z (α, k)G (1, 0), (2, 0), (0, 1), (1, 1)^ q`�	�

,ZmG 2, 4, pα, 2pα^V�	4�T,M> h = ϕ(m). ��8�fisÆqffÆ� m = 2 4� ϕ(2) = 1, yV 1 G1 2 'C��� m = 4 4� ϕ(4) = 2, yV 3 G1 4 'C��� m = pα 4��?;h 3, 1 m 'C��Z�� m = 2pα 4��?;h 4, 1 m 'C��ZÆ�����'qffGis'Æ
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�� 8 ' m > 1, ϕ(m) &n+M�b�UF q1, . . . , qk, ` gF0 m&�~B�&pe7���F

gϕ(m)/qi 6≡ 1 (mod m), i = 1, . . . , k.e' g F m&�~B�
` g E0 m&	UF ϕ(m).�

0 < ϕ(m)/qi < ϕ(m), i = 1, . . . , k.�> §5.1:g 2,$"+ gϕ(m)/qi 6≡ 1 (mod m), i = 1, . . . , k.Y)\
� g E0 m&	U e < ϕ(m). `�> §5.1:g 1,$"+ e|ϕ(m).�L�Y�~bU q 9" q|ϕ(m)

e
. b

ϕ(m)

e
= qu, R ϕ(m)

q
= ue.0L gϕ(m)/q = (ge)u ≡ 1 (mod m).8z'�G
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;h 8 �u�	�kC�'℄VÆ� 1t0 41&n+B�
p �� ϕ(m) = ϕ(41) = 40 = 23 · 5, n� ϕ(m) &b�U�

q1 = 2, q2 = 5.0L
 ϕ(m)/q1 = 20, ϕ(m)/q2 = 8.��g~}� g20, g8 0 mFh�40 1. E 2, 3, . . . , )~~h�

28 ≡ 10, 220 ≡ 1, 38 ≡ 1, 48 ≡ 18, 420 ≡ 1,

58 ≡ 18, 520 ≡ 1, 68 ≡ 10, 620 ≡ 40 (mod 41),� 6F0 41&B�
�� (d, ϕ(m)) = 1 4� ordm(gd) = ordm(g), ���� d ?n1 ϕ(m) = 40 '�F/52� 1, 3, 7, 9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39,� ϕ(ϕ(m)) = 16�V4� 6d ?n1 41 'o,C��

61 ≡ 6, 63 ≡ 11, 67 ≡ 29, 69 ≡ 19, 611 ≡ 28, 613 ≡ 24, 617 ≡ 26, 619 ≡ 34,

621 ≡ 35, 623 ≡ 30, 627 ≡ 12, 629 ≡ 22, 631 ≡ 13, 633 ≡ 17, 637 ≡ 15, 639 ≡ 7.
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� 2' m = 412 = 1681,t0 m&B�
p �� 6 F0 p = 41 &B�
n� 6 Rm 6 + 41 = 47 F0

412 = 1681&B�
C6"
$"+

640 ≡ 143 ≡ 1 + 41 · 3 (mod 412), 4740 ≡ 1518 ≡ 1 + 41 · 37 (mod 412).p;FY
 640 6≡ 1 (mod 412), 4740 6≡ 1 (mod 412).�>:g 3 �}*
 6 7 47=F0 m = 412 = 1681&B�
p"�=F0 41α &B�
�� (d, ϕ(m)) = 13
 ordm(gd) = ordm(g),��
� d>m0

ϕ(412) = 1640&�E.413
 6d >m0 412 &n+B�
� 3' m = 2 · 412 = 3362,t0 m&B�
ppk!%:g 3 _p 2, bL"� 6 + 412 = 1687 7 47F0

2 · 412 = 3362&B�
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� 4t0 43&B�
p' m = 43,` ϕ(m) = ϕ(43) = 2 · 3 · 7, q1 = 2, q2 = 3, q3 = 7.��
 ϕ(m)/q1 = 21, ϕ(m)/q2 = 14, ϕ(m)/q3 = 6.q��
h�~� g21, g14, g6 1 m Gi�51 1. F 2, 3, . . . *��i�

22 ≡ 4, 24 ≡ 16, 26 ≡ 64 ≡ 21, 27 ≡ 21 · 2 ≡ −1,

214 ≡ 1, 32 ≡ 9, 34 ≡ 81 ≡ −5, 36 ≡ 9 · (−5) ≡ −2,

37 ≡ −6, 314 ≡ (−6)2 ≡ 36, 321 ≡ (−6) · 36 ≡ −1 (mod 43).��
 3F0 43&B�
� d ?n1 ϕ(m) = 42 '�F/52� 1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41� ϕ(ϕ(42)) = 12~U3
 3d >m0 43&n+B��
31 ≡ 3, 35 ≡ 28, 311 ≡ 30, 313 ≡ 12, 317 ≡ 26, 319 ≡ 19, 323 ≡ 34,

325 ≡ 5, 329 ≡ 18, 331 ≡ 33, 337 ≡ 20, 341 ≡ 29 (mod 43).
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� 5' m = 432 = 1849,t0 m&B�
p���� 3F0 p = 43&B�
n��>:g 2,L� 3Rm 3 + 43 = 46F0 432 = 1849&B�
C6"
$"+

342 ≡ 87 ≡ 1 + 43 · 2 (mod 432), 4640 ≡ 689 ≡ 1 + 43 · 16 (mod 432).p;FY


342 6≡ 1 (mod 432), 4642 6≡ 1 (mod 432).�>:g 3 �}*
 3 7 46=F0 m = 432 = 1849&B�
�=F0 43α &B�
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§5.3 o\[ n tZ=

Y m = pα R 2pα &p_3
0 m&B� g F�Y&
o%B� 0	AvG
K{8 xn ≡ a (mod m), (a,m) = 1+$&��_$U
E��&xU a, (a,m) = 1,�Y��&xU r, 1 ≤ r ≤ ϕ(m),9" gr ≡ a (mod m).�0 1 ' m F
0 1 &xU
 g F0 m &�~B�
' aF�~8 m Bb&xU
`�Y��&xU r 9"

gr ≡ a (mod m), 1 ≤ r ≤ ϕ(m)hr
p~xU r �C� g �+& a E0 m &�~ n[, oF

r = indga (R r = inda).
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� 1xU 5F0 17&B�
Kn$"+

51 52 53 54 55 56 57 58 59 510 511 512 513 514 515 516

5 8 6 13 14 2 10 -1 12 9 11 4 3 15 7 1��
$"+
ind51 = 16, ind52 = 6, ind53 = 13, ind54 = 12, ind55 = 14, ind56 = 3,

ind57 = 15, ind58 = 2, ind59 = 10, ind510 = 7, ind511 = 11, ind512 = 9,

ind513 = 4, ind514 = 5, ind515 = 14, ind516 = 8.
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�� 2' gFB�
' (a,m) = 1 . �' r9" gr ≡ a (mod m)hr
`p~xU r �: r ≡ indga (mod ϕ(m)).e�� (a,m) = 1,n� gr ≡ a ≡ gindga (mod m).�L
 gr−indga ≡ 1 (mod m)..�� g 0 m&	UF ϕ(m), ϕ(m) | r − indga.��


r ≡ indga (mod ϕ(m)).�!' g FB�
' (a,m) = 1 . ` indg1 ≡ 0 (mod ϕ(m)).e�� g0 ≡ 1 (mod m), �>:g 2,$"+
indg1 ≡ 0 (mod ϕ(m)).

212



�� 3 ' m F
0 1 &xU
 g F0 m &�~B�
 r F�~xU
�: 1 ≤ r ≤ ϕ(m).`� g �+&E0 m+A�	A r&n+xU�|F0 m&�~�E.4



�� 4 ' m F
0 1 &xU
 g F0 m &�~B�
�

a1, . . . , an F8 m Bb& n~xU
`
indg(a1 · · · an) ≡ indg(a1) + · · · + indg(an) (mod ϕ(m)).vG-
 indg(a

n) ≡ n indg(a) (mod ϕ(m)).
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� 2 G1 41 '
BEÆr 
� 6 G1 41 'C����ni gr (mod m):

640 ≡ 1, 61 ≡ 6, 62 ≡ 19, 63 ≡ 11, 64 ≡ 25, 65 ≡ 27, 66 ≡ 39, 67 ≡ 29,

68 ≡ 10, 69 ≡ 19, 610 ≡ 32, 611 ≡ 28, 612 ≡ 4, 613 ≡ 24, 614 ≡ 21, 615 ≡ 3,

616 ≡ 18, 617 ≡ 26, 618 ≡ 33, 619 ≡ 34, 620 ≡ 40, 621 ≡ 35, 622 ≡ 5, 623 ≡ 30,

624 ≡ 16, 625 ≡ 14, 626 ≡ 2, 627 ≡ 12, 628 ≡ 31, 629 ≡ 22, 630 ≡ 9, 631 ≡ 13,

632 ≡ 37, 633 ≡ 17, 634 ≡ 20, 635 ≡ 38, 636 ≡ 23, 637 ≡ 15, 638 ≡ 8, 639 ≡ 7.l�p℄: 1	�EA2�V�1	bEA��V��X��EA
BoF"VÆ

0 1 2 3 4 5 6 7 8 9

0 40 26 15 12 22 1 39 38 30

1 8 3 27 31 25 37 24 33 16 9

2 34 14 29 36 13 4 17 5 11 7

3 23 28 10 18 19 21 2 32 35 6

4 20
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� 3eGtxU a = 28, 18� 6�+0 41&	A
p �>0 41 &�B� g = 6 &	UD
Yj1�U 2 nYa
~�U 8nY�
�W��&U 11;F ind628 = 11. LYj1�U 1nYa
~�U 8nY�
�W��&U 16;F ind618 = 16.

�5���D:�pF���xU r mh gr ≡ a (mod m) =�����xU atxU r 9" gr ≡ a (mod m);`^T9
�0 2 ' m F
0 1 &xU
 a F8 m Bb&xU
�'

n��4=

xn ≡ a (mod m) (1)+$
` a�CE0 m& n sY<;h`
 a�CE0 m& n s�Y<.
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� 4t 5��4= x5 ≡ 9 (mod 41)&$
p�0 41&	AD
YjxU 9&1�U 0nY&a
~�U

9nY&�
�W��&U 30;F ind69 = 30. V� x = 6y (mod 41).B�4=;=�
65y ≡ 630 (mod 41).�� 6F0 41&B�
�>:g 2$"+

5y ≡ 30 (mod 40) R y ≡ 6 (mod 8).$" y ≡ 6, 14, 22, 30, 38 (mod 40).��
B�4=&$�

x ≡ 66 ≡ 39, x ≡ 614 ≡ 21, x ≡ 622 ≡ 5,

x ≡ 630 ≡ 9, x ≡ 638 ≡ 8, x ≡ 639 ≡ 7 (mod 41).
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�� 5' gFB�
' (a,m) = 1 . ` xn ≡ a (mod m) (2)+$&pe7���F (n, ϕ(m)) | inda,nY+$&pS3
$U� (n, ϕ(m)).e��4= (2)+$ x ≡ x0 (mod m),`eG�Y`pxU u, r 9" x0 ≡ gu, a ≡ gr (mod m).' (2)" gun ≡ gr (mod m) R un ≡ r (mod ϕ(m)).b�4= nX ≡ r (mod ϕ(m)) (3) +$ X ≡ u (mod ϕ(m)).��
 (n, ϕ(m)) | inda.Y)\
� (n, ϕ(m)) | inda, ` (3) +$ X ≡ u (mod ϕ(m)), n$U� (n, ϕ(m)).��
(2)+$ x0 ≡ gu (mod m),$U� (n, ϕ(m)).
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�! Y:g 5 &z'��3
 a F0 m & n �.4&pe7���F aϕ(m)/d ≡ 1 (mod m), d = (n, ϕ(m)).e':g 5 �}*��4= xn ≡ a (mod m)+$&pe7���F�4= nX ≡ r (mod ϕ(m))+$
Lp)}0 (n, ϕ(m)) | inda, b inda ≡ 0 (mod d).z��k ϕ(m)

d
,"� ϕ(m)

d inda ≡ 0 (mod ϕ(m)).p)}0 aϕ(m)/d ≡ 1 (mod m).� 5t$�4= x8 ≡ 23 (mod 41).p�� d = (n, ϕ(m)) = (8, ϕ(41)) = (8, 40) = 8, ind23 = 36.. 36M=( 8xx
n��4=&$
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� 6t$�4= x12 ≡ 37 (mod 41).p��
d = (n, ϕ(m)) = (12, ϕ(41)) = (12, 40) = 4,

ind37 = 32.. 4|32,n��4=+$
9t$)}&�4=�

12 indx ≡ ind37 (mod 40)R 3 indx ≡ 8 (mod 10)."� indx ≡ 6, 16, 26, 36 (mod 40).Y	AD"B�4=$

x ≡ 39, 18, 2, 23 (mod 41).
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�� 6 ' g FB�
 (a,m) = 1 . ` a E0 m &	UF

e = ϕ(m)
(inda,ϕ(m)).vG-
 aF0 m&B��n-� (inda, ϕ(m)) = 1.e��0 m+B� g,n�+

a = ginda (mod m).�> §5.1:g 3, a&	U�
ord(a) = ord(ginda) =

ord(g)

(ord(g), inda)
=

ϕ(m)

(inda, ϕ(m))
.

7�
 aF0 m&B�&pe7���F ord(a) = ϕ(m), b

(inda, ϕ(m)) = 1.

220



�� 7' g F0 m&�~B�
`0 m&�E.41�
	UF e &xU~UF ϕ(e). vG-
Y0 m &�E.41�
B�&~UF ϕ(ϕ(m)).e��0 m+B� g, �> §5.1:g 3,� a = gd &	U�

ord(a) = ord(gd) =
ord(g)

(ord(g), d)
=

ϕ(m)

(d, ϕ(m))
.

7�
 a&	UF e&pe7���F ϕ(m)

(d, ϕ(m))
= e, b

(d, ϕ(m)) =
ϕ(m)

e
.� d = d′

ϕ(m)

e
, 0 ≤ d′ < e. "=)}0 (d′, e) = 1. ��p�& d′+ ϕ(e)~
�L	U� ϕ(m) &xU~UF ϕ(ϕ(m)). bB�~UF ϕ(ϕ(m)).
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�Z p!e*Y+g
$"{8�9℄+�_�9Qd℄+
bU
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§6.1 *rk

�> FermatP:g��' nFbU
`E��xU b, (b, n) = 1,+

bn−1 ≡ 1 (mod n).'���'+�~xU b, (b, n) = 19" bn−1 6≡ 1 (mod n),` nF�~;U
� 1�� 262 ≡ 260 · 22 ≡ (26)10 · 22 ≡ 6410 · 22 ≡ 4 6≡ 1 (mod 63),n� 63�~F;U
"QYU&h:YUM=hr
C6"
$"+� 2 862 ≡ (26)31 ≡ 1 (mod 63).
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�0 1 ' n F�~
;U
�'xU b, (b,m) = 1 9"�4= bn−1 ≡ 1 (mod n) (1)hr
` n�CE0U b&)qj.� 3xU 63=FE0U b = 8&�bU
� 4xU 341 = 11 · 31, 561 = 3 · 11 · 17, 645 = 3 · 5 · 43=FE0U b = 2&�bU
��
2340 ≡ 1 (mod 340), 2560 ≡ 1 (mod 561), 2644 ≡ 1 (mod 645).4� 1 ' d, n =FzxU
�' d =xx n, ` 2d − 1 =xx 2n − 1.e�� d |n,n��Y�~xU q 9" n = dq.��
$"+

2n − 1 = (2d)q − 1 = (2d − 1)((2d)q−1 + (2d)q−2 + · · · + 2d + 1).� 2d − 1 | 2n − 1.
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�� 1�Y&rI~E0U 2&�bU
e (I)�}��' nFE0U 2&�bU
` m = 2n − 1�FE0U 2&�bU
C6"
�� nFE0U 2&�bU
n�

n F
;U
Kn 2n−1 ≡ 1 (mod n). '0 n F
;U
n�+�Ue$ n = dq, 1 < d < n, 1 < q < n. �> g
 2d − 1 | 2n − 1. �� m = 2n − 1F;U
 9Y~}� 2m−1 ≡ 1 (mod m).�� 2n−1 ≡ 1 (mod n), n�L� m − 1 = 2(2n−1 − 1) = kn. �> g
 2n − 1 | 2m−1 − 1.��
�4= 2m−1 ≡ 1 (mod m)hr
� m = 2n − 1FE0U 2&�bU

(II)z n0 �E0U 2&�~�bU
p� n0 = 341F�~E0U 2&�bU
V� n1 = 2n0 − 1, n2 = 2n1 − 1, n3 = 2n2 − 1, . . . .�>!� (I),pUxU=FE0U 2&�bU
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�� 2' nF�~
;U
`

(i) nFE0U b&�bU�n-� b0 n&�xx n − 1.

(ii)�' nFE0U b1 7U b2 &�bU
` nFE0U b1b2&�bU

(iii)� nFE0U b&�bU
` nFE0U b−1&�bU
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�� 2' nF
;U
` (iv)�'+�~xU b, (b, n) = 1,9 (1)Mhr
`0 n&�E.41�Æ$+�!&U9 (1)Mhr
e(iv)' b1, . . . , bs, bs+1, . . . , bϕ(n) F0&�E.41
`�i s~U9" (1)hr
? ϕ(n) − s~U9" (1)Mhr
�>z'��
�Y�~xU b, (b, n) = 1,9" (1)Mhr
V�>!�

(ii)7 (iii),+ s~0 nM��E.4 bb1, . . . , bbs9" (1)Mhr
��
 s ≤ ϕ(n) − s, Rm ϕ(n) − s ≥ ϕ(n)
2 .p;FY
0 n&�E.41�Æ$+�!&U9" (1)Mhr
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� 5 ( n = 63. uuo,yV b, 1 ≤ b ≤ n − 1 :# n GF1V b 'A
VÆ

b bn−1

1 1

2 4

3 9

4 16

5 25

6 36

7 49

8 1

9 18

10 37

a an−1

11 58

12 18

13 43

14 7

15 36

16 4

17 37

18 9

19 46

20 22

a an−1

21 0

22 43

23 25

24 9

25 58

26 46

27 36

28 28

29 22

30 18

a an−1

31 16

32 16

33 18

34 22

35 28

36 36

37 46

38 58

39 9

40 25

a an−1

41 43

42 0

43 22

44 46

45 9

46 37

47 4

48 36

49 7

50 43

a an−1

51 18

52 58

53 37

54 18

55 1

56 49

57 36

58 25

59 16

60 9

a an−1

61 4

62 1
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:g 2 (iv) z��E0

U
�'+�~xU b, (b, n) = 1,9" (1)Mhr
`0 n&�E.41�Æ$+�!&U9" (1)Mhr
p;FY
E0jWoz&xU b, (b, n) = 1,+ 50%�"&WP\PBt nF;U
RmY nF;U&L=eP0 50% .
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9Y
�tPB�~

xU n�bU&\U�kXp{yV b1, 0 < b1 < n, ni d1 = (b1, n). �( d1 > 1, a n NG
VÆ�( d1 = 1, ani bn−1
1 (mod n),GG�5> (1) GiisÆ�(Nis�a nNG
VÆ�(is�a n G<V'M>fQ1 1

2

SnZ n G
VM>fÆ1 1 − 1

2
.#o#RQ(ÆWkXp{yV b2, 0 < b2 < n, ni d2 = (b2, n). �( d2 > 1, a n NG
VÆ�( d2 = 1, ani bn−1

2 (mod n), GG�5> (1) GiisÆ�(Nis�a n NG
VÆ�(is�a n G<V'M>fQ1 1

22

SnZ n G
VM>fÆ1 1 − 1

22
.rn#o#RQ(� . . . , ��1 t QÆkXp{yV bt, 0 < bt < n, ni dt = (bt, n). �( dt > 1, a n NG
VÆ�( dt = 1, ani bn−1

t (mod n), GG�5> (1) GiisÆ�(Nis�a n NG
VÆ�(is�a n G<V'M>fQ1 1

2t

SnZ n G
VM>fÆ1 1 − 1

2t
.
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"Q)m�L��"7��

Fermatbe�~�:
xU n ≥ 3 7��VU t.

1. jbozxU b, 2 ≤ b ≤ n − 2;

2. mh r = bn−1 (mod n);

3. �' r 6= 1,` nF;U

4. "Q)m"n t�
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�0 2 ;U n e� Carmichael U
�'En+&zxU

b, (b, n) = 1,=+�4=
bn−1 ≡ 1 (mod n)hr
� 6xU 561 = 3 · 11 · 17F�~ CarmichaelU
e �' (b, 561) = 1, ` (b, 3) = (b, 11) = (b, 17) = 1. �> FermatP:g
b2 ≡ 1 (mod 3), b10 ≡ 1 (mod 11), b16 ≡ 1 (mod 17).�L


b560 ≡ (b2)280 ≡ 1 (mod 3), b560 ≡ (b10)56 ≡ 1 (mod 11), b560 ≡ (b16)35 ≡ 1 (mod 17).��
 b560 ≡ 1 (mod 561).
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�� 3' nF�~
;U


(i)�' n(�~
0 1W\Uxx
` nMF CarmichaelU


(ii) �' n = p1 · · · pk F�~&W\U
` n F Carmichael U&p���F
pi − 1 | n − 1, 1 ≤ i ≤ k.�� 4�~ CarmichaelUFÆ$�~M�bU&kY
.� 1. �Y&rI~ CarmichaelU


2. � npe
3
v� [2, n]<& CarmichaelU&~U ≥ n2/7.
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§6.2 Euler *rk

' n F
bU
�>:g
+�4= b(n−1)/2 ≡



b
n



 (mod n)E��xU bhr
��
�'�YxU b, (b, n) = 1,9" b(n−1)/2 6≡



b
n



 (mod n),` nMF�~bU
� 1 ' n = 341, b = 2. eGmh"�� 2170 ≡ 1 (mod 341) �_ 


2

341



 = (−1)(3412−1)/8 = −1, �� 2170 6≡



2

341



 (mod 341). n� 341MF�~bU
�0 1' nF�~z
;U
'xU b8 nBb
�'xU

n 7 b�:��� b(n−1)/2 ≡



b
n



 (mod n),` n�CE0U b& Euler )qj.
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� 2 ' n = 1105, b = 2. eGmh"�� 2552 ≡ 1 (mod 1105)�_ 


2

1105



 = (−1)(11052−1)/8 = 1. �� 2552 ≡



2

1105



 (mod 1105),n�

1105F�~E0U 2& Euler�bU
�� 1 �' n FE0U b & Euler �bU
` n FE0U b&�bU
e' nFE0U 2& Euler�bU
` b(n−1)/2 ≡



b
n



 (mod n)."=z�W\
K.�� 



b
n




 = ±1 (mod n),

bn−1 ≡ (b(n−1)/2)2 ≡







b

n








2

≡ 1 (mod n),��
 nFE0U b&�bU
:g 1&BMhr
bMF�~�bU=F Euler�bU
p�� 341FE0U 2&�bU
�MFE0U 2& Euler�bU
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Solovay-Stassenbe�~�:
xU n ≥ 3 7��VU t.

1. jbozxU b, 2 ≤ b ≤ n − 2;

2. mh r = b(n−1)/2 (mod n);

3. �' r 6= 1�_ r 6= n − 1,` nF;U


4. mh Jacobik2 s =




b
n




;

5. �' r 6= s ,` nF;U

6. "Q)m"n t�
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§6.3 =*rk

' nFz
xU
Kn+ n− 1 = 2st,`+�3�Ue$=�

bn−1 − 1 = (b2s−1t + 1)(b2s−2t + 1) · · · (bt + 1)(bt − 1).��
�' bn−1 ≡ 1 (mod n),`�3�4=Æ$+�~hr�

bt ≡ 1, bt ≡ −1, b2t ≡ −1, . . . , b2s−1t ≡ −1 (mod n).�0 1' nF�~
;U
n+D�= n− 1 = 2st,`� t�
U
' (b, n) = 1 . �'xU n 7 b�:��� bt ≡ 1 (mod n),Rm�Y�~xU r, 0 ≤ r < s9" b2rt ≡ −1 (mod n),` n�CE0U b&<)qj.� 1xU n = 2047 = 23 · 89FE0U b = 2&k�bU
p�� 22046/2 ≡ (211)93 ≡ (2048)93 ≡ 1 (mod 2046).
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�� 1�Y&rI~E0U 2&k�bU
�� 2�' nFE0U b&k�bU
nFE0U b& Euler�bU
�� 3 'F�~
;U
` n FE0U b, 1 ≤ b ≤ n − 1, &k�bU&L=eÆI� 25%.
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Miller-Rabinbe�~�:
xU n ≥ 3 7��VU k,X n − 1 = 2st,`� t�
xU


1. jWozxU b, 2 ≤ b ≤ n − 2; 2. mh r0 ≡ bt (mod n);

3. a)�' r0 = 1 R r0 = n − 1,`�)�~
L=�bU
O� 1. qmoz��~jWxU b, 2 ≤ b ≤ n − 2;

b)h`
+ r0 6= 1�_ r0 6= n − 1, mh r1 ≡ r2
0 (mod n);

4. a)�' r1 = n − 1,`�)�~
L=�bU
O� 1. qmoz��~jWxU b, 2 ≤ b ≤ n − 2;

b)h`
+ r1 6= n − 1, mh r2 ≡ r2
1 (mod n); ��rn4}�

s+2. a)�' rs−1 = n − 1,`�)�~
L=�bU
O� 1. qmoz��~jWxU b, 2 ≤ b ≤ n − 2;

b)h`
+ rs−1 6= n − 1, n�;U
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8Z �$i
241



1. veU&:�

2. ��veU&:�

3. 6U&veU�℄

4. ?t.3

5. veU&!%
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§7.1 �&k

F17V √
2, �:nia�;�%#M�U&�4℄V�
&,hV℄4`ÆK5
FeE=

√
2 = 1 + (

√
2 − 1)

= 1 + 1√
2 + 1

= 1 + 1

2 +
1√

2 + 1
= 1 + 1

2 +
1

2 +
1√

2 + 1

= 1 + 1

2 +
1

2 +
1

2 +
1√

2 + 1
= 1 + 1

2 +
1

2 +
1

2 +
1

2 +
1√

2 + 1

.
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`�
L%+geU\3_
p�


1 + 1

2 +
1

2 +
1

2 +
1

2

= 1 + 1

2 +
1

2 +
2

5

= 1 + 1

2 +
5

12

= 1 +
12

29
=

41

29
= 1.413793103
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??
�t √
2 (z 10�10�) 8 10~+gU�&,\


i ai Pi/Qi
√

2 − Pi/Qi

0 1 1/1 0.414213562

1 2 3/2 −0.085786438

2 2 7/5 0.014213562

3 2 17/12 −0.002453105

4 2 41/29 0.000420459

i ai Pi/Qi
√

2 − Pi/Qi

5 2 99/70 −0.000072152

6 2 239/169 0.000012379

7 2 577/408 −0.000002124

8 2 1393/985 0.000000364

9 2 3363/2378 −0.000000063
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�0 1' x0, x1, . . .F�~&r6U�
 xi > 0, i ≥ 1.E0xU n ≥ 0,$"�D�=
x0 +

1

x1 +
1

x2 +
1

x3+...
+

1

xn

(1)

�C n � 7��%j, p&�F�~6U
� x0, x1, . . . , xn =FxU3
D�= (1) �C n � 7�f}�%j, p&�F�~+geU
+gveU�oF [x0, x1, . . . , xn]. (2)' 0 ≤ k ≤ n, $"�+<veU [x0, x1, . . . , xk] (3) �C+<veU (1)&0 k~iu%j. � (2)F+<��veU3
�

xk �Cp&0 k~d%P.
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� (1)(R (2)) �& n → ∞3
�D�=

x0 +
1

x1 +
1

x2 +
1

x3+.. .

(4)

Rm�o� [x0, x1, x2, . . .]. (5)�C���%j. � x0, x1, . . . =FxU3
D�= (4)�C��f}�%j. ' k ≥ 0,$"�+<veU [x0, x1, x2, . . . , xk] �C&<veU (4) &0 k ~ iu%j.� (4)F&<��veU3
� xk �Cp&0 k~d%P.�'�Y[< limk→∞[x0, x1, x2, . . . , xk] = θ, (6) `e&<veU (4)(R (5))FJx&
 θ e�&<veU (4)(R (5))&�
oF [x0, x1, x2, . . .] = θ.�'[< (6)M�Y
`e&<veU (4)(R

(5))FR�&
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4�' a, b, cF6U
 b 6= 0. ' f (x) = a + b
c + x . `

(i)� b > 03
 f (x)Y x > c (R x > c )"F�72�/U
b� c < x < x′ (R x < x′ < c )3
+ f (x) > f (x′).
(ii)� b < 03
f (x)Y x > c (R x > c )"F�72�/U
b� c < x < x′ (R x < x′ < c )3
+ f (x) < f (x′).eE0 c < x < x′ (R x < x′ < c ),$"+

f (x′) − f (x) = (a +
b

c + x′
) − (a +

b

c + x
) =

−b(x′ − x)

(c + x′)(c + x)
.

�� (c + x′)(c + x) > 0,n� (i)� b > 03
+ f (x′) < f (x). L (ii)� b < 03
+ f (x′) > f (x). �!�hr
}2
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�� 1' x0, x1, . . . F�~&r6U�
 xi > 0, i ≥ 1.`

(i) F
�yV n ≥ 1, r ≥ 1, %#,

[x0, x1, . . . , xn−1, xn, . . . , xn+r]

= [x0, x1, . . . , xn−1, [xn, . . . , xn+r] ]

= [x0, x1, . . . , xn−1, xn + 1/[xn+1, . . . , xn+r] ].

(7)

wH.� [x0, x1, . . . , xn−1, xn, xn+1] = [x0, x1, . . . , xn−1, xn + 1/xn+1]. (8)

(ii) F
�7V η > 0 8yV n ≥ 0,

(a) � n GdV4� [x0, x1, . . . , xn−1, xn] > [x0, x1, . . . , xn−1, xn + η, ] (9)

(b) � n GMV4� [x0, x1, . . . , xn−1, xn] < [x0, x1, . . . , xn−1, xn + η, ] (10)

(iii) FyV n ≥ 0, � θn = [x0, x1, . . . , xn−1, xn],

(a) F
�yV r ≥ 1, θ2n+1 > θ2n+1+r, (b) F
�yV r ≥ 1, θ2n < θ2n+r,

(c) θ1 > θ3 > · · · θ2n−1 > · · · , (d) θ0 < θ2 < · · · θ2n < · · · ,
(e) F
�yV s ≥ 1, t ≥ 0, θ2s−1 > θ2t.
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�� 2' x0, x1, x2, . . .F&r6U�
 xj > 0, j ≥ 1.V'

P−2 = 0, P−1 = 1, Pn = xnPn−1 + Pn−2, n ≥ 0, (11)

Q−2 = 1, Q−1 = 0, Qn = xnQn−1 + Qn−2, n ≥ 0. (12)` [x0, x1, . . . , xn−1, xn] = Pn
Qn

, n ≥ 0, (13)

PnQn−1 − Pn−1Qn = (−1)n+1, n ≥ −1, (14)

PnQn−2 − Pn−2Qn = (−1)nxn, n ≥ 0. (15)vG-
$"+

[x0, x1, . . . , xn−1, xn] − [x0, x1, . . . , xn−1] =
(−1)n+1

Qn−1Qn
, n ≥ 1, (16)

[x0, x1, . . . , xn−2, xn−1, xn]−[x0, x1, . . . , xn−2] =
(−1)nxn

Qn−2Qn
, n ≥ 2. (17)
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Y��veU&Re &pS3
:g�t~t
3veU&\U
$"%�D&_=�t √
2 = [1, 2, 2, 2, . . .]&
3veU�

k xk Pk Qk k xk Pk Qk

-2 0 1 3 2 17 12

-1 1 0 4 2 41 29

0 1 1 1 5 2 99 70

1 2 3 2 6 2 239 169

2 2 7 5 7 2 577 408'�"�

1.412011 <
P6

Q6
=

239

169
<

√
2 <

P7

Q7
=

577

408
< 1.412157.
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�0 α8`
3veU
$"+�1�&Æ=
�� 3' x0, x1, x2, . . . , xn F6U�
 xj > 0, j ≥ 1.V'

α = [x0, x1, x2, . . . , xn], αk+1 = [xk+1, . . . , xn] (0 ≤ k ≤ n).`

α − Pk

Qk
=

(−1)k

Qk(αk+1Qk + Qk−1)
.e�>:g 1 (i) _:g 2,$"+

α − Pk

Qk
=

αk+1Pk + Pk−1

αk+1Qk + Qk−1
− Pk

Qk

=
−(PkQk−1 − Pk−1Qk)

Qk(αk+1Qk + Qk−1)
=

(−1)k

Qk(αk+1Qk + Qk−1)
.
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§7.2 g~�&k

�:�~6U x
$"�℄ x&��veU�3�

(i) � a0 = [x], x0 = x − a0. 0 ≤ x0 < 1.

(ii) �( x0 = 0, a��Æia�� a1 = [ 1
x0

], x1 = 1
x0

− a1.

(iii) �( x1 = 0, a��Æia�� a2 = [ 1
x1

], x2 = 1
x1

− a2.��rn4} . . . . . . , #� ak, xk.

(k+2) �( xk = 0, a��Æia�� ak+1 = [ 1
xk

], xk+1 = 1
xk

− ak+1. . . . . . . .'�"� x&��veU�
x = a0 +

1

a1 +
1

a2+...
+

1

an+.. .

.
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vG-
� x =
u−2
u−1

, u−1 ≥ 1 3
$"n�℄& x &��veU [a0, a1, a2, . . . , an]&Re ak, (0 ≤ k ≤ n)�:�3�1=�

(i) u−2 = a0u−1 + u0, 0 < u0 = x0u−1 < u−1.

(ii) u−1 = a1u0 + u1, 0 < u1 = x1u0 < u0.

(iii) u0 = a2u1 + u2, 0 < u2 = x2u1 < u1.

. . . . . .

(n) un−3 = an−1un−2 + un−1, 0 < un−1 = xn−1un−2 < un−2.

(n + 1) un−2 = anun−1 + un, 0 = un = xnun−1 < un−1.�� {uk}k≥−2 F�0 k &y{2�&`pxU�
n�9" un = 0 & n F�Y&
��
 xn = 0. +geU x =
u−2
u−1

++<��veU

x = [a0, a1, a2, . . . , an].

254



� an ≥ 23
$"�+

x = [a0, a1, a2, . . . , an] = [a0, a1, a2, . . . , an − 1, 1].p;FY
+geU+z�veUD�=
Fh�Y`p_=&D�=:�
�Fh:&
$"+�3:g
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�� 1 ' [a0, a1, a2, . . . , an] 7 [b0, b1, b2, . . . , bm] Fz~+<��veU
an ≥ 2, bm ≥ 2.�' [a0, a1, a2, . . . , an] = [b0, b1, b2, . . . , bm],` n = m, ai = bi, i = 0, . . . , n.

�� 2 ��MFxU&+geU x =
u0

u1

+n-+�t&z�+<��veUD�=
x = [a0, a1, a2, . . . , an], n ≥ 1, an ≥ 27

x = [a0, a1, a2, . . . , an − 1, 1], n ≥ 1, an ≥ 2.
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� 1 u x = 7700/2145 ',=��wfV`q'��Æ4fVÆr �?��wfV'�^�%#,

(i) a0 = [7700/2145] = 3, x0 = x − a0 = 1265/2145.

(ii) a1 = [2145/1265] = 1, x1 = 1/x0 − a1 = 880/1265.

(iii) a2 = [1265/880] = 1, x2 = 1/x1 − a2 = 385/880.

(iv) a3 = [880/385] = 2, x3 = 1/x2 − a3 = 110/385.

(v) a4 = [385/110] = 3, x4 = 1/x3 − a4 = 55/110.

(vi) a5 = [110/55] = 2, x5 = 1/x5 − a5 = 0.��� 7700/2145 = [3, 1, 1, 2, 3, 2] = [3, 1, 1, 2, 3, 1, 1].

i ai xi Pi Qi

0 3 1265/2145 3 1

1 1 880/1265 4 1

2 1 385/880 7 2

i ai xi Pi Qi

3 2 110/385 18 5

4 3 55/110 61 17

5 2 0 140 39
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' p = 107, q = 47.

i) t p

q
&veUeE=
 ii) t p

q

&n+
0eU
p' u−2 = p = 107, u−1 = q = 47.$"F��Jgk"xU

(i) 107 = 2 · 47 + 13, 0 < 13 = x0 · 47 < 47.

(ii) 47 = 3 · 13 + 8, 0 < 8 = x1 · 13 < 13.

(iii) 13 = 1 · 8 + 5, 0 < 5 = x2 · 8 < 8.

(iv) 8 = 1 · 5 + 3, 0 < 3 = x3 · 5 < 5.

(v) 5 = 1 · 3 + 2, 0 < 2 = x4 · 3 < 3.

(vi) 3 = 1 · 2 + 1, 0 < 1 = x5 · 2 < 2.

(vii) 2 = 2 · 1 + 0, 0 = x6 · 1 < 1.
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i) �>��veU&�℄
$"+

(i) a0 = [107/47] = 2, x0 = x − a0 = 13/47.

(ii) a1 = [47/13] = 3, x1 = 1/x0 − a1 = 8/13.

(iii) a2 = [13/8] = 1, x2 = 1/x1 − a2 = 5/8.

(iv) a3 = [8/5] = 1, x3 = 1/x2 − a3 = 3/5.

(v) a4 = [5/3] = 1, x4 = 1/x3 − a4 = 2/3.

(vi) a5 = [3/2] = 1, x5 = 1/x4 − a5 = 1/2.

(vi) a5 = [2/1] = 2, x6 = 1/x5 − a6 = 0.��
 p

q
= [2, 3, 1, 1, 1, 1, 2] .
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ii)

i ai xi Pi Qi

−2 0 1

−1 1 0

0 2 13/47 2 1

1 3 8/13 7 3

2 1 5/8 9 4

i ai xi Pi Qi

3 1 3/5 16 7

4 1 2/3 25 11

5 1 1/2 41 18

6 2 0 107 47

P0

Q0
= 2,

P1

Q1
=

7

3
,

P2

Q2
=

9

4
,

P3

Q3
=

16

7
,

P4

Q4
=

25

11
,

P5

Q6
=

41

18
,

P6

Q6
=

107

47
.
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� 2t α = (
√

5 + 1)/2&+<��veU_p&�~
3eU


(
√

5 + 1)/2 = 1 + (
√

5 − 1)/2 = 1 + 1
(
√

5 + 1)/2

= 1 + 1

1 +
1

(
√

5 + 1)/2

= 1 + 1

1 +
1

1 +
1

(
√

5 + 1)/2

= 1 + 1

1 +
1

1 +
1

1 +
1

(
√

5 + 1)/2

.
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i ai xi Pi Qi

0 1 (
√

5 − 1)/2 1 1

1 1 (
√

5 − 1)/2 2 1

2 1 (
√

5 − 1)/2 3 2

3 1 (
√

5 − 1)/2 5 3

4 1 (
√

5 − 1)/2 8 5

5 1 (
√

5 − 1)/2 13 8

6 1 (
√

5 − 1)/2 21 13

7 1 (
√

5 − 1)/2 34 21

8 1 (
√

5 − 1)/2 55 34

9 1 (
√

5 − 1)/2 89 55

i ai xi Pi Qi

10 1 (
√

5 − 1)/2 144 89

11 1 (
√

5 − 1)/2 233 144

12 1 (
√

5 − 1)/2 377 233

13 1 (
√

5 − 1)/2 610 377

14 1 (
√

5 − 1)/2 987 610

15 1 (
√

5 − 1)/2 1597 987

16 1 (
√

5 − 1)/2 2584 1597

17 1 (
√

5 − 1)/2 4181 2584

18 1 (
√

5 − 1)/2 6765 4181

19 1 (
√

5 − 1)/2 10946 6765
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�� 3 &<��veU [a0, a1, a2, . . .] , �;F�Y�~6U

θ,9" limn→+∞[a0, a1, a2, . . . , an] = θ.e E n ≥ 0, o θn = [a0, a1, a2, . . . , an]. θn F+geU
�>

§7.1:g 1,$"+ θ1 > θ3 > · · · θ2n−1 > · · · > θ0,�_ θ0 < θ2 < · · · < θ2n < · · · < θ1.�\&
{θ2n−1}n≥1F�72�+3& θ0&+gU�
�L�Y[< limn→+∞ θ2n−1 = θ′.��\&
{θ2n}n≥0F�72
+"& θ1&+gU�
�L�Y[< limn→+∞ θ2n = θ′′.��
 θ0 < θ2 < · · · < θ2n < · · · < θ′ ≤ θ′′ < · · · < θ2n−1 < · · · < θ1.��> §7.1:g 2,E�� n ≥ 1,$"+ |θ′′−θ′| ≤ |θn−θn−1| =
1

Qn−1Qn
.��
 θ′ = θ′′ = θ.

263



�� 4'6U θ > 1&
3eU� Pn

Qn
.`E�� n ≥ 1,

|P 2
n − θ2Q2

n| < 2θ.e �:g 3 �}*
$"+ θ *0z
3eU Pn

Qn

7 Pn+1

Qn+1
.�> §7.1:g 2,

|P 2
n − θ2Q2

n| = Q2
n|θ −

Pn

Qn
||θ +

Pn

Qn
| < Q2

n
1

QnQn+1
(θ + (θ +

1

QnQn+1
)).�

2θ(
Qn

Qn+1
+

1

2θQ2
n+1

) − 2θ < 2θ
Qn + 1

Qn+1
− 2θ ≤ 2θ

Qn+1

Qn+1
− 2θ = 0,

�:ghr
}2
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§7.3 &S|6�&k

'6U θF&<��veU [a0, a1, a2, . . .] . �'�YxUm ≥
0 ,9"E0rxU m,�YxU k ≥ 1,9"E0n+ n ≥ m,+

an+k = ak, (1)6�
 θ �C%Rf}�%j, �e%R�%j. p3 θ LXh

θ = [a0, a1, . . . , am−1, am, . . . , am+k−1].� 1
√

2 = [1, 2, 2, . . .] = [1, 2]FtJveU
�' m = 0, 9" (1) =hr
` θ �C p%Rf}�%j,�ep%R�%j.� 2

√
5 + 1

2
= [1, 1, 1, . . .] = [1]F}tJveU
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�� 1' θ FtJ��veU
` θ FP�&gU
e' θ = [a0, . . . , ak−1]F}tJveU
`�> §7.1:g 2,

θ = [a0, a1, . . . , ak−1, θ] =
Pk

Qk
=

θPk−1 + Pk−2

θQk−1 + Qk−2
,

`� Pk−2, Pk−1, Qk−2, Qk−2 FxU
�L


Qk−1θ
2 + (−Pk−1 + Qk−2)θ − Pk−2 = 0.pY* θ FP�&gU
�' θ = [a0, a1, . . . , am−1, am, . . . , am+k−1] FtJveU
`

θ0 = [am, . . . , am+k−1]F}tJveU
�> §7.1:g 2,

θ = [a0, a1, . . . , ak−1, θ0] =
Pk

Qk
=

θ0Pk−1 + Pk−2

θ0Qk−1 + Qk−2
,

`� Pk−2, Pk−1, Qk−2, Qk−2 FxU
��
 θ FP�&gU
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�� 2' θ FP�&gU
` θ FtJ��veU
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§7.4 �`Tv

i&
$"H�~%+gU\.3�~6U
9Y
$"E.3&R'��:e'Q
�0 1 ' θ F�~6U
+gU p

q
, (q > 0) e� θ &?t.

3
�'En+&+gU p′

q′
, 0 < q′ ≤ q,+

∣
∣
∣
∣
∣
∣
∣
∣
∣

θ − p

q

∣
∣
∣
∣
∣
∣
∣
∣
∣

<

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ − p′

q′

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. (1)

pY*
Ye4 q′ ≤ q &n++gU p′

q′

�
 p

q

FAe θ ?3&+gU p

q
.YY* θ&veUF θ &?t.3�i
$"5�t�3:
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g��� 1 ' θ F&g6U
' Pn

Qn
, (n ≥ 1) F θ &0 n ~
3eU3
�'xU p, q, (q > 0)9"

|qθ − p| < |Qnθ − Pn| (2)` q ≥ Qn+1.�� 26U θ&
3eUF θ&?t.3
b� Pn

Qn
, (n ≥ 1),F θ &0 n~
3eU3
En+&+gU p

q
6= Pn

Qn
, 0 < q ≤ Qn,+

∣
∣
∣
∣
∣
∣
∣
∣
∣

θ − Pn

Qn

∣
∣
∣
∣
∣
∣
∣
∣
∣

<

∣
∣
∣
∣
∣
∣
∣
∣
∣

θ − p

q

∣
∣
∣
∣
∣
∣
∣
∣
∣

. (4)
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KZ F�&U+vG4�&U+vG^�&��q�8&rLE��s�����se$:g
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§8.1 H

�0 1 ' S F�~`O\;
6� S × S � S &#&�C S &oJ� R Ss; E0p~#&
?bE (a, b) &J�C a 8 b &jX, oh a ⊗ b R a · b R a ∗ b)
�o ab,�Cj�.�^�C a�, (a, b)&J�C a8 b&H, oh a ⊕ b R a + b .;�' S F�~�+!;U&`O\;
�'�� a, b, c,=+ (ab)c = a(bc),`er!;U�: oJ�.�0 2�' S �:!;Æ
6� S �C S &NG.�'E�� a, b,=+ ba = ab,`er!;U�: jT�.�' S �+�~?b e 9" ea = ae = a E S �n+?b a=hr
`er?b e� S �&}	F.� S &!;UXFxU3
p~ e�C S �&�F,�^oF 0.
272



"u 1 : S �&��? eF��&
e' e7 e′=F��?
` e′ = ee′ = e.��
��?F��&
' a F S �?b
�' S �Y�~?b a′ 9" aa′ = a′a = e, `er?b a� S �&~+F, a′ e� a&+F,�^oF a−1.�!;U�CxU3
p~ a′ �C?b a&p?
�^oF −a."u 2 : ' S F�~+��?&!�
`E S ���LB?

a,`B? a′ F��&
e' a′7 a′′=F a&B?
b aa′ = a′a = e, aa′′ = a′′a = e.eG�> a′ 7 a′′ � a&B?_!;Æ
"�
a′ = a′e = a′(aa′′) = (a′a)a′′ = ea′′ = a′′.��
 a&B? a′ F��&
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�0 3' GF�~�+!;U&`O\;
�'�:�

(i) oJ�, bE��& a, b, c ∈ G,=+ (ab)c = a(bc);

(ii)}	F, 
�Z	��
 e ∈ G, :#F
�' a ∈ G, >, ae = ea = a;

(iii) ~+", bE��& a ∈ G,=�Y a′ ∈ G,9" aa′ = a′a = e,6�
 G�C�~ G.vG-
� G&!;UXFkU3
 G�CjG;� G&!;UXFxU3
 G�CaG.� G&?b~U�C� G&l,o� |G|.� |G|�+<U3
 G�C7�G,h`
 G�C��G.�'� G �&!;UK�:�MÆ
bE��& a, b ∈ G,=+ ab = ba,6�
 G�C�~ jTG R�&N (Abel)�
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� 1 6�U\ N = {1, 2, . . . , n, . . .}E0�^��3&xU+!;Æ
��+�?7B?�MF1�_��4'lV�,"<�8��� e = 1, ��,MC�Æ

2−1 =?� 2 xU\ Z = {. . . ,−n, . . . ,−2,−1, 0, 1, 2, . . . , n, . . .}E0�^��3&xU
+!;Æ
�MÆ7�? 0,Kn�~?b a+p? −a. ��
 ZF�~�Mx�
`�xU\ Z∗ = Z\{0}E0�^��3&kU
+!;Æ
�MÆ7�� 1,�MF�~?b a=+B?
�� Z∗ MF�~�
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� 3 +gU\ QE0xU+!;Æ
�MÆ7�? 0,Kn�~?b a+p? −a,��
 QF�Mx�
`�+gU\ Q∗ = Q \ {0}E0kU+!;Æ
�MÆ7�� 1,Kn�~?b a=+B? a−1 =
1

a
,��
 Q∗ F�Mk�

_-
6U\ R7nU\ C=F�Mx�
L`�6U\ R∗ = R \ {0}7`�nU\ C∗ = C \ {0}=F�Mk�
� 4 ' D F`W\xU
`\; Z(

√
D) = {a + b

√
D | a, b ∈ Z}E0xUQh� (a + b

√
D) ⊕ (c + d

√
D) = (a + c) + (b + d)

√
D�h�~�Mx�
�E0kUQh (a + b

√
D) ⊗ (c + d

√
D) = (ac + bdD) + (bc + ad)

√
DM�h�~k�
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� 5 ' nFzxU
 Z/nZ = {0, 1, 2, . . . , n − 1}.}*�\; Z/nZE0xU� a ⊕ b = (a + b (mod n))�h�~�Mx�
 a� a (mod n) GyV a 1 n '�Qaq/5Æ�?F 0, a&p?F n − a. n = 6

a \ x 0 1 2 3 4 5

0 0 1 2 3 4 5

1 1 2 3 4 5 0

2 2 3 4 5 0 1

3 3 4 5 0 1 2

4 4 5 0 1 2 3

5 5 0 1 2 3 4
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� 6 ' pF�~bU
 Fp = Z/pZ. ' F∗
p = Fp \ {0}.}*�\; F∗

p E0kU� a ⊗ b = (a · b (mod p))�h�~�Mk�
��?F 1, a&B?F (a−1 (mod p)). p = 7

a \ x 1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 4 6 1 3 5

3 3 6 2 5 1 4

4 4 1 5 2 6 3

5 5 3 1 6 4 2

6 6 5 4 3 2 1
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� 7 ' n F�~;U
}*�\; Z/nZ \ {0} E0kU�

a ⊗ b = (a · b (mod n))M�h�~k�
��?F 1. � n &r�U d �+B?
bE��& d′ ∈
Z/nZ \ {0},=+ d ⊗ d′ = (d · d′ (mod n)) 6= 1. n = 6

a \ x 1 2 3 4 5

1 1 2 3 4 5

2 2 4 0 2 4

3 3 0 3 0 3

4 4 2 0 4 2

5 5 4 3 2 1
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� 8 ' nF�~;U
' (Z/nZ)∗ = {a | a ∈ Z/nZ, (a, n) = 1}.}*�\; (Z/nZ)∗ E0kU� a ⊗ b = (a · b (mod n))�h�~�Mk�
��?F 1, a&B?F (a−1 (mod n)). n = 15

a \ x 1 2 4 7 8 11 13 14

1 1 2 4 7 8 11 13 14

2 2 4 8 14 1 7 11 13

4 4 8 1 13 2 14 7 11

7 7 14 13 4 11 2 1 8

8 8 1 2 11 4 13 14 7

11 11 7 14 2 13 1 8 4

13 13 11 7 1 14 8 4 2

14 14 13 11 8 7 4 2 1
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� 9. '+?bYU; K�&�| nd=t=h&\;

Mn(K) = {(aij)1≤i≤n,1≤j≤n |aij ∈ K, 1 ≤ i ≤ n, 1 ≤ j ≤ n}.' A = (aij), B = (bij), C = (cij),∈ Mn(K).$":�xU�

A + B = C, `� cij = aij + bij, 1 ≤ i ≤ n, 1 ≤ j ≤ n.` Mn(K)E0xU�h�~�M�












a11 a12

a21 a22












+












b11 b12

b21 b22












=












a11 + b11 a12 + b12

a21 + b21 a22 + b22












�? 










0 0

0 0












,p? 










−a11 −a12

−a21 −a22











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� 9’' A = (aij), B = (bij), C = (cij),∈ Mn(K).:�kU�

A · B = C, `� cij =
n∑

k=1
aikbkj, 1 ≤ i ≤ n, 1 ≤ j ≤ n.` Mn(K) \ {0}E0kUM�h�~�













a11 a12

a21 a22












·











b11 b12

b21 b22












=












a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22












��? 










1 0

0 1












,� 










0 1

0 0












·











0 1

0 0












=












0 · 0 + 1 · 0 0 · 1 + 1 · 0
0 · 0 + 0 · 0 0 · 1 + 0 · 0












=












0 0

0 0










�LB=t A (b�Y A′ 9" AA′ = A′A = In) E0=t&kUh�~�
o� GLn(P ),e� nd -L�"G;

GLn(P )��|a�=� 1&=tE0=tkU�h�~�
p~�o� SLn(p),e�we�"G.
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� 10 ' S F`O\;
 G F S �6)&n+��E!&#& f =h&\;
E0 f, g ∈ G, :� f 7 g &n;#& g ◦ f��E0�� x ∈ S, g ◦ f (x) = g(f (x)).` GE0#&&n;Qh
�h�~�
�C ÆgG.>)#&F��?
 G�&?b�C S &�~ qT.� S F n?+<\3
 G�C n?ÆgG, oF Sn.
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�/Fq�Ss' a1, a2, . . . , an−1, anF� G�& n~?b
�^"7-:�p n~?b&kY�

a1a2 · · · an−1an = (a1a2 · · · an−1)an.� G &!;U�CxU3
�^"7-:�p n ~?b&7�

a1 + a2 + · · · + an−1 + an = (a1 + a2 + · · · + an−1) + an.
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"u 3 : ' a1, . . . , an F� G�&�� n ≥ 2~?b
`E��& 1 ≤ i1 < . . . < ik < n,+
(a1 · · · ai1) · · · (aik+1 · · · an) = a1a2 · · · an−1an."u 4 : ' a1, a2, . . . , an−1, an F�M� G �&�� n ≥ 2 ~?b
`E 1, 2, . . . , n&��N� i1, i2, . . . , in,+

ai1ai2 · · · ain = a1a2 · · · an.' n FzxU
�' a1 = a2 = · · · = an = a, `o a1a2 · · · an = an,e�� a& n�%
vG-
:� a0 = e���?
a−n = (a−1)n�B? a−1 & n�%
"u 5: ( a ∈ G , aF
� m, n ∈ Z,

aman = am+n, (am)n = amn.
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�� 1' G 6= ∅+!;U
�'GF�~�
`\m ax = b, ya = bY G�+$
Y)\
�'"Q\mY G�+$
Kn!;U�:!;Æ
` GF�~�


�0 4 ' H F� G &�~4\;
�'E0� G &!;U
 H h��~�
6� H �C� G&�G,oF H ≤ G.

H = {e}7 H = G=F� G&4�
�C� G&4��G.� G &4� H �C� G & ℄�G, �' H MF� G &WW4�
� 11' nF�~zxU
` nZ = {nk | k ∈ Z}F Z&4�
� 11’p 10’� H1, H2, H3, H4 =F S3 &r4�
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�� 2' H F� G&�~`O4\;
` H F� G&4�&p���F�E��& a, b ∈ H ,+ ab−1 ∈ H.e7�eF7�&
$"\}pee
�� G `O
n� G �+?b a. �>z'
$"+ e =

aa−1 ∈ H . ��
 H �+��?
E0 e ∈ H _�� a,V!%z'
$"+ a−1 = ea−1 ∈ H ,b H ��~?b aY H �+B?
��
 H F� G&4�
}2
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�� 3' GF�~�
 {Hi}i∈I F G&�<4�
`

⋂

i∈I
Hi = H1

⋂

H2
⋂ · · · ⋂ Hn

⋂ · · ·F G&�~4�
eE��& a, b ∈ ⋂

i∈I Hi,+
a, b ∈ Hi, i ∈ I.�� HiF G&4�
�>:g 2,$"+ ab−1 ∈ Hi, i ∈ I.0L


ab−1 ∈ ⋂

i∈I
Hi.�>:g 2, ⋂

i∈I Hi F G&�~4�
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�0 5' GF�~�
 X F G&4\
' {Hi}i∈I F G&#- X &n+4�
`
⋂

i∈I
Hi�C G&' X Uh��G. o� < X >.

X &?be�4� < X >&UhF.�' X = {a1, . . . , an},`o < X >� < a1, . . . , an >.�' G =< a1, . . . , an >,`e G�7�Uh�.vG-
�' G =< a >,`e G� a+h&%RG.
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�� 4' GF�~�
X F G&`O4\
`' X +h&4��
< X >= {an1

1 · · · ant
t | t ∈ N, ai ∈ G, ni ∈ Z, 1 ≤ i ≤ t}.vG
E��& a ∈ G,+
< a >= {an | n ∈ Z}.� 12 ' G =< g >= {gr | gr 6= 1, 1 ≤ r < n, gn = 1}. G F n�tJ�
` < gd >= {gdk | k ∈ Z}F G&4�
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§8.2 ~vI~:

�0 1' G, G′ Fz~�
 f F G� G′ &�~#&
�'E��& a, b ∈ G,=+ f (ab) = f (a)f (b),6�
 f �C G� G′ &�~ }u.'n+ G� G′ &�s=h&\;oF Hom(G,G′).�' f F�E�&
`e f �}}u;�' f F�&
`e

f �#}u; �' f F��E!&
`e f �}9.� G = G′ 3
�s f �C�}u,�� f �C �}9.�0 2' G, G′Fz~�
$"e G8 G′ }9,�'�Y�~ G� G′ &��
oF G ∼= G′.
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�� 1' f F� G�� G′ &�~�s
`

(i) f (e) = e′, (ii)E�� a ∈ G, f (a−1) = f (a)−1.

(iii) ker f = {a | a ∈ G, f (a) = e′}F G&4�
n f F��s&p���F ker f = {e}.�� 2' f F� G�� G′ &�~�s
`

(iv) f (G) = {f (a) | a ∈ G}F G′ &4�
n f F��s&p���F f (G) = G′.

(v)' H ′F� G′&4�
`\; f−1(H ′) = {a ∈ G | f (a) ∈ H ′}F G&4�


ker f �C�s f &E�G, f (G)�C��G.� 1 x� Z�k�G =< g >= {gn | n ∈ Z}&#& f : n 7−→ gnF Z� < g >&�~�s
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��E��& a, b ∈ Z,+ f (a + b) = ga+b = gagb = f (a)f (b).� 2 x� Z�k� R∗ = R \ {0}&#& f : a 7−→ ea F R�

R∗ &�~�s
� 3x� Z�x� Z/nZ&#& f : n 7−→ gn F�~�s
� 4x� Z�k� G = {θk|θ = e
2πi
n , k ∈ Z}&#& f : k 7−→ θkF�~�s
� 5 x� Z/nZ �k� G = {θk|θ = e

2πi
n , k = 0, 1, . . . , n − 1}&#& f : k + nZ 7−→ θk F�~��
� 6 ' aF� G&�~?
6�#&

f : b 7−→ aba−1
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F G6�s
C6"

f (bc) = a(bc)a−1 = (aba−1)(aca−1) = f (a)f (b).
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§8.3 QH

�0 1 ' H F� G &4�
 a F G ���?
6�\;

aH = {ah|h ∈ H} (E!- Ha = {ha|h ∈ H} ) eG�C G � H &B (-)1Z. aH (E!- Ha)�&?b�C aH (E!- Ha )&�D?
�' aH = Ha, aH �C G� H &1Z� 1' n > 1FxU
` H = nZF Z&4�
4\

a + nZ = {a + nk | k ∈ Z};F nZ&R\
p~R\;F0 n&.4


295



�� 1' H F� G&4�
`

(i) E�� a ∈ G, + aH = {c | c ∈ G, c−1a ∈ H} (E!-

Ha = {c | c ∈ G, ac−1 ∈ H});
(ii) E�� a, b ∈ G, aH = bH &p��� b−1a ∈ H (E!-

Ha = Hb&p��� ab−1 ∈ H);

(iii)E�� a, b ∈ G, aH ∩ bH = ∅ &p��� b−1a 6∈ H (E!- Ha ∩ Hb = ∅&p��� ab−1 6∈ H);

(iv)E�� a ∈ H ,+ aH = H = Ha.�! ' H F� G &4�
`� G L�D��MA�&B

(E!-) R\&K\
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�0 2' H F� G&4�
` H Y G�M�B (E!-)R\=h&Y\; {aH | a ∈ G},�C H Y G�& PZ,oF G/H.

G/H �M�B (E!-)R\&~U�C H Y G�&n[ ,o�

[G : H ].�� 2' H ≤ G ,` |G| = [G : H ]|H|.�0�P
 K, H ≤ G , K ≤ H ,` [G : K] = [G : H ][H : K].�'`�z~	AF+<&
`0�~	A�F+<&
�! (Lagrange). ' H F+<� G&4�
`4� H �F |G|&�U
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�� 6' N F� G&4�
`�3��F)}&�

(i)E�� a ∈ G,+ aN = Na;

(ii)E�� a ∈ G,+ aNa−1 = N .

(iii)E�� a ∈ G,+ aNa−1 ⊂ N ,`� aNa−1 = {ana−1|n ∈ N}.e ��
 (i) S- (ii) _ (ii) S- (iii) F7�&
9� (iii)�t (i). E�� a ∈ G, n ∈ N , �� ana−1 ∈ aNa−1 ⊂ N , n�

ana−1 = n′, n′ ∈ N.0L
 an = n′a ∈ Na_ aN ⊂ Na. vG
�+

a−1N ⊂ Na−1 R Na ⊂ aN . � aN = Na. :ghr
}2
�0 3 ' N F� G &4�
$"e N �� G & 
>�G,�'p�::g 6&��
oF N ⊳ G.
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�� 7' N ⊳ G , G/N = {aN | a ∈ G} .`E0!;U (aN )(bN ) = (ab)N, G/H �h�~�
gL6��~+"<V';�N�^1S℄'�E�'p_Æ
�~+� aN =

a′N, bN = b′N 4� (ab)N = (a′b′)N . D7#��?;h 6, %#,

(ab)N = a(bN) = a(b′N) = a(Nb′) = (aN)b′ = (a′N)b′ = (a′b′)N.a�� eN = N G���ÆD7#�F
� a ∈ G, ,

(aN)(eN) = (ae)N = aN, (eN)(aN) = (ea)N = aN.��� aN 'C�G a−1N . D7#�
(aN)(a−1N) = (aa−1)N = eN, (a−1N)(aN) = (a−1a)N = eN.��� G/H �i	��Æ~3Æ:g 7�&��C� GE0z!4� H&PG. �'� G&QhXFxU
` G/N �&QhXF (a+N )+(b+N ) = (a+b)+N.
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�� 8' f F� G�� G′ &�s
` f &4 ker(f )F G&z!4�
Y)\
�' N F� G&z!4�
` G� G/N &#& s : a 7−→ aN F4� N &�s
eE�� a ∈ G, b ∈ ker f,$"+ f (aba−1) = f (a)f (b)f (a−1) =

f (a)e′f (a)−1 = e′. pY* aba−1 ∈ ker f. �>:g 6, ker(f ) F G &z!4�
Y)\
' N F� G&z!4�
` G� G/N &#& s�:�

s(ab) = (ab)N = (aN )(bN ) = s(a)s(b),�3
 s(a) = N &pe7���F a ∈ N. ��
 s F4� N &�s
}2
#& s : G −→ G/N e� G� G/N �I}u.
300



�� 9' f ∈ Hom(G,G′) ,`�Y��& G/ ker(f )� f (G)&�� f : a ker(f ) 7−→ f (a)9" f = i ◦ f ◦ s,`� sF G� G/ ker(f )&6��s
 iF f (G)� G′ &>)�s
b+�3&�M
�

G
f−→ G′

s ↓ ↑ i

G/ ker(f )
f−→ f (G)e�� ker(f ) ⊳ G ,n��Y � G/ ker(f ).�}*� f : a ker(f ) 7−→ f (a)F G/ ker(f )�J4� f (G)&��
K5
 f F G/ ker(f ) � f (G) &�s
C6"
E��&

a ker(f ), b ker(f ) ∈ G/ ker(f ),

f ((a ker(f))(b ker(f)) = f((ab) ker(f)) = f(ab) = f(a)f(b) = f(a ker(f))f (b ker(f)).
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`�
 f F�E�
C6"
E�� a ker(f ) ∈ ker(f), +

f (a ker(f )) = f (a) = e′. '�
 a ∈ ker(f )�_ a ker(f ) = ker(f ).??
 f F��s
C6"
E�� c ∈ f (G),�Y a ∈ G9" f (a) = c. �L
 f (a ker(f )) = f (a) = c. b a ker(f )F c&JG
��
 f F��
Kn+ f = i ◦ f ◦ s.C6"
E�� a ∈ G,+

i ◦ f ◦ s(a) = i(f (s(a))) = i(f (a ker(f ))) = i(f (a)) = f (a).z�K+�� g : G/ ker(f ) −→ f (G) 9" f = i ◦ g ◦ s, `E�� a ker(f ) ∈ G/ ker(f ),$"+

g(a ker(f )) = i(g(s(a))) = (i ◦ g ◦ s)(a) = f (a) = f(a ker(f )).��
 g = f.}2
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xZ F�n8
303



§9.1 &SH

�� 1 x� Z &�~4� H FtJ�
n+ H = {0} R

H =< m >= mZ, `� m F H �&?PzxU
�' H 6=< 0 >,` H F&<&
e �' H = {0}, !�hr
�' H 6= {0} , `�Y`�xU

a ∈ H . �� H F4�
n� −a ∈ H . pY* H �+zxU
'

H �&?PzxU� m. `�:+ H =< m >= mZ.C6"
E��& a ∈ H ,�>Jgk"xU
�YxU q, r9" a = qm + r, 0 ≤ r < m.�' r 6= 0,` r = a − qm ∈ H ,p8 m&?Pe�G
��
 r = 0, a = qm ∈ mZ. � H ⊂ mZ. �7�+ mZ ⊂ H .��
 H = mZ.}2
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�� 2�~&<tJ���0x� Z. �~�� m&+<tJ���0x� Z/mZ.e'tJ� G =< a >= {an | n ∈ Z}.H�#&

f : Z −→ G

n 7−→ an�� f (n + m) = an+m = anam = f (n)f (m), n� f F Z � G &�s
LnF�&
�> §8.3 :g 9, � G ��0 Z/ ker(f ). �>:g 1, ker(f ) =< 0 > R ker(f ) = mZ. imE!0&<tJ�
?mE!0 m�+<tJ�
}2
�0 1' GF�~�
 a ∈ G.`4� < a >&�e�?b a&�
o� ord(a).
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�� 3' GF�~�
 a ∈ G.�' aF&<�
`

(i) ak = e ⇔ k = 0. (ii)?b ak (k ∈ Z)zzM�
�' aF+<� m > 0,`
(iii) mF9" am = e&?PzxU
 (iv) ak = e ⇔ m|k.

(v) ar = ak ⇔ r ≡ k (mod m). (vi) ak (k ∈ Z/mZ)zzM�


(vii) < a >= {a, a2, am−1, am = e} (viii) ord(ad) =
m

(m, d)
.�� 4tJ�&4�FtJ�
�� 5' GFtJ�
�' GF&<&
` G&+h?�

a 7 a−1. �' G F+<� m, ` ak F G &+h?��n-�

(k,m) = 1.
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4� 1' GF+<�M�
E��?b a, b ∈ G,� (ord(a), ord(b)) = 1,`
ord(ab) = ord(a)ord(b).4� 2 ' G F+<�M�
E��?b a, b ∈ G,�Y c ∈ G9"

ord(c) = [ord(a), ord(b)].�� 6' GF+<�M�
` G��Y?b a1, a2, . . . , as9"p"�6&?b� m1, m2, . . . ,ms �: mi|mi+1, 1 ≤ i ≤ s − 1,Kn9"

G =< a1 >< a2 > · · · < as > .
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§9.2 8�VikUH

E��&xU�M� G. �' X F G &`O4\
`' X+h&4�Fn+&?e=;
n1x1 + n2x2 + · · · + nkxk, k ∈ N, ni ∈ Z, xi ∈ X=h&\;
vG
'�~?+h&tJ4� < x >= {nx|n ∈ Z}.�M� G &�~4\ X �C G & V�, �' X F G &?P+h?
b (i) G =< X >; (ii) E0 X �&��M�&?b x1, x2, . . . , xk Y Z " �"�;, bM�YM���&xU

n1, n2, . . . , nk 9" n1x1 + n2x2 + · · · + nkxk = 0.?e&�YkUQh�E!0 j"�;, bM�YM���&xU n1, n2, . . . , nk 9" x
n1
1 x

n2
2 · · · xnk

k = e.
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' H1, . . . , Hk F�M� G& k ~4�
$"e H1 + · · · + HkF H1, . . . , Hk &iH,�' (H1 + · · ·+Hi−1 +Hi+1 + · · ·+Hk)∩Hi =

{0}, 1 ≤ i ≤ k. oF H1 ⊕ · · · ⊕ Hk.XFkU3
$"e H1 · · ·Hk F H1, . . . , Hk & iX, �'

(H1 · · ·Hi−1Hi+1 · · ·Hk) ∩ Hi = {e}, 1 ≤ i ≤ k. oF H1 ⊗ · · · ⊗ Hk.
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�� 1 '�M� G +�=`OU+
` G F�=tJ�&�7
:g 1�&��C �6jTG.�� 26'�M�&��z~U+n-?b~UA�
6'�M� G&U+&?b~U�C� G&t.�� 3 �~�M� G =F�~�� |X| &6'�M�&�sL4�
`� X � G&+h?\
�� 4 �~+<+h�M� G =F+<~tJ�&�7
Kn+<tJ�&� m1, . . . ,ms �: m1|m2, . . . , ms−1|ms.
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§9.3 rUH

0�P{8Ee� Sn. ' S = {1, 2, . . . , n − 1, n}, σ F S "&�~�M
b σ F S �6)&��E!&#&�

σ : S −→ S

k 7−→ σ(k) = ik�� k Y σ 3&LF ik,n�$"� σ D�h
σ =












1 2 . . . n − 1 n

σ(1) σ(2) . . . σ(n − 1) σ(n)












=












1 2 . . . n − 1 n

i1 i2 . . . in−1 in












.

��LXh σ =












n n − 1 . . . 2 1

in in−1 . . . i2 i1












=












j1 j2 . . . jn−1 jn

ij1
ij2

. . . ijn−1
ijn












,`� j1, j2, . . . , jn−1, jn F 1, 2, . . . , n − 1, n&�~N�
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� 1' σ =












1 2 3 4 5 6

6 5 4 2 1 3












, τ =












1 2 3 4 5 6

5 6 4 2 3 1












. mh στ, τσ, σ−1.

$ σ · τ =












1 2 3 4 5 6

6 5 4 2 1 3























1 2 3 4 5 6

5 6 4 2 3 1












=












5 6 4 2 3 1

1 3 2 5 4 6























1 2 3 4 5 6

5 6 4 2 3 1












=












1 2 3 4 5 6

1 3 2 5 4 6












.

τ · σ =












6 5 4 2 1 3

1 3 2 6 5 4























1 2 3 4 5 6

6 5 4 2 1 3












=












1 2 3 4 5 6

1 3 2 6 5 4












.

σ−1 =












6 5 4 2 1 3

1 2 3 4 5 6












=












1 2 3 4 5 6

5 4 6 3 2 1












.
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�� 1 n ?�M�|=h&\; Sn E�M&kU�h�~�
`�F n! .e����E!&#&&kYÆF��E!&
nrkY�:!;Æ
n��M&kU�:!;Æ
. n?>)�M e =












1 2 . . . n − 1 n

1 2 . . . n − 1 n












F��?


�M σ =












1 2 . . . n − 1 n

i1 i2 . . . in−1 in












+B? σ−1 =












i1 i2 . . . in−1 in

1 2 . . . n − 1 n












.��
 Sn E�M&kU�h�~�
�� (1, 2, . . . , n−1, n)Y�M σ3&L (σ(1), σ(2), . . . , σ(n−
1), σ(n)ξ)F (1, 2, . . . , n − 1, n)&�~N�
p�&N��+ n!~
n� Sn &�� n! . }2


313



�' n ?�M σ 9" {1, 2, . . . , n − 1, n} �&�Re?b

{i1, i2, . . . , ik−1, ik} �: σ(i1) = i2, σ(ik−1) = ik, σ(ik) = i1, .9"43&?b$oM=
`er�M� k−�T,�e�M
oF

σ = (i1, i2, . . . , ik−1, ik).

k e��M&a?
 k = 13
 1-�M�>)�M� k = 23
 2-�M (i1, i2)�CÆT.z~�M σ = (i1, i2, . . . , ik−1, ik), τ = (j1, j2, . . . , jl−1, jl)�CMA�
�' k + l ~?b=FM�&
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�� 2���~�M=L�D���UMA��M&kY
YMH�kY�l&pS3
rD	=F��&
e' σ F S = {1, 2, . . . , n− 1, n}"&�~�M
Y S ��z�~?b
'� i
(1)
1 .�� n + 1~?b

i
(1)
1 , σ1(i

(1)
1 ), . . . , σn(i

(1)
1 )=�Y n?\ S �
7+ k 6= l 9" σk(i
(1)
1 ) = σl(i

(1)
1 ).M^' k > l,"� σk−l(i

(1)
1 ) = i

(1)
1 .z k1 ≤ n�9" σk1(i

(1)
1 ) = i

(1)
1 &?PzxU
K�

i
(1)
2 = σ1(i

(1)
1 ), . . . , i

(1)
k1

= σk1−1(i
(1)
1 ).` σ1 = (i

(1)
1 , i

(1)
2 , . . . , i

(1)
k1

);F�~ k1−�M
�' k1 = n,` σ = σ1. !�hr
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�' k1 < n, Y S − {i(1)
1 , i

(1)
2 , . . . , i

(1)
k1
} ��z�~?b
'� i

(2)
1 .z k2 ≤ n�9" σk2(i

(2)
1 ) = i

(2)
1 &?PzxU
K�

i
(2)
2 = σ1(i

(2)
1 ), . . . , i

(2)
k2

= σk2−1(i
(2)
1 ).` σ2 = (i

(2)
1 , i

(2)
2 , . . . , i

(1)
k2

)F�~8 σ1 MA�& k2−�M
��3|
 . . . ,Lj�8 σ1, . . . , σr−1 MA�& kr−�M σr9" k1 + k2 + · · · + kr = n. ��E�� i ∈ S,+
σ1σ2 · · · σr(i) = σ(i),n�:ghr
}2
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� 2 σ =












1 2 3 4 5 6

6 5 1 2 4 3












= (2, 5, 4)(1, 6, 3).E0�M σ = (i1, i2, . . . , ik−1, ik),+

σ = (i1, i2, . . . , ik−1, ik) = (i1, ik)(i1, ik−1) · · · (i1, i3)(i1, i2).� 2 σ =












1 2 3 4 5 6

6 5 1 2 4 3












= (2, 5, 4)(1, 6, 3) = (2, 4)(2, 5)(1, 3)(1, 6).�0 1 n ?N� i1, . . . , ik, . . . , il, . . . , in &�E+l?b

(ik, il) �C +$, �' k < l 3
 ik > il. N��Bl&~U�CrN�& +$j,o� [i1, . . . , in].
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�� 3���~�M σ=L�D���UEM&kY
nEM~U&
Le8N�&BlU [σ(1), . . . , σ(n)]&
LeA�
e$' τ = (σ(k), σ(l)),`EN� σ(1), . . . , σ(k), . . . , σ(l), . . . , σ(n)F%"�YN� σ(1), . . . , σ(l), . . . , σ(k), . . . , σ(n)`R+t=&+lE�
(σ(k), σ(k + 1)), . . . , (σ(k), σ(l)), (σ(k + 1), σ(l)), . . . , (σ(l− 1), σ(l)),� 2(l-k)+1E
��
EMt=N�&BlU [σ(1), . . . , σ(n)]&
Le
V' σ = τk · · · τ1� m~EM&kY
6�N� 1, . . . , n6)

m~EM=�N� σ(1), . . . , σ(n) . ��
BlU [σ(1), . . . , σ(n)]&
Le8 [1, . . . , n] + m = m&
LeA�
}2
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�0 2�~�M σ �C/qT,�'pL�D��LU~EM&kY� σ �C :qT, �'pL�D��
U~EM&kY
o An � n?L�M�|=h&\;
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�� 4 An E�M&kU�h�~�
`�F n!/2 .e ��L�M8L�M&kYFL�M
>)�MFL�M
L�M&B�MFL�M
n� An E�M&kU�h�~�
��
�M8L�M&kYF
�M
n� n ?
�M�|=h&\;� τAn = {τσ | σ ∈ An}, `� τ F���:&
�M
��
z:�~
�M τ , $"+ Sn = An ∪ τAn �_ |Sn| =

|An| + |τAn| = 2An.� |An| = n!/2. }2

An �CjvG.' n?�M�h&��C n?qTG.
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� 3' σ = (1, 2, 3).`tJ�G =< σ >= {e, (1, 2, 3), (1, 3, 2)}F 3?�M�
� 4 ' σ1 = (1, 2, 3, 4), σ2 = (1, 3, 2, 4). `tJ� G1 =<

σ1 >= {e, (1, 2, 3, 4), (1, 3)(2, 4), (1, 4, 3, 2)} 7 G2 =< σ2 >=

{e, (1, 3, 2, 4), (1, 2)(3, 4), (1, 4, 2, 3)}=F 4?�M�
�� 5' GF�~ n?�
` G���~ n?�M�
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^Z Q
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§10.1 SI~v

�0 1' RF�+z�!;U (�^D��xU (+)7kU)&`O\;
�'�3��hr�

(i) RE0xU�h�~�M��
(ii) (!;Æ) ∀a, b, c ∈ R, (ab)c = a(bc);

(iii) (eTÆ) ∀a, b, c ∈ R, (a + b)c = ac + bc, a(b + c) = ab + ac;` R�CR.�'K�: (iv)(�MÆ) ∀a, b ∈ R, ab = ba,` R�CjTR.�'R�+�~?b e = 1R9" (v) ∀a ∈ R,+ a1R = 1Ra = a,` R�C7}	FR.
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�� 1' RF�~J
`

(i)E�� a ∈ R,+ 0a = a0 = 0;

(ii)E�� a, b ∈ R,+ (−a)b = a(−b) = −ab;

(iii)E�� a, b ∈ R,+ (−a)(−b) = ab;

(iv)E�� n ∈ Z,�� a, b ∈ R,+ (na)b = a(nb) = nab;

(v)E�� ai, bj ∈ R,+
(

n∑

i=1
ai)(

m∑

j=1
bj) =

n∑

i=1

m∑

j=1
aibj.e (i)�� 0a = (0 + 0)a = 0a + 0a,n� 0a = 0. ��
 a0 = 0.

(ii)�� (−a)b + ab = ((−a) + a)b = 0a = 0, a(−b) + ab = a((−b) +

b) = a0 = 0,n� (−a)b = a(−b) = −ab.

(iii), (iv)7 (v)L+ (i)7 (ii)"�
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�� 2' RF+��?&J
' nFzxU
a, b, a1, . . . , ar ∈
R.

(i)�' ab = ba,` (a + b)n =
n∑

k=0

n!

k!(n − k)!
akbn−k.

(ii)�' aiaj = ajai, 1 ≤ i, j ≤ r,`
(a1 + · · · + ar)

n =
∑

i1+···+ir=n

n!

i1! · · · ir!
a
i1
1 · · · air

r .
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� 1xUJ Z.

Z E0xU a + b �h�~�Mx�
�?� 0, a &p?�

−a. ZE0kU a · b,�:!;Æ7�MÆ
+��? 1. Kn+eTÆ
��
 ZF+��?&�MJ
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� 2IH=J R[X ]. ' f (x) = anxn + · · · + a1x + a0,

g(x) = bnxn + · · · + b1x + b0 ∈ R[X ]. Y R[X ]":�xU�

(f + g)(x) = (an + bn)xn + · · · + (a1 + b1)x + (a0 + b0),` R[X ]E0rxU�h�~�Mx�
�?� 0, f (x)&p?� (−f )(x) = (−an)xn+· · ·+(−a1)x+(−a0).' f(x) = anx
n+ · · ·+a1x+a0, an 6= 0, g(x) = bmxm+ · · ·+b1x+b0, bm 6= 0,Y R[X ]":�kU� (f · g)(x) = cn+mxn+m + · · · + c1x + c0,`� ck = ∑

i+j=k aibj, 0 ≤ k ≤ n + m,b
cn+m = anbm, cn+m−1 = anbm−1 + an−1bm, . . . , c0 = a0b0.

R[X ] F1slV��;"<�8�N��,��� 1. Lo,fU�Æ��
 R[X ]F+��?&�MJ
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�0 2' aFJ R�&�~`�?
 ae���2�(E!-
 9�2�) , �'�Y`�? b ∈ R (E!-
 c ∈ R) 9"

ab = 0 (E!-
 ca = 0), ae��2�,�'p�3�B��47-��4
� 4 Z/6Z = {0, 1, 2, 3, 4, 5} F�~+��4JJ
��

2 · 3 = 0.�0 3 ' a F+��? 1R &J R �&�~?
 a e� �+F(E!-
 9+F) ,�'�Y? b ∈ R (E!-
 c ∈ R)9"

ab = 1R (E!-
 ca = 1R). p3
 b (E!-
 c) �C a & 9+(E!-
 �+). ae� +F,�'p�3�BB?7-B?
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�0 4 ' R F�~�MJ
$"e R � aR, �' R �+��?
��+��4
�0 5$"e�MJ R��~D,�'R�+��?
n�~`�?=FLB?
b RE0xU�h�~�M�
R∗ = R\{0}E0kU�h�~�M�
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�0 6 ' R F�~�MJ
 a, b ∈ R, b 6= 0. �'�~?b

c ∈ R9" a = bc,;e bam aRm a( bxx
oF b|a. p3
� b�C a&2�,� a�C b&PF.�' b, c=MF��?
; be� a&℄2�.

R�&?b pe�MLJ?Rb?
�' pMF��?
n�+r�4
�;FY
�'+?b b, c ∈ R9" p = bc,` bR

c�:F��?
z~?b a, b ∈ R e�A &
�'�YLB? u ∈ R 9"

a = bu.
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�0 7 ' R, R′ Fz~J
$"e#& f : R −→ R′ � R}u,�' f �:�3���
(i)E��& a, b ∈ I,=+ f (a + b) = f (a) + f (b);

(ii)E��& a, b ∈ I,=+ f (ab) = f (a)f (b).�' f F�E�&
`e f �}}u;�' f F�&
`e

f �#}u; �' f F��E!&
`e f �}9.�0 8 ' R, R′ Fz~J
$"e R 8 R′ ��
�'�Y�~ R� R′ &��
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�0 9 ' R F�~J
�'�Y�~?PzxU n 9"E�� a ∈ R, =+ na = 0, `eJ R & w^ � n. �'M�Yp�&zxU
`eJ R&vu� 0.�� 3�'; K &vuM��
``vu0�bU
e '; K &vu� n. �' n MFbU
`�YxU 1 <

n1, n2 < n, 9" n = n1n2. �L
 (n11K)(n11K) = (n1n2)1K = 0. ��; K&��4
n� (n11K) = 0R (n21K) = 0.p8vu n&?Pe�G
}2
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�� 4 ' R F+��?&�MJ
�'J R &vuFbU

p,`E�� a, b ∈ R,+
(a + b)p = ap + bp.e�>:g 2,$"+

(a + b)p = ap +
p−1
∑

k=1

p!

k!(p − k)!
akbp−k + bp.

E0 1 ≤ k ≤ p− 1,+ (p, k!(p− k)!) = 1 ,�L p | p
(p − 1)!

k!(p − k)!
.p�
' R&vuFbU p,"� p!

k!(p − k)!
akbp−k = 0. ��
:ghr
}2
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�� 5' pF�~bU
' f (x) = anxn + · · · + a1x + a0 Fx1UIH=
`
f (x)p ≡ f (xp) (mod p).eY; Fp "&IH=J Fp[x]"
!%:g 4,$"+

f (x)p = (anxn)6p+ · · ·+(a1x)p+a
p
0 = an(xp)n+ · · ·+a1(x

p)+a0 = f (xp).�;F


f (x)p ≡ f (xp) (mod p).
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§10.2 &bE

' A F�~xJ
� E = A × A∗. Y E ":��1 R:

(a, b)R(c, d)�' ad = bc.` RF E "&)}�1
b+

(i)6Ye�E�� (a, b) ∈ E,+ (a, b)R(a, b).

(ii)Eee��' (a, b)R(c, d),` (c, d)R(a, b).

(iii)z2e��' (a, b)R(c, d)7 (c, d)R(e, f ),` (a, b)R(e, f ).
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o a

b
= C(a,b) = {(e, f )| ∈ E, (a, b)R(c, d)} � (a, b)&)}

$"Y \ E/R":�xU7kU�3�

a

b
+

c

d
=

ad + bc

bd
,

a

b
· c

d
=

ac

bd
.

` E/R�0xU�h�~�M�
�?� 0

b
,
a

b

&p?� −a

b
.

(E/R)∗ = E/R \ {0

b
} �0kU�h�~�M�
��?� b

b
,

a

b

&B?� b

a
.��
 E/R�h�~;
�C A&%aD.
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�� 1�MJ A+e=;&p���F R�xJ
� 1 z A = Z, ` Z F�~xJ
�L+e=;
�C Z &7�jD ,o� Q .� 2z A = Z/pZ,`� p�bU
` AF�~xJ
�L+e=;
�C Z/pZ& p− FD,o� Fp R GF (p)..� 3' K F�~;
` A = K[X ]F�~xJ
�L+e=;
�C K[X ]&��a%aD ,o� K(X) . b

K(X) =







f (X)

g(X)
| f (X), g(X) ∈ K[X ], g(X) 6= 0







.
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§10.3 ��

�0 1' RF�~J
 I F R&4J
 I e� R&���,�'E��& r ∈ R 7E��& a ∈ I , =+ ra ∈ I. I e� R &9��, �'E��& r ∈ R 7E��& a ∈ I , =+ ar ∈ I. I e� R&��,�' R�3�BgE7-gE
� 1 {0}7 R=F R&gE
�C R&4���.
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�� 1 J R &`O4\ I FB (E!-
-) gE&p���F�
(i)E��& a, b ∈ I,=+ a − b ∈ I ;

(ii)E��& r ∈ R 7E��& a ∈ I , =+ ra ∈ I. (E!-


ar ∈ I .)e7�eF7�&
$"}*pee
' (i)7 (ii)rb��

I F R&4J
�! ' {Ai}i∈I FJ R �&�< (B) gE
` ∩i∈IAi �F�~ (B)gE
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�0 2 ' X FJ R &�~4\
' {Ai}i∈I FJ R �#-

X &n+ (B) gE
` ∩i∈IAi e�' XUh� (�) ��. o�

(X).

X �&?b�CgE (X) & UhF. �' X = {a1, . . . , an},`gE (X)o� (a1, . . . , an),e�7�Uh�. '�~?b+h&gE (a)�C}��.
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�� 2' RF�MJ
 a ∈ R, X ⊂ R. `

(i)+gE (a)�
(a) = {ra + ar′ + na +

m∑

i=1
riasi | r, s, ri, si ∈ R, m ∈ N, n ∈ Z}.

(ii)�' R+��? 1R 3
`
(a) = { m∑

i=1
riasi | ri, si ∈ R, m ∈ N, }.

(iii)�' aY R&�[
`
(a) = {ra + na | r ∈ R, n ∈ Z}.

(iv) Ra = {ra | r ∈ R} (E!-
 aR = {ar | r ∈ R} )F R�&&B (E!-
-) gE
�' R+��?
` a ∈ Ra, a ∈ aR.J R�C}��R, �' R&n+gE=F+gE
� 2 ZF+gEJ
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e ' I F Z �&�~`�gE
� a ∈ I 3
+ 0 = 0a ∈ I_ −a = (−1)a ∈ I . ��
 I �+zxU�Y
' dF I �&?PzxU
` I = (d).C6"
E�� a ∈ I ,�YxU q, r 9"

a = dq + r, 0 ≤ r < d.p�
' a ∈ I _ dq ∈ I ,"� r = a − dq ∈ I . � r < d�_ dF I�&?PzxU
��
 r = 0, a = dq ∈ (d).�L I ⊂ (d)..7�+ (d) ⊂ I . � I = (d).� ZF+gEJ
� 3 Z[X ]F+gEJ
� 4 Z[
√−5]MF+gEJ
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' R F�~J
 I F R &�~gE
` I F (R, +) &�~z!4�
��
E0xUQh (a + I) + (b + I) = (a + b) + I, � R/I �Y
E0kU
� a+ I = a′+ I, b+ I = b′+ I 3
+ a = a′+ r1, b =

b′ + r2, r1, r2 ∈ I.�� I FgE
n� r1b
′, a′r2, r1r2 ∈ I . �L


ab + I = (a′ + r1)(b
′ + r2) + I = a′b′ + r1b

′ + a′r2 + r1r2 + I = a′b′ + I.��
Y R/I "L:�kUQh� (a + I)(b + I) = ab + I.��
E0kU
+!;Æhr
��
$""��
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�� 4' RF�~J
 I F R&�~gE
` R/I E0xUQh
(a + I) + (b + I) = (a + b) + I,7kUQh

(a + I)(b + I) = ab + I,�h�~J
� RF�MJR+��?3
R/I �F�MJR+��?
:g�&&J R/I �C R�0 I &PR.
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�� 5' f FJ R�J R′ &�s
` f &4 ker(f )F R&gE
Y)\
�' I FJ R&gE
`#&

s : R −→ R/I

r 7−→ r + IF4� I &�s
#& s : R −→ R/I e� R� R/I �I}u.
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�� 6' f FJ R�J R′&�s
`�Y��& R/ ker(f )�J4J f (R)&�� f : r + I 7−→ f (r)9" f = i ◦ f ◦ s,`� sFJ R � J R/ ker(f ) &6��s
 i : c 7−→ c F f (R) � R′ &>)�s
b+�3&�M
�
R

f−→ R′

s ↓ ↑ i

R/ ker(f )
f−→ f (R)
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�0 3' P FJ R&gE
P e� R&q��,�' P 6= R,nE��&gE A,B, AB ⊂ P ,+ A ⊂ P R B ⊂ P .�� 7' P FJ R&gE
�' P 6= R,nE��& a, b ∈ R,� ab ∈ P 3
+ a ∈ P R b ∈ P,` P FbgE
Y)\
�' PFbgE
n RF�MJ
`"Q!��hr
� 5��xJ&�gEFbgE
� 6' pFbU
` P = (p) = pZF Z&bgE
e E��&xU a, b, � ab ∈ P = (p), ` p|ab. �> §1.4:g

2,+ p|aR p b. '�"�
a ∈ P R b ∈ P.�>:g 7, P = (p) = pZF Z&bgE
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�� 8 Y+��? 1R 6= 0 &�MJ R �
gE P FbgE&p���F J R/P FxJ
�0 4' M FJ R& (B)gE
M e� R&�w (�) ��, �' M 6= R, nE��&gE N , 9" M ⊂ N ⊂ R, + N = MR N = R.�� 9 Y+��?&`�J R �
?
 (B) gE7F�Y&
C6"
R&�~ (B)gE (6= R)=#-Y�~?
 (B)gE�
�� 10' RF�~gE
�' R2 = R, (vG-
�' R+��?), ` R&�~?
gEFbgE
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�� 11' R F�~+��? 1R 6= 0&J
 M F R &�~gE

(i)�'M F?
gE
n RF�MJ
` J R/M F�~;�

(ii)�' J R/M F�~x4J
` M F�~[
gE
�� 12' RF�~+��? 1R 6= 0&�MJ
`�3��)}�

(i) RF&�~;


(ii) R�+rgE


(iii) 0F R&?
gE


(iv)�~`�J�s R → R′ F��s
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§10.4 ��bS

$"H�xJ R"&�|IH==h&\; R[X ].K5
:� R[X ]"&xU
'

f (x) = anxn + · · · + a1x + a0, g(x) = bnxn + · · · + b1x + b0,:� f (x)7 g(x)&xU�
(f + g)(x) = (an + bn)xn + · · · + (a1 + b1)x + (a0 + b0),` R[X ]�&�?� 0,

f (x)&p?�

(−f )(x) = (−an)xn + · · · + (−a1)x + (−a0)
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`�
:� R[X ]"&kU
' f (x) = anxn + · · · + a1x + a0, an 6= 0, g(x) = bmxm + · · · +

b1x + b0, bm 6= 0,:� f (x)7 g(x)&kU�
(f · g)(x) = cn+mxn+m + · · · + c1x + c0,`� ck = ∑

i+j=k aibj, 0 ≤ k ≤ n + m,b
cn+m = anbm, cn+m−1 = anbm−1 + an−1bm, . . . , c0 = a0b0,` R[X ]�&��?� 1.

R[X ]E0"QxUQh7kUQh�h�~xJ

352



� 1' f (x) = x6 + x4 + x2 + x + 1, g(x) = x7 + x + 1 ∈ F2[x],`

f (x) + g(x) = x7 + x6 + x4 + x2,

f (x)g(x) = x13 + x11 + x9 + x8 + x6 + x5 + x4 + x3 + 1.C6" (x6 + x4 + x2 + x + 1) · (x7 + x + 1)

= x13 + x11 + x9 + x8 + x7 + x7 + x5 + x3 + x2 + x

+x6 + x4 + x2 + x + 1

= x13 + x11 + x9 + x8 + x6 + x5 + x4 + x3 + 1' f (x) = anxn + · · · + a1x + a0, an 6= 0, `eIH= f (x) & sj� n,o� deg f = n.� 2 Z[X ]�& 2x + 3&�U� 1, x2 + 2x + 3&�U� 2, x4 + 1&�U� 4, x8 + x4 + x3 + x + 1&�U� 8.
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�0 1 ' f (x), g(x) FxJ R "&��z~IH=
`�

g(x) 6= 0. �'�Y�~IH= q(x)9")=

f (x) = g(x)q(x) (1)hr
;e g(x) am f (x) Rm f (x)( g(x) xx
oF g(x)|f (x).p3
� g(x)�C f (x)&2a,� f (x)�C g(x)&Pa. h`
;e g(x)M=xx f (x)Rm f (x)M=( g(x)xx
oF g(x) 6 | f (x).� 3 Z[X ]�& 2x + 3 | 2x2 + 3x , x2 + 1 | x4 − 1 .�0 2 ' f (x) FxJ R "&`^UIH=
�'x~7��= 17 f (x)�
 f (x)�+`p�=
6�
 f (x)�Ca~O��a,h`
 f (x)�CJa.IH=FhLJ8nY&JR;A�
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� 4 IH= x2 + 1 Y Z[x] �FMLJ&
�Y F2[x] �FLJ&
� 5 F2[x]�&��MLJIH=� x, x + 1.P�MLJIH=� x2 + x + 1, LJIH=� x2, x2 + 1 =

(x + 1)2, x2 + x = x(x + 1).��MLJIH=� x3 + x + 1, x3 + x2 + 1, LJIH=�

x3, x3 +x, x3 +x2, x3 +x2+x, x3 +x2+x+1 = (x+1)(x2 +1), x3 +1 =

(x + 1)(x2 + x + 1).
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�� 1' f (x) = anxn+ · · ·+a0, g(x) = xm+ · · ·+b0FxJ R"&IH=
`�Y q(x)7 r(x)9" f (x) = g(x)q(x)+r(x), deg r < deg g.gF�V deg f = nG#8VÆ (i)( deg f < deg g,{ q(x) = 0, r(x) = f(x).isÆ

(ii) ( deg f ≥ deg g. {("�F deg f < n 'JI>isÆF1 deg f = n ≥ deg g, %#,
f(x) − anx

n−m · g(x) = (an−1 − anbm−1)x
n−1 + · · · + (an−m − anb0)x

n−m

+an−m−1x
n−m−1 + · · · + a0.qZ+ f(x)− anx

n−m · g(x)G�V ≤ n− 1'JI>ÆFaR&#8{(Sq` (I),�Zy2VJI> q1(x) 8 r1(x) :#
f(x) − anx

n−m · g(x) = g(x)q1(x) + r1(x), deg r1(x) < deg g(x).��� q(x) = anx
n−m + g1(x), r(x) = r1(x) �ouÆ�?Vr#8VCh�"�Gis'Æ~3Æ:g 1�C��a-\
�m�.
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�! 1 ' f (x) FxJ R "&IH=
 a ∈ R, `�YIH=

q(x)7^U c = f (a)9" f (x) = (x − a)q(x) + f (a).�! 2' f (x) = anxn + an−1x
n−1 + · · · + a1x + a0 FxJ R"&IH=
 a ∈ R,` x − a|f (x)&p���F f (a) = 0.�0 3 (2) =�& q(x) �C f (x) ( g(x) xn"& a�BP,

r(x)�C f (x)( g(x)xn"& <a.
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� 6' f (x) = x13 + x11 + x9 + x8 + x6 + x5 + x4 + x3 + 1, g(x) =

x8 + x4 + x3 + x + 1 ∈ F2[x],t q1(x)7 r1(x)9"

f (x) = g(x)q1(x) + r1(x), deg r1 < deg g1.p)�Mx?x�H

x13 + x11 + x9 + x8 + x6 + x5 + x4 + x3 + 1 − x5(x8 + x4 + x3 + x + 1)

= x11 + x4 + x3 + 1,

x11 + x4 + x3 + 1 − x3(x8 + x4 + x3 + x + 1)

= x7 + x6 + 1.��
 q1(x) = x5 + x3, r1(x) = x7 + x6 + 1.
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_0xU�&?
Æ�U7?PÆ&U
$"L��tIH=J R[x]�&?
Æ�=7?PÆ&=
' f (x), g(x) ∈ R[x] . d(x) ∈ R[x] �C f (x), g(x) & �w42a,�' (1) d(x)|f (x), d(x)|g(x).

(2)� h(x)|f (x), h(x)|g(x),` h(x)|d(x).

f (x), g(x)&?
Æ�=oF (f (x), g(x)).' f (x), g(x) ∈ R[x] . D(x) ∈ R[x]�C f (x), g(x) & ��4Pa,�' (1) f (x)|D(x), g(x)|D(x).

(2)� f (x)|h(x), g(x)|D(x),` D(x)|h(x).

f (x), g(x)&?PÆ&=oF [f (x), g(x)].
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��a<0-\
�m�' f (x), g(x)F;K"IH=
deg g ≥ 1. o r0(x) = f (x), r1(x) =

g(x). YnQ%IH=Jgk"xU
$"+

r0(x) = r1(x)q1(x) + r2(x), 0 ≤ deg r2 < deg r1,

r1(x) = r2(x)q2(x) + r3(x), 0 ≤ deg r3 < deg r2,

. . . . . .

rk−2(x) = rk−1(x)qk−1(x) + rk(x), 0 ≤ deg rk < deg rk−1,

rk−1(x) = rk(x)qk(x) + rk+1(x), deg rk+1 = 0.6)+<P'
7��Y k 9" rk+1(x) = 0,pF��
0 = deg rk+1 < deg rk < deg rk−1 < . . . < deg r2 < deg r1 = deg g,n deg g F+<zxU
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�� 2 ' f (x), g(x) ∈ K[x] , deg g ≥ 1, ` (f (x), g(x)) = rk(x),`� rk(x)FIH=��Jgk"xU�??�~`�4=
�IH=��Jgk"xU�)�M|

rk−1(x), rk−2(x), . . . , r3(x), r2(x),Lj� s(x), t(x) ∈ K[x]9"
s(x)f (x) + t(x)g(x) = (f (x), g(x)).�� 3' f (x), g(x) ∈ K[x] ,`�Y s(x), t(x) ∈ K[x]9"

s(x)f (x) + t(x)g(x) = (f (x), g(x)).

f (x) 8 g(x) �C Kq(R Ku) &
�'p"&?
Æ�=

(f (x), g(x)) = 1 .
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� 7' f (x) = x13 + x11 + x9 + x8 + x6 + x5 + x4 + x3 + 1, g(x) =

x8 + x4 + x3 + x + 1 ∈ F2[x],tIH= s(x), t(x)9"

s(x)f (x) + t(x)g(x) = (f (x), g(x)).pQ%��IH=Jgk"xU
$"+

f (x) = g(x)q1(x) + r1(x), q1(x) = x5 + x3, r1(x) = x7 + x6 + 1,

g(x) = r1(x)q2(x) + r2(x), q2(x) = x + 1, r2(x) = x6 + x4 + x3,

r1(x) = r2(x)q3(x) + r3(x), q3(x) = x + 1, r3(x) = x5 + x3 + 1,

r2(x) = r3(x)q4(x) + r4(x), q4(x) = x, r4(x) = x3 + x,

r3(x) = r4(x)q5(x) + r5(x), q5(x) = x2, r5(x) = 1.
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�L

r5(x) = r3(x) + q5(x)(r2(x) + r3(x)q4(x))

= −q5(x)r2(x) + (x3 + 1)(r1(x) + r2(x)q3(x))

= (x3 + 1)r1(x) + (x4 + x3 + x2 + x + 1)(g(x) + r1(x)q2(x))

= (x4 + x3 + x2 + x + 1)g(x) + (x5 + x3)(f (x) + g(x)q1(x))

= (x5 + x3)f (x) + (x10 + x6 + x4 + x3 + x2 + x + 1)g(x).��
 s(x) = x5 + x3, t(x) = x10 + x6 + x4 + x3 + x2 + x + 1.
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�0 4�:R[X ]��~K�IH=m(x). z~IH= f (x), g(x)�C0m(x)}<,�'m(x) | f (x)−g(x). oF f (x) ≡ g(x) (mod m(x)).h`
�C0 m(x)a}<. oF f (x) 6≡ g(x) (mod m(x)).�>:g 1, ��IH= f (x) =8`( m(x) x&4= r(x)0 m(x) �4
r4= r(x) �C f (x) 0 m(x) & ��<a, o�

(f (x) (mod m(x))).' p(x) F R[X ] �&IH=
` (p(x)) = {f (x) | p(x)|f (x)} F

R[X ]�&gE
'�"� J R/(p(x)). r J"&QhU`��xU�

f (x) + g(x) = ((f + g)(x) (mod p(x))),kU�

f (x)g(x) = ((fg)(x) (mod p(x))).
364



�� 4 ' KF�~;
 p(x)F K[X ]�&MLJIH=
` J K[X ]/(p(x))E0"QQhU`�h�~;
e $"�g}* K[X ]/(p(x)) �&`�? f (x) (mod p(x)) �LB?
C6"
E0�: f (x) 6≡ 0 (mod p(x)) &IH= f (x),+

(f (x), p(x)) = 1.�>:g 3 ,�YIH= s(x), t(x)9"

s(x)f (x) + t(x)p(x) = 1.�L


s(x)f (x) ≡ 1 (mod p(x)).pY* f (x) (mod p(x))�LB?
 s(x) (mod p(x))�`B?
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� 11 ' K = Z/pZ F�~+<;
`� p FbU
 ' p(x)F K[X ]�& n�MLJIH=
`

K[X ]/(p(x)) = {an−1x
n−1 + · · · + a1x + a0 | ai ∈ K}.o� Fpn.p~;&?b~U� pn.

Fpn �&xU7kUF�
f (x) + g(x) = ((f + g)(x) (mod p(x))),

f (x)g(x) = ((fg)(x) (mod p(x))).
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� 12' F2 = Z/2Z . ` p(x) = x8 + x4 + x3 + x + 1F F2[X ]�& 8�MLJIH=
C6"
$"+

F28 = F2[X ]/(x8 +x4 +x3 +x+1) = {a7x
7 + · · ·+a1x+a0 | ai ∈ {0, 1}}.

F28 �&xU7kUF�
f (x) + g(x) = ((f + g)(x) (mod x8 + x4 + x3 + x + 1)),

f (x)g(x) = ((fg)(x) (mod x8 + x4 + x3 + x + 1)).
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^,Z CG Galois 
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§11.1 E��\

�0 1' FF�~;
�' KF F&4;
`e F� K&�D.�' FF K&W;
` 1F = 1K. Ln
 FLF� K"&?eO�
$"% [F : K]D� F Y K"?eO�&�U
$"e

F� K&7��[ R���[, �' [F : K]F+<R&<
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�� 1' EF F&W;
 FF K&W;
`

[E : K] = [E : F][F : K].�' {αi}i∈I F FY K"&U+
 {βj}j∈J F EY F"&U+
` {αiβj}i∈I,j∈J F EY K"&U+
eK5
}* {αiβj}i∈I,j∈J F EY K"&+h?
C6"
E�� c ∈ E,�> {βj}j∈J F EY F"&U+
�Y bj ∈ F, j ∈ J9"

c =
∑

j∈J
bjβj.V�> {αi}i∈I F FY K"&U+
�Y aij ∈ K, i ∈ I 9"

bj =
∑

i∈I
aijαi.

371



�L

c =

∑

i∈I,j∈J
aijαiβj.

`�
}* {αiβj}i∈I,j∈J Y K"?e&�
C6"
��Y

aij ∈ K, i ∈ I 9"
∑

i∈I,j∈J
aijαiβj = 0 R ∑

j∈J







∑

i∈I
aijαi





 βj = 0.

�� {βj}j∈J F EY F"&U+
n�
∑

i∈I
aijαi = 0, j ∈ J.

.�� {αi}i∈I F FY K"&U+
"�
aij = 0 i ∈ I, j ∈ J.

372



��
$"+
[E : K] = [E : F][F : K].:ghr
}2
�! EF K&+<W;&p���F EF F&+<W;
�_ FF K&W;
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� 16U; RF+gU; Q&W;
nU; CF6U; R&W;
� 2U; Q(
√

2)F Q&+<Wi
n [Q(
√

2) : Q] = 2.' F F�~;
 X ⊂ F, `#- X &n+4; (E!-
4J)&�\ÆF#- X &4;
�C' X Uh��D (E!-
�R). �' F F K &W;_ X ⊂ F, `' K ∪ X +h&4; (E!-
4J) �C X T K RUh��D (E!-
 �R), o�

K(X) (E!-
 K[X ]). .�� K[X ]F�~xJ
�' X = {u1, . . . , un},` F&4;K(X) (E!-
4J K[X ])o� K(u1, . . . , un) (E!-
 K[u1, . . . , un]). ; K(u1, . . . , un) �C

K&+<Wi
 �' X = {u},` K(u)e� K&�Wi

374



�� 2' FF; K&W;
 u, u1, . . . , un ∈ F,�_ X ⊂ F,`

(i)4J K[u]'_� f (u)&?b=h
`� f F1UY K&IH= (;F f ∈ K[x]).

(ii) 4J K[u1, . . . , un] '_� f (u1, . . . , un) &?b=h
`�

f F1UY K& n?IH= (;F f ∈ K[x1, . . . , xn]).

(iii) 4J K[X ] '_� f (u1, . . . , un) &?b=h
`� n ∈
N, u1, . . . , un ∈ X, f F1UY K & n ?IH= (;F f ∈
K[x1, . . . , xn]).

(iv)4; K(u)'_� f (u)

g(u)
f (u)/g(u)&?b=h
`� f, g ∈

K[x], g(u) 6= 0.
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(v)4; K(u1, . . . , un)'_� f (u1, . . . , un)

g(u1, . . . , un)

&?b=h
`�

f, g ∈ K[x1, . . . , xn], g(u1, . . . , un) 6= 0.

(vi)4; K(u1, . . . , un)'_� f (u1, . . . , un)

g(u1, . . . , un)

&?b=h
`�

n ∈ N, f, g ∈ K[x1, . . . , xn], u1, . . . , un ∈ X, g(u1, . . . , un) 6= 0.

(vii) E�~ v ∈ K(X) (E!-
 K[X ]), �Y�~+<4\

X ′ ⊂ X ,9" v ∈ K(X ′) (E!-
 K[X ′]).
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�0 2 ' F F K &�~W;
 F &?b u e� K "& {jj, �'�Y�~`�IH= f ∈ K[x] 9" f (u) = 0. F &?b

ue� K"&eQj,�'M�Y�9`�IH= f ∈ K[x]9"

f (u) = 0. F e� K & {j�[, �' F &�~?b=F K "&�UU
 F e� K "& eQ�[, �' F �Æ$+�~?bF

K"&
LU
�' u ∈ K,` uF x− u ∈ K[x]&�
��
 uF K"&�UU
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�� 3�' FF K&W;
 u ∈ FF K"&
LU
`�Y�~Y K"�>)#&&;�� K(u) ∼= K(x).e �� u F K "&
LU
n�E��`�IH= g(x),

g(u) 6= 0.H� K(x)� K(u)&#&
σ :

F (x)

g(x)
7−→ F (u)

g(u)
.

��
 σ F�s
n σ F��E!&
� σ F��
}2
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4�' FF; K&W;
 u ∈ FF K"&�UU
`�Y��& K"&K�MLJIH= f (x)9" f (u) = 0.e �� u ∈ F F K "&�UU
n��Y K "&IH=

f (x)9" f (u) = 0.YpUIH=�
+�~�U?P&��&K�IH=
Æo� f (x). p~ f (x)KFMLJ&
��
 f (x);Fnt&IH=
}2
�0 3 ' F F; K &W;
 u ∈ F F K "&�UU
 g�&K�MLJIH=e� u �a~O��a (RY���aR �0��a). u Y K "& sj F deg f . u &[PIH=&`p��C u&6�2.
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�� 4' FF; K&W;
 u ∈ FF K"&�UU
`

(i) K(u) = K[u].

(ii) K(u) ∼= K[x]/(f ) , `� f ∈ K[x] F�: f (u) = 0 &�U�

n&��&K�MLJIH=

(iii) [K(u) : K] = n.

(iv) {1, u, u2, . . . , un−1}F K"K|O� K(u)&U+


(v) K(u)&�~?bL��-D�� a0+a1u+· · ·+an−1u
n−1, ai ∈

K . � 3IH= x2 − x − 1F Q"&MLJIH=
� 4IH= x3 − 3x − 1F Q"&MLJIH=

380



�� 5' σ : K → LF;��
' uF K&3�W;�&?b
 v F L&3�W;�&?b
z'

(i) uF K"&
L?
 v F L"&
L?
Rm

(ii) u FMLJIH= f ∈ K[x] &�
 v FMLJIH=

σf ∈ L[x]&�
` σ LWp�;�� K(u) ∼= L(v),K� u#� v.�� 6 ' E 7 F =F; K&W;
 u ∈ E �_ v ∈ F. ` u7 v F��MLJIH= f ∈ K[x] &��n-��Y�~ K &�� K(u) ∼= L(v),`� u#� v.
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�� 7 ' K F�~;
 f ∈ K[x] F�U� n &IH=
`�Y K&�W; F = K(u)9"

(i) u ∈ FF f &�

(ii) [K(u) : K] ≤ n,)=hr�n-� f F K[x]�&MLJIH=
�! ' K F�~;
 f ∈ K[x] F�U� n &MLJIH=
' α F f (x) &�
` α Y K "+h&;� F = K(α), n

[K(α) : K] = n.
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§11.2 WS
�

�0 1 ' E 7 F F K &W;
 �~`�#& σ : E → F�C K-}u,�' σFY K"�>)#&&;�s
�~6��

σ : F → F �C K-�}9, �' σ F K- �s
 F &n+ K- 6��=h&��C FY K"&��M (Galois) G,o� AutKF.�� 1' FF K&W;
 f ∈ K[x]. �' u ∈ FF f &�


σ ∈ AutKF,` σ(u)�F f &�
e ' f (x) = anxn + · · · + a1x + a0 ∈ K[x]. E0 u ∈ F _ σ ∈
AutKF,$"+

σf(u) = σ(an)σ(u)n + · · · + σ(a1)σ(u) + σ(a0) = anσ(u)n + · · · + a1σ(u) + a0 = f(σ(u)).��
:ghr
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�� 2 ' F F K &W;
 E F��;�_ H F AutKF &4�
`
(i) E′ = {v ∈ F | σ(v) = v, σ ∈ H}FW; F&��;


(ii) H ′ = {σ ∈ AutKF | σ(u) = u, u ∈ E} = AutEFF AutKF&4�
; E′ �C H Y F�&M=;
�0 2 ' F F K &W;
 F �C K- & Galois �[, �'

Galois� AutKF&M=;F K.
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�� 3 (Galoisg�&U+:g) �' F F K &+<� GaloisWi
`Yn+��W;\� Galois� AutKF&n+4�\���Y�~��E!&#& E 7→ H ′ = AutEF9"�

(i)z~��;&A��U)0E!4�&A�	A
vG


AutKF+� [F : K].

(ii) FF�~��; E"& Galois;
� EF K"& Galois;�n-�E!&4� H ′ = AutEFF G = AutKF&z!4�
Yp~pS3
G/H ′ (����3)F EY K"& Galois� AutKE.
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§11.3 �&E |kWO

�0 1' KF�~;
 f ∈ K[x]F �U ≥ 1&IH=
 K&�~W; F�C��a f T K R�%�D, �' f Y F[x]�Le$
n F = K(u1, . . . , un),`� u1, . . . , un F f Y F�&�
' S F K[x]��U�U ≥ 1&IH==h&\;
 K&�~W; F�C��aZJ S T K R�%�D, �' S �&�~IH= f Y F[x]�Le$
n F' S �&n+IH=&�Y K"+h
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�� 1 ' K F�~;
 f ∈ K[x] &�U� n ≥ 1. `�Y f�~e�; F�+ [F : K] ≤ n!.�� 2Y; F"&�3��)}�

(i)�~`^UIH= f ∈ F[x]Y F�+�


(ii)�~`^UIH= f ∈ F[x]Y F�Le$


(iii)�~MLJIH= f ∈ F[x]&�U��


(iv)M�Y F&�UWi (x~ F6i��).�0 2' FF�~;
 F�C�U5#
�'; F�::g 2&)}��
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§12.1 fRW

�0 1' FF; K&W;
a1, a2, . . . , anF F&�~ n~?b
 a1, a2, . . . , an �CY K" {j�;, �'�Y�~`�IH= f ∈ K[x1, . . . , xn]9"E0 S & n~M�?b a1, a2, . . . , an,+

f (a1, a2, . . . , an) = 0.

a1, a2, . . . , an �C{j�;, �' a1, a2, . . . , an MF�UA�
~n a1, a2, . . . , an�U&�
�'+IH= f ∈ K[x1, . . . , xn]9" f (a1, a2, . . . , an) = 0,` f = 0.� 1 E%� π = 3.14 · · · Y Q "�U&�
6�EU+ e =

2.718 · · ·Y Q"��U&�
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�� 1 ' F F; K &+<+hW;
` F F K &�UWiRm�Y�U&�? θ1, . . . , θt 9" F F K(θ1, . . . , θt) &�UWi
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§12.2 8�E�:W

' Fq F q?+<;
`vu p�bU
` Fq #-b; Fp =

Z/pZ,F Fp"&+<�?eO�
' n = [Fq : Fp],` q = pn,b qF`vu p&%
$"�}*� F∗
q = Fq \ {0} F q − 1 �tJk�
��
$"5t� F∗

q &�Ue�
�� 1 F∗
q &��? a&�xx q − 1 .�0 1+<; Fq &?b g �CUhF,�'pF F∗

q &+h?
b�� q − 1&?b
� g F Fq &+h?3
+ Fq = {0, g0 = 1, g, . . . , gq−2}..
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�� 2�~+<;=++h?
�' gF Fq&+h?
` gdF Fq &+h?&�n-� d7 q − 1&?
Æ�U (d, q − 1) = 1.vG-
 Fq + ϕ(q − 1)~+h?
�! 1' q = pn, p�bU
 d|q − 1,`+<; Fq �+�� d&?b
�! 2' p�bU
`�YxU g >m0 p&�E.41
b�Y0 pB�
�� 3�' FqF q = pn?;
``�~?b�:\m xq−x =

0. ��m-Y
 Fq Fp~\m&�\;
Y)\
E�~bU% q = pn,IH= xq − xY Fp "&e�;F q ?;
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�� 4' Fq F q = pn?+<;
' σF Fq �6)&#&


σ : a 7−→ ap. ` σ F Fq &6��
n Fq �Y σ 3&M<?Fb; Fp &?b
L σ & n�%F>)#&
:g 4�&#& σ �C Frobenius �}u.�� 5' Fq F q = pn?+<;
' σF Fq �6)&#&


σ : a 7−→ ap. �' α F Fq &��?
` α Y Fp "&�I?F?b σj(α) = αpj
.
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7�D�yy9V. !% §10.4 :g 4, $"L��|�℄b; Fp "& d��UWi
z p(x)� Fp[X ]�& d�K�MLJIH=
Y J Fp[x]/(p(x))":�xU�
f (x) + g(x) = ((f + g)(x) (mod p(x))),7kU�

f (x)g(x) = ((fg)(x) (mod p(x))).` Fp[x]/(p(x)) E0"QQhU`�h�~;
�> §11.1 :g 2,p~;Y Fp "F d �Wi
$"op~;� Fq R GF (q), `�

q = pd.

F2/(x4 + x + 1)&+h?F x,
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� 1}* x4+x+1F F2[x]�&MLJIH=
�L F2[x]/(x4+

x + 1)F�~ F24 ;
�� F2[x]�&n+�U ≤ 2&MLJIH=� x, x+ 1, x2 +

x + 1,n

x4 + x + 1 = x(x3 + 1) + 1, x4 + x + 1 = (x + 1)(x3 + x2 + x) + 1,

x4 + x + 1 = (x2 + x + 1)(x2 + x) + 1,n� x 6 | x4 + x + 1, x + 1 6 | x4 + x + 1, x2 + x + 1 6 | x4 + x + 1 . pY*
x4 +x+1F F2[x]�&MLJIH=
��
F2[x]/(x4 +x+1)F�~ F24 ;
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� 2 t F24 = F2[x]/(x4 + x + 1) �&+h? g(x), Kmh

g(x)t, t = 0, 1, . . . , 147n++h?
p�� |F∗
24| = 15 = 3 · 5,n��:

g(x)3 6≡ 1 (mod x4 + x + 1), g(x)5 6≡ 1 (mod x4 + x + 1)

&?b g(x)=F+h?
E0 g(x) = x,+

x3 ≡ x3 6≡ 1 (mod x4 + x + 1), x5 ≡ x2 + x 6≡ 1 (mod x4 + x + 1),

n� g(x) = xF F2[x]/(x4 + x + 1)&+h?
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E0 t = 0, 1, 2, . . . , 14,mh g(x)t (mod x4 + x + 1):

g(x)0 ≡ 1, g(x)1 ≡ x, g(x)2 ≡ x2,

g(x)3 ≡ x3, g(x)4 ≡ x + 1, g(x)5 ≡ x2 + x,

g(x)6 ≡ x3 + x2, g(x)7 ≡ x3 + x + 1, g(x)8 ≡ x2 + 1,

g(x)9 ≡ x3 + x, g(x)10 ≡ x2 + x + 1, g(x)11 ≡ x3 + x2 + x,

g(x)12 ≡ x3 + x2 + x + 1, g(x)13 ≡ x3 + x2 + 1, g(x)14 ≡ x3 + 1.n++h?� g(x)t, (t, ϕ(15)) = 1:

g(x)1 = x, g(x)2 = x2, g(x)4 = x + 1,

g(x)7 = x3 + x + 1, g(x)8 = x2 + 1, g(x)11 = x3 + x2 + x,

g(x)13 = x3 + x2 + 1, g(x)14 = x3 + 1.
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� 3t F28 = F2[x]/(x8 + x4 + x3 + x + 1)�&+h? g(x).p�� |F∗
28| = 255 = 3 · 5 · 17,n��:

g(x)15 6≡ 1, g(x)51 6≡ 1, g(x)85 6≡ 1 (mod x8 + x4 + x3 + x + 1)

&?b g(x)=F+h?
E0 g1(x) = x,+

g1(x)15 ≡ x5 + x3 + x2 + x + 1, g1(x)51 ≡ 1,

g1(x)85 ≡ x7 + x5 + x4 + x3 + x2 + 1 (mod x8 + x4 + x3 + x + 1).

��
 g1(x) = xMF F2[x]/(x8 + x4 + x3 + x + 1)�&+h?
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E0 g2(x) = x + 1,+
g2(x)2 ≡ x2 + 1, g2(x)3 ≡ x3 + x2 + x + 1,

g2(x)4 ≡ x4 + 1, g2(x)7 ≡ x7 + x6 + x5 + x4 + x3 + x2 +

g2(x)8 ≡ x4 + x3 + x, g2(x)15 ≡ x5 + x4 + x2 + 1,

g2(x)16 ≡ x6 + x4 + x3 + x2 + x + 1, g2(x)32 ≡ x7 + x6 + x5 + x2 + 1,

g2(x)48 ≡ x6 + x4 + x + 1, g2(x)51 ≡ x3 + x2,

g2(x)83 ≡ x7 + x6 + x4, g2(x)85 ≡ x7 + x5 + x4 + x3 + x2 + 1.��


g2(x)15 6≡ 1, g2(x)51 6≡ 1, g2(x)85 6≡ 1 (mod x8 + x4 + x3 + x + 1).

g2(x) = x + 1F F2[x]/(x8 + x4 + x3 + x + 1)�&+h?
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�� 6 Fpn &4;� Fpd, (d|n),pF Fpn �&?bY Fp"+h&;
�� 7E�� q = pn,IH= xq − xLY Fp[x]�e$hK�MLJIH=&kY
n�~IH=&�U d|n.�!�' nFbU
` Fpn[x]�+ pn − p

n

~M�&�U� n&K�MLJIH=&kY
�� 8' p, r =FbU
`Y Fp "
IH= xr − 1

x − 1

Le$��U� ordr(p)&MLJIH=&kY
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§13.1 �NA�WS-,

' KF�~;
; K"& Weierstrass\mF

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6, (1)`� a1, a2, a3, a4, a6 ∈ K.�; K&vuM� 23
"Q\mL=_�

(y +
1

2
a1x +

1

2
a3)

2 = x3 + (
1

4
a2

1 + a2)x
2 + (

1

2
a1a3 + a4)x +

1

4
a2

3 + a6R (2y + a1x + a3)
2 = 4x3 + b2x

2 + 2b4x + b6,

`�







b2 = a2
1 + 4a2,

b4 = a1a3 + 2a4,

b6 = a2
3 + 4a6.

(2)
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�; K&vuM� 2, 33
\mLqm=_
+

(2y+a1x+a3)
2 = 4(x+

1

12
b2)

3+(− 1

12
b2
2+2b4)(x+

1

12
b2)+(

1

216
b3
2−

1

6
b2b4+b6),R 1082(2y + a1x + a3)

2 = 363(x + 1
12b2)

3 − 27c4 · 36(x + 1
12b2) − 54c6,`� 





c4 = b2
2 − 24b4,

c6 = −b3
2 + 36b2b4 − 216b6.

(3)F=M







X = 36(x +
1

12
b2)

Y = 108(2y + a1x + a3)

R






x =
1

36
X − 1

12
b2

y =
1

216
Y − 1

2
a1(

1

36
X − 1

12
b2) −

1

2
a3,"� Y 2 = X3 − 27c4X − 54c6. (4)`PG=� 1728∆ = c3

4 − c2
6.
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E0��; K, Weierstrass\m (1)&PG=F

∆ = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6, (5)`�

b8 = a2
1a6 − a1a3a4 + 4a2a6 + a2a

2
3 − a2

4 ( i.e. 4b8 = b2b6 − b2
4). (6)
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�0 1 � ∆ 6= 0 ,; K"&3\

E := {(x, y) | y2+a1xy+a3y = x3+a2x
2+a4x+a6}∪{O},`� a1, a2, a3, a4, a6 ∈ K, {O}�&rH3
�C; K"&�M��. p3
 j = c3

4/∆�C�Ex? E & j- aX�,oF j(E).$"� Weierstrass\mXhe�_=�

Y 2Z + a1XY Z + a3Y = X3 + a2X
2Z + a4XZ2 + a6Z

3, (8)`� a1, a2, a3, a4, a6 ∈ K.`:� 1�&&rH3 O ;Fe�HA3 [0 : 1 : 0].
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ZF< K #�Fy� E '|9��%#�_{�4`>' Weierstrass ℄n�

(i)�; K&vuM� 2, 33
 Weierstrass\m�

y2 = x3 + a4x + a6, ∆ = −16(4a3
4 + 27a2

6), j = 1728
4a3

4

4a3
4 + 27a2

6
.

(ii)�; K&vu� 2 ,n j(E) 6= 03
 Weierstrass\m�

y2 + xy = x3 + a2x
2 + a6, ∆ = a6, j = 1/a6.

(iii)�; K&vu� 2 ,n j(E) = 03
 Weierstrass\m�

y2 + a3y = x3 + a4x + a6, ∆ = a4
3, j = 0.

(iv)�; K&vu� 3 ,n j(E) 6= 03
 Weierstrass\m�

y2 = x3 + a2x
2 + a6, ∆ = −a3

2a6, j = −a3
2/a6.
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(v)�; K&vu� 3 ,n j(E) = 03
 Weierstrass\m�

y2 = x3 + a4x + a6, ∆ = −a3
4, j = 0.
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§13.2 b�J�

' E F' Weierstrass\m (7):�&; K"�Ex?
$":� E "&QhU`
oF ⊕.Ss�X ' P,Q F E "&z~3
 L F) P 7 Q &�?

() P 3&m?
�' P = Q), R F L 8x? E A�&0�3
' L′F) R7 O&�?
` P ⊕Q;F L′8 E A�&0�3
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�� 1 E "QhU` ⊕�+�3e��

(i)�'�? L� E 03 P,Q,R (M7FM�&), `

(P ⊕ Q) ⊕ R = O.

(ii)E�� P ∈ E, P ⊕ O = P.

(iii)E�� P,Q ∈ E, P ⊕ Q = Q ⊕ P.

(iv)' P ∈ E,�Y�~3
oF −P ,9" P ⊕ (−P ) = O.

(v)E�� P,Q,R ∈ E,+ (P ⊕ Q) ⊕ R = P ⊕ (Q ⊕ R).p;FY
 E E0Qh!` ⊕�h�~�M�
�0�P
�' E :�Y K "
`
E(K) := {(x, y)K×K | y2+a1xy+a3y = x3+a2x

2+a4x+a6}∪{O}, (9)F E &4�
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9Y$"�t:g 1��Qh&5�Æ=
�� 2 (�Fy� E '	� Weierstrass ℄n��

E := {(x, y) | y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6} ∪ {O}.( P1 = (x1, y1), P2 = (x2, y2) Gy� E #'{�4Æa

−P1 = (x1,−y1 − a1x1 − a3).

{ 





λ =
y2 − y1

x2 − x1

�( x1 6= x2,

λ =
3x2

1 + 2a2x1 + a4 − a1y1

2y1 + a1x1 + a3

�( x1 = x2.�( P3 = (x3, y3) = P1 + P2 6= O, a x3, y3 M�(�>�u







x3 = λ2 + a1λ − a2 − x1 − x2,

y3 = λ(x1 − x3) − a1x3 − y1 − a3.
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e' E F'\m F (x, y) = y2 + a1xy + a3y−x3− a2x
2− a4x− a6 = 0:�&�Ex?


(I) ' P1 = (x1, y1) ∈ E, mh3 −P1. ' L F) P1 7 O &�?
`r�?� L : x − x1 = 0.� x = x1��� F (x, y)�
Kt�0 y &z~� y1, y
′
1. 0�3�\m�0��H y &1U


F (x1, y) = (y − y1)(y − y′1) = y2 − (y1 + y′1)y + y1y
′
1,+ y′1 = −y1 − a1x1 − a3,�L −P1 = (x1,−y1 − a1x1 − a3).

(II) ' P1 = (x1, y1), P2 = (x2, y2) ∈ E. �' P1 + P2 6= O, H�) P1 7 P2 &�? L : y = λx + µ.� x1 6= x2 3
�? L&W� λ� λ =
y2 − y1

x2 − x1
.

413



� x1 = x2 3
�? L�)3 P &m?
`W� λ�

λ =
3x2

1 + 2a2x1 + a4 − a1y1

2y1 + a1x1 + a3
.� y = λx + µ��\m F (x, y) = 0�
+

F (x, λx+µ) = −x3 +(λ2 +a1λ−a2)x
2 +(2λµ+a1µ−a4)x+µ2−a6 = 0.�� P1, P2 7 P3 F E "�~3
n�"Q\m�0 x+�~$

x1, x2, x3. F (x, λx + µ) = c(x − x1)(x − x2)(x − x3).��
+ c = −1_ x1 + x2 + x3 = λ2 + a1λ − a2. µ = y1 − λx1,�







x3 = λ2 + a1λ − a2 − x1 − x2,

y3 = λ(x1 − x3) − a1x3 − y1 − a3.
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6U; R"�Ex?_`QhU`&g9��
�� chap(R) 6= 2, 3,n� R"�Ex? E & Weierstrass\mL'� E : y2 = x3 + a4x + a6,`PG= ∆ = −16(4a3
4 + 27a2

6) 6= 0 . E Y R"&Qh!`��' P1 = (x1, y1), P2 = (x2, y2) Fx? E "&z~3
 O �&rH3
`

(1) O + P1 = P1 + O; (2) −P1 = (x1,−y1);

(3)�' P3 = (x3, y3) = P1 + P2 6= O,






x3 = λ2 − x1 − x2,

y3 = λ(x1 − x3) − y1.

a� 





λ =
y2 − y1

x2 − x1

�( x1 6= x2,

λ =
3x2

1 + a4

2y1

�( x1 = x2.
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QhU`&g9��F�' P1 = (x1, y1), P2 = (x2, y2) Fx? E "&z~3
 O �&rH3
` −P1�)3 P173 O&�? L8x? E &�3
MBGY
 −P1 F3 P1 �0 x&&Ee3
L3 P183 P2&7 P1 + P2 = P3 = (x3, y3)F)3 P173 P2&�? L8x? E &�3 R�0 x&&Ee3 P3 = −R.
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b; Fp (p > 3)"�Ex? E.��b; Fp &vuM� 2, 3, n�b; Fp "�Ex? E &

Weierstrass\mL'� E : y2 = x3 + a4x + a6,`PG= ∆ = −16(4a3
4 + 27a2

6) 6= 0 . E Y R"&Qh!`��' P1 = (x1, y1), P2 = (x2, y2) Fx? E "&z~3
 O �&rH3
`

(1) O + P1 = P1 + O; (2) −P1 = (x1,−y1);

(3)�' P3 = (x3, y3) = P1 + P2 6= O,






x3 = λ2 − x1 − x2,

y3 = λ(x1 − x3) − y1.

`�






λ =
y2 − y1

x2 − x1

�' x1 6= x2,

λ =
3x2

1 + a4

2y1

�' x1 = x2.
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� 1' F17 "�Ex? E : y2 = x3 + 2x + 3,ttr�Ex?&�R3�_�
p E x = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,eGtt y.

x = 0, y2 = 3 (mod 17), &$,

x = 1, y2 = 6 (mod 17), &$,

x = 2, y2 = 15 (mod 17), y = 7, 8 (mod 17),

x = 3, y2 = 2 (mod 17), y = 6, 11 (mod 17),

x = 4, y2 = 7 (mod 17), &$,

x = 5, y2 = 2 (mod 17), y = 6, 11 (mod 17),

x = 6, y2 = 10 (mod 17), &$,

x = 7, y2 = 3 (mod 17), &$,
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x = 8, y2 = 4 (mod 17), y = 2, 15 (mod 17),

x = 9, y2 = 2 (mod 17), y = 6, 11 (mod 17),

x = 10, y2 = 3 (mod 17), &$,

x = 11, y2 = 13 (mod 17), y = 8, 9 (mod 17),

x = 12, y2 = 4 (mod 17), y = 2, 15 (mod 17),

x = 13, y2 = 16 (mod 17), y = 4, 13 (mod 17),

x = 14, y2 = 4 (mod 17), y = 2, 15 (mod 17),

x = 15, y2 = 8 (mod 17), y = 5, 12 (mod 17),

x = 16, y2 = 0 (mod 17), y = 0 (mod 17).�Ex?&��

#(E(F17)) = 1 +
17−1
∑

x=0










x3 + 2x + 3

17










= 22.
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� 2' F17 "�Ex? E : y2 = x3 + 2x + 3"&3 P = (2, 7),

Q = (11, 8). t P + Q = (x3, y3), 2P = (x4, y4), 4P = (x5, y5), 8P =

(x6, y6), 10P = (x7, y7), 11P = (x8, y8), 22P .p� x1 = 2, y1 = 7, x2 = 11, y2 = 8,` λ1 = y2−y1
x2−x1

= 2,

x3 = λ2
1 − x1 − x2 = 8, y3 = λ1(x1 − x3) − y1 = 15

λ2 = 3x2
1+a4
2y1

= 1,

x4 = λ2
2 − 2x1 = 14, y4 = λ2(x1 − x4) − y1 = 15

λ3 = 3x2
4+a4
2y4

= 14,

x5 = λ2
3 − 2x4 = 15, y5 = λ3(x4 − x5) − y4 = 5

λ4 = 3x2
5+a4
2y5

= 15,

x6 = λ2
4 − 2x5 = 8, y6 = λ4(x5 − x6) − y5 = 15
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λ5 = y6−y4
x6−x4

= 0,

x7 = λ2
5 − x4 − x6 = 12, y7 = λ5(x4 − x7) − y4 = 2

λ6 = y7−y1
x7−x1

= 8,

x8 = λ2
6 − x1 − x7 = 16, y8 = λ6(x1 − x8) − y1 = 0��)3 11P = (x8, y8) = (16, 0) &m?{�0 x &
n�

22P = 2(11P ) = O (&rH3).
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� 3' F17 "�Ex? E : y2 = x3 + 3x + 1,ttr�Ex?&�R3�_�
p E x = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,eGtt y.

x = 0, y2 = 1 (mod 17), y = 1, 16 (mod 17),

x = 1, y2 = 5 (mod 17), &$,

x = 2, y2 = 15 (mod 17), y = 7, 8 (mod 17),

x = 3, y2 = 3 (mod 17), &$,

x = 4, y2 = 9 (mod 17), y = 3, 14 (mod 17),

x = 5, y2 = 5 (mod 17), &$,

x = 6, y2 = 14 (mod 17), &$,

x = 7, y2 = 8 (mod 17), y = 5, 12 (mod 17),
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x = 8, y2 = 10 (mod 17), &$,

x = 9, y2 = 9 (mod 17), y = 3, 14 (mod 17),

x = 10, y2 = 11 (mod 17), &$,

x = 11, y2 = 5 (mod 17), &$,

x = 12, y2 = 14 (mod 17), &$,

x = 13, y2 = 10 (mod 17), &$,

x = 14, y2 = 16 (mod 17), y = 4, 13 (mod 17),

x = 15, y2 = 4 (mod 17), y = 2, 15 (mod 17),

x = 16, y2 = 14 (mod 17), &$.�Ex?&��

#(E(F17)) = 1 +
17−1
∑

x=0










x3 + 3x + 1

17










= 15.
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� 4 ' F17 "�Ex? E : y2 = x3 + 3x + 1 "&3 P =

(2, 7). t 2P = (x2, y2), 3P = (x3, y3), 4P = (x4, y4), 5P = (x5, y5).

6P = (x6, y6), 7P = (x7, y7), 8P = (x8, y8), 9P = (x9, y9), 10P =

(x10, y10), 11P = (x11, y11), 12P = (x12, y12), 13P = (x13, y13), 14P =

(x14, y14).p� x1 = 2, y1 = 7,` λ2 = 3x2
1+a4
2y1

= 12,

x2 = λ2
2 − 2x1 = 4, y3 = λ2(x1 − x2) − y1 = 3

λ3 = y2−y1
x2−x1

= 15,

x3 = λ2
3 − x1 − x2 = 15, y3 = λ3(x1 − x3) − y1 = 2

λ4 = 3x2
2+a4
2y2

= 0,

x4 = λ2
4 − 2x2 = 9, y4 = λ4(x2 − x4) − y2 = 14
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λ5 = y4−y1
x4−x1

= 1,

x5 = λ2
5 − x1 − x4 = 7, y5 = λ5(x1 − x5) − y1 = 5

λ6 = y4−y2
x4−x2

= 9,

x6 = λ2
6 − x2 − x4 = 0, y6 = λ6(x2 − x6) − y2 = 16

λ7 = y6−y1
x6−x1

= 4,

x7 = λ2
7 − x1 − x6 = 14, y7 = λ7(x1 − x7) − y1 = 13

λ8 = 3x2
4+a4
2y4

= 10,

x8 = λ2
8 − 2x4 = 14, y8 = λ8(x4 − x8) − y4 = 4

λ9 = y8−y1
x8−x1

= 4,

x9 = λ2
9 − x1 − x8 = 0, y9 = λ9(x1 − x9) − y1 = 1
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λ10 = y8−y2
x8−x2

= 12,

x10 = λ2
10 − x2 − x8 = 7, y10 = λ10(x2 − x10) − y2 = 12

λ11 = y10−y1
x10−x1

= 1,

x11 = λ2
11 − x1 − x10 = 9, y11 = λ11(x1 − x11) − y1 = 3

λ12 = y8−y4
x8−x4

= 15,

x12 = λ2
12 − x4 − x8 = 15, y12 = λ12(x4 − x12) − y4 = 15

λ13 = y12−y1
x12−x1

= 15,

x13 = λ2
13 − x1 − x12 = 4, y13 = λ13(x1 − x13) − y1 = 14

λ14 = y12−y2
x12−x2

= 15,

x14 = λ2
14 − x2 − x12 = 2, y14 = λ14(x2 − x14) − y2 = 10??
 14P = −P , 15P = O (&rH3).
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; F2n (n ≥ 1)"�Ex? E, j(E) 6= 0.��; F2n&vu� 2,n�; F2n"�Ex? E&Weierstrass\mL'� E : y2 + xy = x3 + a2x
2 + a6.

E Y; F2n "&Qh!`��' P1 = (x1, y1), P2 = (x2, y2) Fx? E "&z~3
 O �&rH3
`

(1) O + P1 = P1 + O; (2) −P1 = (x1, x1 + y1);

(3)�' P3 = (x3, y3) = P1 + P2 6= O,






x3 = λ2 + λ + x1 + x2 + a2,

y3 = λ(x1 + x3) + x3 + y1.

`�






λ =
y2 + y1

x2 + x1

�' x1 6= x2,

λ =
x2

1 + y1

x1

�' x1 = x2.
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; F3n (n ≥ 1)"�Ex? E, j(E) 6= 0.��; F3n&vu� 3,n�; F3n"�Ex? E&Weierstrass\mL'� E : y2 = x3 + a2x
2 + a6.

E Y; F3n "&Qh!`��' P1 = (x1, y1), P2 = (x2, y2) Fx? E "&z~3
 O �&rH3
`

(1) O + P1 = P1 + O; (2) −P1 = (x1,−y1);

(3)�' P3 = (x3, y3) = P1 + P2 6= O,






x3 = λ2 − x1 − x2 − a2,

y3 = λ(x1 − x3) − y1.

`�






λ =
y2 − y1

x2 − x1

�' x1 6= x2,

λ =
3x2

1 + 2a2x2

2y1

�' x1 = x2.
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§13.3 8�ES��NA�

' K = Fq F q = pn ?+<;
' E F:�Y Fq "&�Ex?
� p > 33
` Weierstrass\m�

y2 = x3 + a4x + a6.��
 Fq "�Ex? E �&3U #(E(Fq)) ≤ 2q + 1 . C6"
E�~ x ∈ Fq,ÆI+z~ y ∈ Fq 9" P (x, y) ∈ E,Vx"&rH3

O,$"+ #(E) ≤ 2|Fq| + 1 = 2q + 1.
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H� Fq "�Ex? E "&#&� ϕ : Fq −→ Fq

(x, y) 7−→ (xq, yq)

O 7−→ O

ϕ�C q �% Frobenius 5T. ��
ϕ� E "&3#� E,n$o�&QhU`
p;FY
 ϕF Fq " E &��s
��
 ϕ.�C q �% Frobenius �}u.

Frobenius6�s ϕ8`Z (trace)Y�Ex?&{8�f2"�F%
p"'�3\mt1� ϕ2 − [t]ϕ + [q] = [0],�;F
E�Ex? E "��3 P = (x, y),$"+
(xq2

, yq2
) − [t](xq, yq) + [q](x, y) = O.��
$"+ #(E(Fq)) = q + 1 − t.
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0�~�0 E(Fq) &�&.3�mF'3&& Hasse :g�t
�� 1(Hasse). ' E F:�Y Fq (q = pn, pbU)"&�Ex?
ϕ q�% Frobenius �}u`�Ex? E "&3U #(E(Fq))�:

|#(E(Fq)) − (q + 1)| ≤ 2
√

q.
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