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1 Introduction

It is already well known that massless higher spin fields can interact consistently on
an arbitrary dimensional anti-de Sitter AdSp background [I]. On the other hand,
the situation is quite different as far as interacting theories for higher spin fields on
a flat background are concerned. The corresponding cubic interaction vertices for
massless fields, whose study has been initiated in [2]-[3], are fairly well understood
now [4]- [10]. The application of cubic vertices on a flat background can be twofold.
The first one is to use them for a further deformation to AdSp, thus studying the
cubic interactions in the “metric like” formalism [11]-[13]

Another important point is to understand if one can have a consistent interacting
theory of massless and massive point particles beyond the cubic level on a flat back-
ground. To this end one can proceed by constructing quartic interaction vertices and
study their properties [6]-[7], [I7]-[19]. The study of quartic vertices for massless
higher spin fields revealed that although the corresponding quartic Lagrangian is
gauge invariant, the symmetry of the scattering amplitudes requires the inclusion
of extra composite/nonlocal objects into the theory, otherwise the corresponding S—
matrix is trivial even if the number of fields under consideration is infinite [7] (let us
note also an interesting application of the composite objects in the framework of the
AdS,/CFT; correspondence [20]). One can therefore draw the conclusion that gauge
invariance itself is not a sufficient requirement for the consistency of the interacting
theory: rather one should perform some extra tests to investigate if the interacting
theory is consistent or not.

Apart from the requirement of having nontrivial S-matrix for the theory of higher
spin fields on a flat background, one can employ the Velo-Zwanziger causality consis-
tency test if the fields under consideration have non-zero mass. According to [21] —
[22] massive fields already with spin one interacting with some nontrivial background
can exhibit noncausal propagation, hence violating consistency of the theory. Obvi-
ously the same kind of difficulty can appear for massive higher spin fields as well and
checks for different systems have been performed [23]-[29]. In particular in [23] it
has been shown that the massive fields with spin 2 propagating on an anti-de Sitter
background do not violate causality. Another famous example of interacting massive
higher spin fields which preserve causality is String Theory. The Velo-Zwanziger
problem in the framework of String Theory has been considered in detail in [28],
where it was shown how this problem is avoided.

It is interesting to point out that String Theory is not the only example of a
theory of interacting higher spin fields with non-zero mass which exhibits causal
propagation. The results of [29] show that massive higher spin fields interacting
with a background constant electromagnetic field can also avoid Velo-Zwanziger in-
consistency at least at linear order in electromagnetic field, thus revealing a causal
propagation. Causality for massive spin 3/2 coupled to an electromagnetic field to

§Cubic and higher-order interactions in the “frame-like” formalism have been extensively dis-
cussed in [T4]-[16].



all orders in a constant field strength has been proven in [20], and causality for spin
2 and spin 3/2 fields on a gravitational background has been been discussed in [27]
in the framework of the BRST approach. Finally in the recent paper [30] it has been
argued that even for a massless theory the gauge invariance itself might not be a
sufficient argument for consistency at the interacting level, therefore the causality
again should be checked separately.

In the present paper we consider the cubic interaction of massive higher spin
fields with a scalar field. For simplicity we take the masses of all fields to be the
same. The consideration is actually performed in two steps. The first step is to
check that the inclusion of the nonlinear cubic interactions into a system which
describes free massive scalar and free massive higher spin fields does not change the
number of original degrees of freedom. As we shall see, already this requirement
can impose some strong constraints on the free parameters of interaction and on
the mass parameter. Provided that this requirement is satisfied, the second step
is to perform the causality test for this system. A completely rigorous analysis of
the causality in the model under consideration is very complicated. Moreover, it is
not very clear how it can be done in the case when the number of derivatives in
vertices is greater then the number of derivatives in a free action. In this paper, we
propose a simplified model allowing us to apply the Velo-Zwanziger procedure for
causality analysis. In particular since this procedure assumes that the number of
derivatives in the action is not higher than two, we shall consider some kind of low-
energy approximation and keep only those terms in the vertex which contain at most
the second derivative acting on the higher spin field. Besides, the scalar field will be
considered as external background. As a result we get a dynamical higher spin field
coupled to an external scalar field and all derivatives acting on the dynamical field
are at most of the second order. Then we shall see that causality analysis imposes
some additional requirements on the interaction structure.

We find that it is quite difficult to satisfy both (the preservation of the correct
degrees of freedom and causality) requirements. In particular the allowed solutions
of the first test have been excluded by the second one and vice versa. The only
allowed option is when the mass parameter m is sufficiently large, which allows us to
ignore certain terms in the original action without imposing extra conditions on the
background. After that we find from the causality analysis for our simplified model
that for certain choices of coupling constants, or more precisely for certain choices of
parameters entering the cubic interaction vertex, the causality is preserved, whereas
for the other choices of these parameters the causality is broken.

To summarize, we proceed as follows. First we consider a relevant cubic La-
grangian which contains two identical higher spin fields and one scalar. We consider
the scalar to be a background field, whereas the higher spin field is taken to be
dynamical. Then we perform a gauge fixing procedure to obtain an on-shell cubic
interaction vertex and take a low-energy approximation, i.e. keep only the terms in
the Lagrangian which contain a maximum of two derivatives acting on the dynami-
cal higher spin fields. After this, finally we perform the Velo-Zwanziger like analysis



for the system, i.e. compute the characteristic determinant D(p) and find for which
values of the free parameters this determinant contains the second derivatives acting
on the dynamical field only in the form of the d’Alembertian.

Let us stress that the systems which contain dynamical fields with spin greater
then two turn out to be the ones where the procedure described above is nontrivial
in the following sense. For the massive fields with spin one and spin two the causality
and the correct number of physical degrees of freedom can be preserved for a con-
stant background scalar field, which in turn means a simple redefinition of the mass
parameter in the theory. For this reason, in the paper we start from the first nontriv-
ial example, i.e. from the 3 — 3 — 0 system, and leave a more detailed discussion of
lower spin fields for the Appendices A-B. In the case of dynamical higher spin fields
the background scalar is no longer constant, and since it couples to the dynamical
higher spin fields via the derivatives, one has effectively a Lorentz-violating back-
ground. This is similar to other examples of the Velo-Zwanziger problem considered
previously in the literature, although in our case a nontrivial background scalar field
is involved rather than, say, a nontrivial electromagnetic background field.

In this paper we will be using the reducible symmetrical representations of the
Poincaré group, since an off-shell formulation for them is simpler than an off-shell
formulation for irreducible higher spin modes (so—called “triplet” [31]). Therefore
below whenever we say “a massless triplet with spin s” we actually mean a symmetric
tensor field of rank s along with auxiliary fields with ranks s — 1 and s — 2. The
physical polarizations of a triplet contains fields with spins s, s — 2, ..., 1/0 with their
masses equal to zero. Similarly a massive triplet (massive reducible representation
of the Poincaré group) is described by a symmetric field of rank s along with some
auxiliary fields. The physical polarizations are again fields with spins s,s—2,...,1/0
with the same value of masd¥. Tt would be very interesting to generalize our present
analysis for for some other systems such as fields with half integer spin or fields with
mixed symmetries interacting with some nontrivial background [33] (see for example
[34] for recent progress for mixed symmetry fields). We hope to come back to this
issue in future.

The paper is organized as follows.

As a preparation for the massive case, in Section 2] we give an explicit example of
a massless field with spin three interacting with a massless scalar in the triplet formu-
lation. Since we are using an off-shell formulation, the Lagrangian and equations of
motion will contain both physical and auxiliary fields. These auxiliary fields, which
we denote as |C) and |D), are the feature of the Lagrangian BRST formulations of
the higher spin fields [3], [7], [9]- [11] and are absent in the on-shell vertices. We
present in detail the derivation of the Lagrangian, of the equations of motion, and
of the gauge transformations for this system, and show that the number of physical
degrees of freedom is preserved after nonlinear deformation of the free equations.

In Section Bl we carry out an analogous procedure for the system which contains

ITriplet formulation of higher spin fields can be further generalized to get completely uncon-
strained “quartet” formulation [32].



two identical massive fields with spin three and a massive scalar. After carrying out
the gauge fixing procedure for the cubic Lagrangian, we find that the transversality
condition can be violated, unless one imposes extra conditions on the parameters of
the theory and on the background. It means that the gauge invariance in massive case
itself does not guarantee preservation of the correct number of degrees of freedom.

In Section 4] we consider the aspects of causality. We formulate a simplified model
allowing us to perform the Velo-Zwanziger like analysis for the 3 —3 — 0 system and
in Section Bl we generalize these results for the case of the s — s — 0 system.

The last section contains our conclusions.

Finally, Appendix[A] contains detailed expressions for the first-order gauge trans-
formations in Section B] and Appendix [Bl contains a discussion of the 1 — 1 — 0 and
2 — 2 — 0 systems.

2 3-3-0 Vertex: Massless Fields

The goal of this section is to consider some details of a cubic interaction between two
massless spin 3 triplets with with a massless scalar. We demonstrate that nonlinear
corrections to the free equations of motion and to the gauge transformations do not
change the number of physical polarizations. In other words we check that in the
massless case the requirement of gauge invariance is sufficient to construct the cubic
vertex which preserves the correct number of degrees of freedom.

2.1 Fields and parameters
An off-shell cubic vertex for two triplets with spin 3 and one scalar can be obtained
from the vertex (see [3], [7] for details)

V) = ¥ e¥on Vel cD10) 155, (2.1)

where

Y5 =a (@t (p@ —p®) 4@t (p® — py 4@t (pM) —p@)) - (2.2)

«

Yo = an(e (060 —07) + 05 8 + OO — 1), (23)
Here a; is an arbitrary constant and A - B = A,B". The operator pff) is a
derivative acting on the fields in the i** Hilbert space. They have the form p,(f) = —i0,

when acting on the right and pff) = 10, when acting on the left. The oscillators obey
standard (anti-)commutation relations

[0, 0] =00, {c]) b5} = {0 B0} = {007} =gV (2.4)

Since we are considering an interaction of the type s — s — 0 the corresponding
cubic vertex contains a maximal number of derivatives. The vertex (2.2)—-(2.3]) has
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a cyclic symmetry, and so we take the higher spin functional and the parameter of
gauge transformations to be of the form

) = g0 (@al 0 0% — 2 Crupn ()l Tl b0 o),
+ Dy ()} DI 0); + o(2)[0),, (2.5)
A0 = s () 060 0}, (2.
or in a more compact form as
@) = i) + DTV + cPHOTIC), A = 00|, (27)
The nilpotent BRST charges for each Hilbert space are
QW = D 4 D@+ . D+ _ O+ OpD =1 2 3, (2.8)
where we used the notation
léi) =p@ . p@ O = 0 OF @) = 0 O, (2.9)

Finally the cubic Lagrangian has the form
3
L=Z/M%mWwde%%ﬁmwmwwwm.&m
i=1

The Lagrangian (2.I0]) is invariant under the gauge transformations

6@»:@@m»—Q/ﬂﬁﬂwﬁmwaﬂumﬂmwaﬂumﬂmwm (2.11)
up to linear order in the coupling constant g due to the nilpotency of each BRST
charge (Q™)2? = 0 and the BRST invariance of vertex (2.1))

3

> QUIV)=o0. (2.12)

2

2.2 Gauge transformations

In the notation of (2.7)) we have for gauge transformations:
8lpy) + VB8 dy) 4 MpMHs|Cy) (2.13)
= 1OF | A) + SIBOFD A 4 (DO )
+—gar (G2l (As] + gar (@] (Aa| + gad(Csl (o] + gad(Cal (Nsl]e™™ [0)12.

In the rest of this subsection no summation over the repeated indices is assumed, unless explic-
itly specified.




Therefore
0C,,, = 0O\, (2.14)

5D, = 0" M\, (2.15)

where O = 0"0,.
The gauge transformations for ¢, ,,,, and ¢ are more complicated

1
(gé%mm Wralta() +5¢> 10}, = (2.16)

1

— (1)+
3!

Oy Mgy Tl )T al)T0)1 + gag[— (D2l M) + (] Nal]e¥™ [0)15.

The term proportional to g in (2I6]) is a nonabelian deformation of the gauge
transformations for ¢, ;..

_<¢2|<)‘3|‘3YJ|0>123 + <¢3|<)\2|6Ya+|0>123 = (2.17)
+,(01 3 <0|¢ (A >a§§>)%(ala(3>+. (pV = p@)?
1

3
—(a;aPT (p® — p))7|0) 103

2

3|

1
_3<O| <0|¢ ( 158%) (2)041(/2))2(0'104(2)—'—' (p(3)_p(l)))
1 3
(ala(lH- (p(2)_ p(3))) 10)125.

3!

The operator pf}) in the equation (2.17) should be replaced with —pf?) — pf’) due
to the relation

which reflects the fact that one can dlscard the total derivative in the Lagrangian.
This is justified in the equations of motion and gauge transformation rules since they
are Lagrangian equations and represent invariance of a Lagrangian.

Finally one obtains for the tensor field

1 1
aé(ﬁmmm = ia(m)‘uzug) - (219)

6
ga
71 [4(8ﬂlﬂ2ﬂ3V1V2¢))\V1V2 + 4(8ﬂlﬂ2ﬂ3yl ¢)(8V2)\V1V2) _'_ (8ﬂlﬂ2ﬂ3¢> (81/11’2)\1/11’2)
_12(8M1u21/1v2¢)(8#3>‘1/1v2) 12( H1u2V1¢)( Va3 V1V2) _3( H1M2¢)( V1V2H3>‘V1V2)
+12( N1V1V2¢)( H2N3>\V1V2> +12( ﬂ1V1¢)( H2;U'3V2>\V1V2)+3( ﬂ1¢)( /»12#31’11/2)\1’11/2)
( V1V2¢)( 1 2 43 V1V2) - ( V1¢)( uwzugl/z)‘uwz) _¢(au1u2u31/1u2)‘vw2)]a

where the nonlinear terms on the right hand-side of the equation (2.19]), as well as
in all analogous equations below, are assumed to be symmetrized with weight 1 with



respect to the free indices. Similarly for the scalar one has

6

5¢ = _j [32(8p1p2¢u11/21/3)(8V1V2V3)‘p1p2) + 32(8p1 ¢V1V2V3)(8V1V2V3p2 )‘p1p2)

+8 Guyvavs (Ovrvavspr o Aprpz) T+ 48(0us o1 s Prwars ) (Dugs Apy o)

+48(0V101 ¢V1V2V3)(8V2V302 )‘plpz) + ]‘2(01/1 ¢V1V2V3)(0V2VBPIPZ )\Plpz)

+24(8V11/2p1p2¢l/11/21/3)(81/3)\p1p2) _'_ 24(81111/2[)1 ¢V1V2V3)(8V3P2 )\P1P2)

+6(8V1V2¢V1V2V3)(8V301P2 )\plp2) _l_ 4(0V1V2V3plp2¢'/11/21/3))‘Plpz

+4(§V1V2V301¢V1V2V3)(802)\0102) + (8V1V2V3¢1/1V2V3)(80102)\P102)]
gay

_'_7 [16(8M1M2)‘V1V2>(81/11/20#1#2) + 16(8M1u2V1)‘V1V2)(8VQCM1M2)

_'_4(8#1/»‘21/11’2)\1/11’2)0“1“2 —"_ 16(8;“1 >\V1V2)(8/J2V1VZC;U'1;U'2)

_'_16(8#11/1 >\V1V2>(8;U'2VQC/J'1;U'2> —"_ 4(8/»‘11/11’2)\1/11’2)(8;“20“1;“2)

+4)\V1V2 (8M1M2V1V2CM1M2) _l_ 4(81/2)\'/11/2)(8M1M2VICM1M2) _l_ (81/21/2)\1/1'/2)(8M1MZCM1M2)] ‘
(2.20)

2.3 Equations of Motion

From the Lagrangian (ZI0) written in terms of component fields ([2.7), i.e. after
integrating out the ghost variables

L= 3" ((0lil"los) = (DI D) + (GlICs) — (SO + (D1 C)
i=1,2,3

—(Ci|1D ;) + (Ci|IDT|Dy)) (2.21)

—g [(<¢3|<¢2|<¢1| + a2(Cs|(Cal (| + a2 (Col(Ch| (3] + a2(C5[(C|{a]) €7 [0} 125
+h.c|,

one can readily derive the corresponding equations of motion.
The equation of motion with respect to (¢1] :

19161) — IDFCL) — g(os|(dale™ [0)125 — ga(Cs[(CaleX |0)195 = 0. (2.22)

Let us note that this expression actually contains two equations: one is with
respect to @, u,u, and the other is with respect to ¢.
The equation of motion with respect to (C4]:

(1) — 1D]gy) + 1D Dy) — gad({Cal (3] + (Cs|(a])e¥™ |0) 125 = 0, (2.23)

and finally the equation of motion with respect to (D;]:

iV |Dy) —1M|cy) = 0. (2.24)



Let us first consider the equation with respect to ¢, ,,,,. It contains two parts:

and

1
19]61) —1DF|C) = [~Ourmwy + Oy Corg)] =DV aD+|0), (2.25)

3| V1 V2

<¢3|<¢2|6YJ|O>123 = (2.26)

+ g [16(81/1'/2'/3 ¢M1M2M3 ) (8M1M2M3 ¢) - 48(81/1'/2 ¢M1M2M3)(0M1M2M3V3 ¢)

3!
8( V1¢H1H2H3)(8H1H2H3V2V3¢> 16¢H1H2#3( H1H2H3V1V21/3¢)
+24(8M1V1V2V3¢M1M2M3)( K2 3 72( M1V1V2¢M1M2M3)( M2M3V3¢
+72( N1V1¢N1H2N3>( H2p3v2v3 24( :U'1¢/»‘1;U'2/J3)( /J2;U'3V1V2V3¢
(
(

) —
) =
12 8H1M2V1V2V3¢u1u2us>( ) 36( u1H2V1V2¢M1H2u3>( M3V3¢
) —
6

+

)
)
)
+36 8M1M2V1¢M1M2M3)( p3v2vs ( M1M2¢M1M2M3)( M3I/1I/2V3¢)

+2(8u1u2u31/11121/3¢u1u2u3)¢ (8u1u2u31/1112¢u1u2u3>( V3¢)
+6(au1u2u3V1¢u1u2u3)( V2V3¢) ( u1uzu3¢u1u2u3)(0V1V2V3¢)] VP—'—O‘;(/Q +|0>

Now let us turn to the equations with respect to ¢. It consists from the following
parts:

I |61) = —0g|0)1, (2.27)

as well as

and

g<¢3|<¢2|e’”a* 0125 = (2.28)

ga
+3|31| [16¢M1M2M3( M1M2M3V1V2V3¢V1V2V3) + 24( Ml¢M1M2M3)(8M2M3V1V2V3¢V1V2V3)

+12(8M1M2M3V1¢M1M2M3)( V2V3¢V1I/2V3) + 192(8M3V1V2V3¢M1M2M3)(8M1M2¢V1V2V3)
+144(8/»‘1V1 ¢H1ﬂ2#3)(8H2H3V2V3¢V1V2V3) _'_ 96(8/,11#21111121/3@5/.11#2#3)(8p3¢l/11/2113)
+36(8M1M2V1 ¢M1M2N3)(8M3V2V3¢V1V2V3) + 144(8M3V2V3¢N1M2M3)(0M1M2V1¢I/1V2V3)
+(8M1M2M3¢M1M2M3)(8V1V2V3¢V1V2V3) + 64(8V1V2V3¢M1U2M3)(0M1M2U3¢V1V2V3)] |O>17

6
+ ga
_ga%<03|<02|6Ya 0)125 = Tl [8(8u1u2V1V2Cu1u2)CV1V2

+32(8V1 C/»‘LU'Q)(&VZU'LU'Z CV1V2) —"_ 8(8“1 CH1H2)(8/J'2V1V2CV1V2)
+16(8V1V20M1M2)(auluzcl/l'/z) + 16(8M1V1CMlMZ)(aMZVZCVle)

+(au1M2CM1H2)(aV1VQCV1V2)] |0>1 (229)
Let us turn to the equation of motion with respect to (C4|. It contains parts
|C1) = 1W]6y) + 107 |Dy) = (2.30)
. . , 1
[—iCors + 10" Gy — 10y Do) 2'04& o) V04,



—ga?((Cal (| + (Cs]|(pa)e™ |0) 125 = (2.31)
: 6
iga

2 ! [4(81/11/20#1u2)(8u1u2 (b) - 8(81/1 Cmm)(awmuz ¢) + 40#1#2 (8u1u2l/11/2¢)
_'_4(8#1V1VQCH1H2)(8H2¢) - 8(8H1V10H1H2)(8H2V2¢) _'_ 4(8)“1 Cﬂ1“2)(8ﬂ21j1y2¢>
+(au1uzl/1u20u1uz)¢ - 2(((9#1”2,,10”1#2)(8,,2 Cb) + (amuz Cmuz)(auwz Cb)] O‘ij_agz_m)l'

Finally equations of motion with respect to (D;| are

0D, = 8C, (2.32)
so the equation of motion with respect to the field (D;] is not modified by nonlinear

terms.

2.4 Gauge fixing

Let us first recall how the light—cone gauge fixing procedure can be performed for
a triplet in the absence of interactions, i.e. when g = 0. To this end one can use
the parameter A, in ([219) to eliminate ¢y, Grijy Pipis Pimy Py Gy (6,5 =
1,...,D —2) components from the field ¢, ., After we have used the entire gauge
freedom we can turn to the equations of motion. The components of the equation
of motion (2.22]) which contain at least one index “+” imply that the field C,,,, is
zero. In the same way the components of the equation (2.23]) which contain at least
one index “+” implies that the field D, is zero, thus turning the equation (2.24)) into
an identity.
The rest of the components of the equation (2:23]) implies the transversality of
the fields ¢, uopus
o ¢M1M2u3 =0, (2’33)

the latter condition eliminating the components of the field ¢, ,,,, which contains
the index “-”. Finally, the equation (2.22]) gives the mass-shell condition for the
longitudinal components

Let us note that this gauge fixing procedure is valid for an arbitrary number of
space-time dimensions and for an arbitrary value of the spin of the triplet [31].

The modification of this procedure to the case of non-zero coupling constant is
straightforward. One can check that after imposing light cone gauge on the field
Gpurpaps the components of the nonlinear equation (222) which contain at least one
index “4” still imply that the field C),,,, vanishes. Therefore one ends up with the
nonlinear equations

1 ga$
_§D¢i1i2i3 + 3—|1 [16(ai1i2i3¢j1j2j3)(aj1j2j3¢) - 48(8i1i2¢j1j2j3)(aj1j2j3i3¢)
+48(8i1 ¢j1j2j3)(aj1j2j3i2i3¢) - 16¢j1j2j3 (aj1j2j3i1i2i3¢)] =0, (2'35)
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and 6
3%?1 (8i1i2i3¢j1j2j3)(8j1j2j3¢i1i2i3) = 0. (2’36)

The results of this section can be summarized as follows. For massless higher
spin fields one first constructs a free Lagrangian (the first term in (ZI0)) using a
nilpotent BRST charge (2.8)). Then using the linear gauge transformations (the first
term in (2.11])) and free equations of motion one can gauge away all auxiliary fields
present in the free Lagrangian. The next step is to construct a cubic Lagrangian and
to make a nonlinear deformation of the initial linear gauge transformations in such a
way that that the number of gauge parameters are preserved. Here we have obtained
all relevant equations explicitly for the system 3 — 3 — 0 and finally demonstrated
that after the total gauge fixing the number of propagating degrees of freedom, which
now obey nonlinear equations of motion, is preserved.

Although these results might have been anticipated for the case of massless fields
we believe that this explicit consideration is useful especially as a preparation for the
case of massive fields, where the situation is completely different.

—O¢+

3 3-3-0 Vertex: Massive Fields

In this Section we consider in detail the structure of the cubic interaction of and
equations of motion for two massive spin 3 triplets coupled to a massive scalar. As
in the case of massless higher spin fields we again have some free parameters in the
BRST invariant vertex. The goal is to consider the gauge fixing procedure at the
nonlinear (cubic) level and study whether the gauge invariance imposes such strong
restrictions on the parameters as in the massless case.

3.1 Fields and Parameters

The general line for the construction of the cubic Lagrangians for massive fields is
the same as that given in Section 1] with a few differences to be discussed below.

The cubic Lagrangian (2.I0) and gauge transformations (2.11)) have the same
form as for the massless fields. However, the nilpotent BRST charge Q¥ , which can
be obtained from the dimensional reduction from a g) + 1)-dimensional massless
theory, i.e. from the charge (2.8)), is given by [35]—]

QW = (15 +m2) + D (19 4m;0d)) + D (1% 4m; )y — OO i =1,2,3,
(3.1)
where m,; are the masses of the fields in the ¥ Hilbert space. An extra oscillator

(o), a@*] = 69, (3.2)

** Free higher spin bosonic Lagrangian theory can also be formulated on the base of BRST
construction without dimensional reduction both in flat and in AdS spaces [37].
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corresponds to the reduced dimension. Let us note that the mass parameter is not
necessarily a constant, rather it can be a function of the spin, thus describing a Regge
trajectory [36].

An off-shell cubic vertex for the massive higher spin fields with different masses
was given in [9] in terms of the BRST closed forms

LO = q, (a(z) (P — plit2)y c(l)(b(() +2) _ b(()H)) _ %ag) , (3.3

and
(@) (i+1)

QUi+ — gy [ a® . o@D 4 2D gy _ 9D p) (3.4)
2a,my 2a1miqy

_mihmi =M o 6y L ey _ Ly o
2mmiq bbb 2 2 ’

where a; and ay are arbitrary real constants. Similarly to the cubic vertex for massless
higher spin fields, since the expressions (3.3]) and (3.4)) are separately BRST invariant,
any function of these expressions is BRST invariant as well.

The higher spin functionals for the massive triplet can be deduced from the
dimensional reduction of the massless triplets. In particular, for the spin 3 triplet
we have

1,2)+
1912) = 51 0pasa (D)8 QLI D00 + £y u(P)a b 0D P40

+ b ()PS0 0 +ip(2)ah P ah P a G0

— iCmM (x)a(l 2)+O{(1 2)+ (1 2) (1’2)+‘O>1 )

21 151 2
. Cm( ) 1 2)+ g ,2)+ 1 ,2) b(l 2) +|0> C(:c)ozg 2”@%2”@51’2)19(1’2)*\0>1,2
+D,, (z)af}l’2)+0(1’2 T124)0) 5 + iD(x) P BT |0y (3.5)

and
|®3) = ¢(2)[0)s. (3.6)

Similarly, parameters of the gauge transformations take the form

l
Ar2) = A ()0l P ol D 0) 5 + A (2)af P ol T 0),
+id(z)aly P T aly P07 |0), , (3.7)

and
|A3) = 0. (3.8)

As we shall see below when discussing the gauge fixing procedure the fields
Py, Oy > @, are Stiickelberg fields, which are required for the gauge invariant de-
scription of massive fields, whereas the fields Cy,,,, C,, C, D,, and D are auxiliary
fields, similar to the ones that are present in the description of the massless triplet.
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In the case of the 3 — 3 — 0 vertex the full expression is given by

1

1
vy = ﬁ(L(l)Jr)?»(L(2)+)i’>+ﬁ(L() )(L(2 )Q(12
1
+2,L FLEHQUPT)? + (Q“2 Pl P ei?10)105,  (3.9)

where the operators L2+ and Q?* are hermitian conjugate to the operators (3.3)
and ([B.4]). We will refer to various parts of the vertex (3.9) as

1 1
‘/6: 3'3'([/(1) ) (L(2)+)3, ‘/5 = 2!2!(L() ) (L(2 ) Q(12 (310)
1 1
Vii= G LOTLEHQU), Vo= 5 (QUF), (3.11)

where the subscripts denote the maximal number of derivatives which will appear
in the corresponding Lagrangian. It is easiest when computing the expressions for
the Lagrangian and gauge transformations to consider the contributions from each
of these vertices separately.

Let us note that since we are considering the identical triplets in the first and
in the second Hilbert spaces, one has m; = ms. Further considerable simplification
occurs when the mass of the scalar field is equal to the mass of the triplet. Therefore
below we will consider the situation when m, = my = ms := m.

Another important point is that keeping in mind the subsequent application of
the Velo-Zwanziger procedure we shall consider only the V5 and V; parts (3.10) of the
vertex. The Vy and V3 parts (B.10) of the vertex give rise to terms with fewer then
two derivatives on the dynamical field and are therefore irrelevant for the causality
analysis.

3.2 Gauge Transformations

The gauge transformations to zeroth—order in g read
3o ®i) = QVIA), (3.12)
where Q' are as in (B3.1), which gives rise to [30]

Sold) = (1DF +mald )N,
S|C) = (1 +mP)IN), (3.13)
(50|D2> = (l(l +mozD)\)\>

Decomposing the equations (B13) in terms of the component fields ([3.3]), (3.06])
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and ([B.17) for fields from the first two Hilbert spaces

50¢H1u2#3 = a(ul )‘qus)7
00 My = = O Apa) + MAL; o
dobu, = O A +mA,,,

dop = mA,
60C pipe — ( ))\MINQ’
0oC I (D m ) B1s (314)

5oC = (O — m2)A,
80D, = Oy As s + MAs
oD = —0, A, + 2m,

whereas for the scalar in the third Hilbert space we have
0o = 0. (3.15)

The contributions to the gauge transformations at first order in g are given in
Appendix [Al

3.3 Equations of motion

The full Lagrangian is given by (ZI0), where we use the BRST charge ([B1]). The
zeroth—order contribution to the Lagrangian is

LOI

M-

I
—_

(Ol +m)n) — (0 (197 +mal)|Cs) — (G +maf))lo:)

(2

+wmn (€| +m%>w><DWme%m>
—(Di] (1) 4+ m®)| D] + (3] (15 + m2)| ). (3.16)

The contribution to the first order in g to the Lagrangian (2I0]), in the case

13



where the cubic interaction vertex is given by Vg + Vs, is

Ly=— 3,3,<¢1|<¢2|<¢3|( )3 (LE)?0)123
2

— TGl gl (L)L) 0)12s
——<¢1|<¢2|<¢3|(L&1 (LD 2QUD|0) 103

o (@1)(@2l{0al [T LO* = ol LI | (LOFLE*)?(0)ras

8m
—ga3{Cy[(Col (3| LT LET QLT (0) 125
394a1a2 (CL(Col (o] [ +L¢(x2)+ _ ongLS)*} L&1)+L&2)+‘0>123 (3.17)
ai1a ai1a
_gi 2(C (Dol {3 (LT LOT10) 105 + gi 2 (D1 [{Col (3] LI (LPF)210) 105
~+h.c.,

where LU is the part of (83) containing only oscillators, whilst @fwa is given in

(A.9).
Therefore the equations of motion read:
With respect to (¢1]

(157 +m?)|én) = (VF +mal ) |C1) + 20 (6ol (sl (L) (L)*]0) 1

313!
3<¢2|<¢3|<L8>+>2<L§>+>2©82>+\o>123
Qa
g > (6al{os] o LAY — o@D LOH] (L2 (LOH)?)0)195. (3.18)

With respect to (C]:

2

1C1) = (1Y + ma)61) — (D +maly) >|D1>+—<02|<¢>3|<L1>2<L£3>>2|o>123

3ga1a2
4m

(Col(pa|adF (LOF)2 LT |0) 195 +

(Col{pslaly) T LI+ (LD*)2]0)10

gai1a2
4

+9a3(Col (¢ LT LOTQUDF|0) 125 +

3gajas
4m

(Da (5] (L) LE*(0)123.
(3.19)

With respect to (D ]:

galaz

(16" +m?)| D1} = (N 4+ mafy))[Cr) + ==(Cal (¢ LT (LP)?[0)125. (3.20)

Let us first consider the equation of motion for ¢, ,,,, which gives
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(D - mz)(bmuw:a = a(ul CHQHS)

a
+& [8(8M1M2M3¢V1V2V3)(8V1V2V3¢) _I_ 12(8M1M2M3V1¢V1V2V3)(0V2V3¢)

+6(Dps papisvrvs Burvavs ) (Ous @) + (O papisvavavs Pravaws ) @
—24(Op11 s Purvos) Opsinvavs @) = 36(Ops oy Pwows ) (Opusavs @)
_18(8M1M2V1V2¢V1V2V3>( H3V3 ) ( u1u2u1u2ug¢u1ugug)( u3¢>
+24(01 Purvava) Oppisinvaws @) + 36(0pusn Gurvavs) (Opapuswars )
F18(Opu 1 Prvavs ) (Opopusvs @) + 3(Ousvrvovs Privavs ) (Ouopus @)

~80u10505 (Opus papisivaws ®) — 12(00 Purvaws ) Oy papisvaws @)
—6(0u10s Prrvavs ) O piapisvs @) = (Oinvavs invavs) (O oy @) (3.21)

3gatas
2 [4(8M1M2¢V1V2M3)(0V1V2¢) +4(0M1M2V1¢V1V2M3)( V2¢) ( M1M2V1V2¢V1V2M3)¢

_8( u1¢u1V2u3)(auzu1V2¢) - ( M1V1¢V1V2u3)( uzuz¢) ( u1V1V2¢V1V2u3)( uz¢)
+4¢V1V2/JS( H1H2V1V2¢) _'_4( V1¢V1V2H3)(8ﬂlﬂ21’2¢) (8V1V2¢V1V2N3)( H1H2¢)]

3gajay
- ! [4( 12 3 V1V2)( V1V2¢)+4(8M1M2u31/1 V1V2)( V2¢) ( M1u2M3V1V2hV1V2)¢

4dm
_12(8;“1#2}1'1’11/2)( ;U'SV1V2 ) ( Hlﬂ?l’thU/Z)( H3V2 ( H1p2V1V2 V1V2)( /»‘3¢)

) —
+12(au1hvwz)( H2U3V1V2 )+12( mmhvwz)( 23 V2 ) ( muwzhvwz)( u2u3¢)
_4hvwz (8u1u2u3mu2¢) (81/1 hu1uz)(au1uzu3uz¢) (81/11/2 hvwz)(@uuzug¢)] :

The equation of motion for h,,,,, is

(e mz)hmuz = =0, Cpi) + mClypy

ga‘llag
+ 4 [4(0M1M2hV1V2)( V1V2¢) +4( H1p2V1 Vle)( V2¢) ( M1M2V1V2hV1V2)¢

_8(au1hu1uz)(auszz¢) - (ammhuwz)( uzuz¢) ( Hiviva sz)( uz¢)
+4hV1V2 (8#1H2V1V2 ¢) _'_ 4(81/1 h'VlVQ)(aﬂl/J2V2 ¢) (81/11/2 h'VlVQ)( K12 ¢)]

4
gaia
ﬁ [8(8H1H2¢V1V2V3)(8V1V2V3¢> + 12(8M1H2V1¢V1V2V3)(8V2V3¢> (322)

+6(8W2V1V2¢y1y2y3)( Ors®) + (O pavavava Gurvavs )9
16(8)1, Gv1v203 ) (Opairvava ®) — 24(Opsn Prrvavs ) (Oawans @)
12(0ps1112 Purvavs) (Opovs @) = 2(Opsvsvavs Purvavs ) Oz @) + 8Buvovs (s pavrvaws )
12(00, Pv1v3vs) (O povavs @) + 6(0010s Purvovs ) (O piars @) + (Ovrvaws Porvovs ) (O )] -

The equation of motion for b, is

(O = m?)b,, = 0,,C +mC,,. (3.23)
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The equation of motion for ¢ is

(O —m?)¢ =mC. (3.24)

The equation of motion for C),, ,, is

C

muz = Oy Ppiapiapis — My — Oy D)

ga
2|1 [4(8M1M2CV1V2)( V1V2¢)+4( H1p2v1 V1V2)( V2¢) ( M1M2V1V2CV1V2)¢

(8 CV1V2)(au2V1V2¢) - (ammcvwz)( u2V2¢) ( H1V1V2 V1V2)( u2¢)
+4CV1V2 (8u1u2vw2¢) + 4(81/1 CV1V2)(8M1M2V2¢) (81/11/20!/11/2)( M1u2¢)]
+29a11a2 [Q(a,ul Cl/l#z)(alfl (b) + (aulvl Cl/lu2>¢ - 20’4#2 (a,ulvl ¢) - (81/1 CV1H2)(8/J1 (b)]
3 4
+ L2 12001102 Cn)(019) + Drrssin Con )9 = 40y Cor) Dy )
_2(8M1V1CV1)( u2¢) +2Cu1(8u1u21/1¢) (8,,10,,1)( u1u2¢)]

+gala2 [2(8M1M2 )( V1¢) ( H1p2v1 V1)¢_4( )

2 ( Havi )
~2(Ous1 Dy ) (020) + 2D, (Opy o @) + ((9u1Du1)( a2 ®)] - (3.25)
The equation of motion for C}, is
Cuy = —Oushyypo — 2mby, + 0, D +mD,,
1,
aja
+ 502 12001, C)(0016) + OunCun)9 = 2C0, (Oun®) = (9nCon) (D1 6)]
(3.26)
The equation of motion for C' is
C = 0,,b,, — 3me +mD. (3.27)

The equation of motion for D, is

O- mz)D = 0, Cpiypn +mCy

ga‘fag
- 4 [4(8“1 CV1V2>(8V1V2¢> + 4(8,&111/1 CV1V2)(8V2¢> ( H1v1V2 CV1V2)¢
_4CV1V2(8M1V1V2¢) _4(81/101111/2)( ,u11/2¢) ( viv2 V1V2)( M1¢)] (328)

The equation of motion for D is

(O-m*)D = —3,,C,, +2mC. (3.29)
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3.4 Gauge fixing

In analogy with the case of massless fields considered in Section 2.4] let us discuss
first the gauge fixing procedure in the absence of interactions [36].

As one can see from the equation (B.I4]) one can use the parameter A\ to gauge
away the field ¢, then one can use the parameter A\, to gauge away the field b, and
finally use the parameter A, ,, to gauge away the field A, ,,.

Further, the equation (3.24) imposes C' = 0, the equation ([3.23]) imposes C,, = 0,
and the equation (3.25)) imposes C},,, = 0.

We can then use ([3.27) to show D = 0 and (3.26) to show D, = 0. With this
choice, the equation of motion (3.:29)) for D is trivially satisfied.

Therefore one ends up with the field satisfying a mass-shell

(0 — m2)¢u1u2u3 =0, (3.30)

and transversality (2.33) conditions.

Now let us discus what happens in the presence of interactions, in particular
when we consider the cubic vertex which consists of parts Vg and Vi given in (8.10).
If one considers only Vg, then the procedure outlined above remains unmodified, and
after the gauge fixing one obtains only the physical field ¢, ,,,, which satisfies the
transversality (2.33]) condition and a nonlinear equation of motion (3:2I]) with the
parameter as set equal to zero. Therefore in this case the degrees of freedom are the
same as for the free field.

If one considers both Vg and Vj then the situation is the following. After the
gauge fixing, i.e. elimination of the Stiickelberg fields Ay, ,,, b, and ¢ via gauge
transformations, the equations of motion put the fields C\,, C, D,, and D to be equal
to zero. However the field C),,, which represents longitudinal (nonphysical) modes
of the field ¢, ., is no longer zero, but rather it satisfies the equation

0=mC

M2
4
gaas

+ 4m, [8(8ﬂlﬂ2¢1’11j21’3)(8V1V2V3¢) + 12(8H1#2V1 ¢V1V2V3)(8V2V3¢)

F6(Dur iav1v2 Prrvavs ) (Ous @) + (Ops pznvavs Privavs )@ — 16(0py Porvovs) (Opsvivovs @)
_24(8p1u1 ¢u1ugu3)(auzu2u3¢> o 12(8u1u1u2¢u1u2u3)(au2u3¢)
—2(Ousvrvavs Prrvavs ) (Ous @) + 8bu1vavs (O painvavs®) + 12(00, Guvss ) (Opis povaws @)
+6(0u10s ura05 ) (O piovs @) + (Ourvaws Pirvavs ) (O )]

(3.31)
which is the equation of motion with respect to the Stiickelberg field h,,, , .

Let us consider now the scalar as a background field. As one can see from
(B3T) one can consistently impose the transversality condition provided the following
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constraint on the background is satisfied

ata
0 = 941—7_'7/2 [8(aﬂlﬂ2¢ljll/2’/3)(8V1V2V3¢) - 16(aﬂl ¢V1V2V3)(8N2V1V2V3¢)

+8¢V1V2V3 <8p1u2y1y2y3¢>] N (332)

This constraint in turn means that one of the two conditions should be satisfied
e The triple and higher derivatives on the background field are zero.

e The mass parameter is large enough that one can ignore the term in the action
(210) which gives rise to the right-hand side of the equation (3.32)).

We shall see that after the Velo-Zwanziger like analysis of causality the first option
will be ruled out.

Let us summarize the results of this section. For the case of massive higher spin
fields one again starts from the gauge invariant free Lagrangian which unlike the one
for massless higher spin fields contains also Stiickelberg fields. The number of the
parameters of gauge transformations precisely equals the number of the Stiickelberg
fields. After completely using the gauge freedom to eliminate the Stiickelberg fields,
the other auxiliary degrees of freedom are eliminated and the transversality condi-
tion on the physical field is imposed due to the free equations of motion. When
performing the nonlinear (cubic) deformation of the system the number of gauge
transformation parameters is preserved which again allows one to gauge away all
Stiickelberg fields. However since the free equations of motion are modified, then,
unlike the case of massless fields, for the massive ones the transversality condition
can be modified as well. As a result, the gauge invariance is not enough to determine
the cubic vertex, and to preserve the true number of degrees of freedom compatible
with the transversality condition one needs to impose additional restrictions on the
free parameters of the interaction vertex.

4 Causality Analysis for 3-3-0 System

In this section we perform an analysis of causality for this system. In the case under
consideration we have a coupled system of equations of motion for spin 3 and spin
0 fields. The features of this system are the higher derivatives in the interaction
terms. It is clear that this system is incomplete, since one can expect an infinite
system of equations involving fields of all higher spins with an infinite number of
interaction vertices where the vertices can include an arbitrary number of derivatives.
Any truncation will be only approximate. Therefore, it is not completely clear how
causality analysis for the higher spin field theory can be carried out at all. In contrast
with String Theory, which can be treated as a higher spin field model, where causality
of the system of higher spin field equations of motion is stipulated by the underlying
fundamental causal string equations of motion, in the higher spin field theory such
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an underlying theory is unknown. Nevertheless we will try to develop the causality
analysis for our truncated theory in the framework of some simplified model.

Our setting is as follows. First, we consider the scalar as a background field
satisfying the free equations of motion

(1) —m?)|6s) + Olg) = 0, (4.1)

i.e. (O—m?)¢ = 0. This equation can be derived from the following consideration.
Let us consider the coupled system of equations for spin 3 and spin 0 fields. The
solution to the scalar field equation is the free field satisfying (d.1]) plus the terms
O(g). If we substitute such a solution into the equation for the spin 3 field we will
see that the terms O(g) in the solution for scalar field can be omitted.

Second, we take the some kind of low-energy approximation (i.e. the case of
small p,) where we can ignore the third derivative acting on a dynamical field in
comparison to the second one. Using the results from the previous section we obtain
the following equation for the field ¢, .,

6
a
(O = 1) pagias + 5 (240 ss Soninss) G )

_24(8,&1 ¢V1 vov3 ) (8M2H3V1 1% ¢) + 8¢V1 vav3 ( P12 43 V123 (b)]

3gaia
+ 5 (402 Ovsvns) (O01120) + 80y Ov1vis) Do )

4¢V1V2M3< M1M2V1V2¢)] 07 (4-2)

along with the transversality condition (Z33). As the first step we shall perform an
analysis of the causality without taking into account the condition on the background
(B32)). Then as the second step we consider the implications of the equation (3.32).

In order to perform the causality analysis in a manner analogous to [2I] we
consider the terms in (A2]) with two derivatives acting on the dynamical field. Let
us denote derivatives of the background field ¢ by

Gpl...pk = 8p1...pk ¢7

and define

Gpropp = Dpr -+ DpO(D). (4.3)
Note that we have removed the factors of 7 in relation to the usual Fourier transform
of Gp,..pp-
Hence, we are led to consider the object

|00, 01200 + 4908P PGy = 6900201, 01y G| Gy (44)

which we can think of as a N x N matrix, with N = (D;’r 2) , acting on the space
of totally-symmetric 3-tensors which we take to have the basis

TTRecall that in general the number of independent components of a rank-s totally symmetric
tensor in D dimensions is (D_SH'S).
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{do00, Povis Poiis Pois Piiis Piijs Piggs Pijn} »
fori=1,...,D—1landi<j<k.
For example, the “1-1” component of (£.4]) will be

—p* +4gaf(p°)* G — 6gatas(p”)*G”.

In order to carry out the causality analysis a la Velo-Zwanziger we need to cal-
culate the determinant of this matrix. Before we do so however, let us make some
assumptions. In particular, we take the coupling constant g to be small, i.e. we ignore
all terms of O(g?), which is reasonable given that we are working in a perturbative
framework.

Then the determinant of the matrix in (4.4]) can be written as

D(p) = det(—p’Iy + A) = (—p>)N ! [-(0?) + tr(A) + O(¢?)] , (4.5)

where A only contains terms proportional to the background field (and hence g), and
we have ignored higher-order contributions. In particular, we have

128 21% 4 ~V1vav vV vivav
Agulligig)) = gga? |:pﬂ1pH2Gu13 R o PRV T Crt o U U E 3}
—2gaja; [Pmpuz(5Z§ G + Dy Ppa 0y G + DpuoPps 0y éylyg] :
(4.6)
Finding the trace of this matrix then just amounts to calculating A&Ziﬁ;’ which is
tr(A) = 4galpu, pu, Gil®" — 2gatas(D + 2)pp, p, G (4.7)
= 291D P (2019% — (D + 2)az) G2

Hence, the determinant (4.5) is given by

D(p) = (p*)N ! [p2 + 2901y, s (2a7p” — (D + 2)ay) é“”‘?] : (4.8)

Assuming that the background scalar satisfies the zeroth—order equations of motion
(#1) and setting a condition on the parameters a; and as

2 5 9
DM (4.9)

o = —

then (@) reduces to D(p) = (p?)V, and so we have causal propagation. On the
other hand, if the equation (4.9) is not satisfied the causality is broken.

However after we performed the analysis of causality for the system we also have
to take into account the condition of preservation of degrees of freedom discussed in
the previous Section.
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The discussion goes as follows. First recall that if we take only the Vs part of the
vertex (B.10) then the number of degrees of freedom in the spin 3 triplet is unchanged
without imposing any extra condition on the background. However choosing a vertex
which contains only Vg implies that the constant as is zero. Therefore due to (4.9) the
other constant a; is zero as well and so one has no interaction. This is in contradiction
with our initial assumption that a; is non-zero. Therefore in this case the condition
of correct degrees of freedom for the higher spin field and the condition of the causal
propagation are not compatible with each other.

If one takes both the V5 and V5 parts in the vertex, then as we saw in the previous
section one also needs to take into account the condition (3.32). Then, as we have
seen, one has two options to solve it. If one requires that the triple and higher
derivatives on the background scalar vanish, then the equation (A7) implies that
aﬁ‘a2 = (0 which is in contradiction with the original assumption that both aq, as # 0.
Therefore as in the previous case we have no interaction or in other words the cubic
interaction allows no causal propagation for the massive fields with spin 3.

The second possibility for the preservation of degrees of freedom, i.e. the situation
when the right-hand side of the equation (B.32) vanishes due to the large mass
paramete in turn does not impose any further restriction on the parameters a;
and ay apart from the one (£9) which results from the causality analysis. Therefore
one obtains that in this particular case one has causal propagation of the massive
spin three field, coupled to a background scalar.

A conclusion which can be drawn from the gauge fixing procedure and from the
causality analysis for massive higher spin fields is that the gauge invariance and the
presence of correct number degrees of freedom in the system is not sufficient for
its consistency. Rather a separate check should be performed to ensure that the
propagation of a massive higher spin field is causal.

5 Causality Analysis for the s — s — 0 System

Let us consider the general spin s — s — 0 system on the base of the same simplified

model as in the previous section, where the spin 0 field is taken to be a background
field.
In this case the cubic vertex will be a sum of the form

D D e A R e R A R E O TNCE)
k=0 '

whilst the higher spin functionals for the massive triplet can again be obtained from
dimensional reduction of the massless spin-s triplet.

#More precisely one requires that the terms suppressed by the factor ﬁ in the action can be
ignored in comparison with the terms that give us the equations of motion (#2). This condition
also implies that the coupling constants and the derivatives of the background fields are of order of
one or smaller.
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The gauge fixing procedure for the s —s—0 system follows similarly as for the spin
3-3-0 system discussed in Section B.4] so we shall omit the full details here. Indeed,
one sees again that the number of physical degrees of freedom remains unchanged
when turning on the interactions provided we consider the limit of large mass m. In
particular, we are left only with ¢, ,, which satisfies a transversality condition

" by =0, (5.2)

and a nonlinear equation of motion which, in momentum space, contains the second-
derivative terms

B 2¢ +Z (—2&%)8—’%5 grakt 5V éul...us,k + ¢ (5 3)
P Pueens Kl(s — k)l (PrmPrelu o On) Py SV Orar 19
k=0

Here we have already taken into account the symmetrization over indices in the
Pu;Pu; and G, terms. For example, the relevant term for s = 4,k = 0 would look
like

29 - - -
=J 8 V1U2V3V4 V1UV2V3Vy V1VV3V4
ay [pulpm Gt D Pus Gy ™+ D P Gy

V1V2V3V4 V1V2V3V4

FDpoDps Gu1u4 + PusPua Gm ps T PusPua szzzwm} Purvavsvs- (5.4)

The causality analysis of Section [ should then be applied to the expression (5.3)),
i.e. we should compute the determinant of the corresponding (D+j_1) X (D+j_1)
matrix acting on the vector space of symmetric s-tensors. As before, ignoring terms
of O(g?), the requirement of causal propagation corresponds exactly to the case
where the trace of the first-order part of this matrix vanishes.

Indeed we find

s—2
B (—2a2)**ak (s —k\ (D+s5—1 e
tI'(A) = kZ:O W 9 L PriPpuo GZ;Z:Siz (55)
Using (4.3]) and the zeroth-order equation for the background scalar, we find that
the condition for the vanishing of tr(A) is equivalent to finding a solution (z,y) € R?
to the homogeneous equation

el ) (e (56)

where z := 2a3m? and y := as.

The idea then is that any real solution (z,y) € R? to (5.6]) corresponds to a choice
of ay, ag, which parametrize the cubic vertex (B.]), such that the propagation of the
spin s degrees of freedom is within the light-cone.

We note first that, if the only real solution to (5.6]) is (x,y) = (0,0), then the
theory can be causal only if it is free. Moreover, if (z,0) is a solution to (5.6) then

s

-2
k=0

22



we must have a; = 0 and likewise for a,. Hence, our aim is to determine whether
solutions of (5.0 exist with both z and y non-zero. Since this is the case, we can
divide through by 3°~2 and reduce the problem to finding real zeroes of the degree
s — 2 polynomial

s

pP(2) == k: ; _1 - (8 ; k) (D +ks —~ 1) k2 (5.7)

in z = —2a?m?a;".
In order to solve this problem, we first rewrite (5.7)) as
1 (Ds—1\2F 1
D 2 : - D+1

where L(x) are the generalized Laguerre polynomials [38]. The L (x) are orthog-
onal on z € [0, 00) with weight function w(z) = e *2™ [38] and so, from the theory
of orthogonal polynomials [39], have n real zeroes in the range [0, 00).

Hence, we see that for any integer spin s > 2 and in any spacetime dimension
D, the equation pP(z) = 0 will have s — 2 real solutions (all with 2 < 0). Each of
these zeroes (which can be found numerically if necessary) correspond to a particular
codimension 1 locus in (a1, as) parameter space along which the cubic vertex (5.1I) will
give rise to causal propagation for the massive spin s field coupled to a background
scalar.

6 Conclusions

The problem of consistency of an interacting theory which contains massive and
massless higher spin fields on a flat background is quite challenging. A necessary
condition for the consistency of such a theory is the presence of fields with all spins
up to infinity interacting among themselves. The structure of interaction vertices
is defined by the requirement of the gauge invariance, however this condition might
not be sufficient and extra consistency conditions, like nontriviality of the S-matrix
and locality, should be imposed [7], [17], [1§].

Unfortunately a corresponding Lagrangian theory which contains an infinite num-
ber of fields and an infinite number of interacting vertices is not known yet. There-
fore, it would be useful and instructive to try to analyse consistency of a truncated
theory with a finite number of fields and vertices. Of course, any such consideration
can be only approximate, however one can hope that understanding the structure of
the truncated theory can shed some light on properties of the general theory.

In the present paper we tried to study this problem. We have analyzed the theory
of massive spin 3 fields coupled to a massive scalar field using the triplet formulation
for higher spin fields [31], [36] which is convenient for our analysis. We addressed two
consistency tests: (i) if the gauge invariance can guarantee a propagation of the true
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number of physical degrees of freedom and (ii) can the gauge invariance guarantee
causal propagation? We found that the answers to both questions are in general
negative.

First, we have considered a system of two identical massive spin 3 and one spin
0 fields interacting via a cubic vertex. The model is constructed in the framework
of the BRST approach and is automatically gauge invariant. However, the gauge
invariance does not fix the cubic vertex uniquely, which still contains some free
constant parameters.

After using the gauge freedom and the equations of motion, and eliminating the
auxiliary fields (including the Stiickelberg ones) we found that the correct number
of physical degrees of freedom is not preserved by the interaction though the theory
under consideration was gauge invariant. To get the correct number of degrees of
freedom we imposed the additional restrictions on the free parameters in the vertex.
Only after that we obtained a gauge invariant model with the correct number of
propagating degrees of freedom.

Second, we have analyzed the causality aspects for this model. The only known
approach to a study of the causality in massive higher spin field theory is the Velo-
Zwanziger procedure. Unfortunately this procedure is not directly applicable to the
model since it requires the number of derivatives acting on a dynamical field to be
at most two, or in other words the Velo-Zwanziger procedure is applicable for low-
energy theories. Therefore to perform the causality analysis we have derived from the
original model a simplified low-energy one. Finally we compared the constraints on
the parameters of the theory obtained in the two independent procedures described
above.

Let us stress once again that interacting higher spin gauge theories require higher
derivatives in the vertices. In general, the number of these derivatives is infinite due
to the infinite number of the fields which are present in the interaction. Therefore
even a negative outcome of the Velo-Zwanziger like analysis, i.e. a possible incom-
patibility of causal propagation and interactions, would have been inconclusive for
the case of the “entire” theory. We find however that for a certain range of coupling
constants and a mass parameter, as well as under some conditions on a background
field, causal propagation for a spin s triplet in a scalar field background is possible.
This fact apart from some interesting implications for a low-energy theory might also
have some indication for consistency of the “entire” high-energy theory as well.

The main outcome of the analysis performed in the paper is that the gauge
invariance and the presence of correct degrees of freedom for the massive higher spin
fields propagating on a flat background are not enough requirements for an overall
consistency. Rather one has to perform some extra checks such as causality analysis
which can bring about extra conditions on parameters of the theory.

Acknowledgments. M.T. would like to thank Department of Physics, University

of Auckland, where a part of the work has been done, for the kind hospitality and
A .Kobakhidze for useful discussions. The work of I.L.B has been partially supported

24



by RFBR grant, project No. 12-02-00121-a; RFBR-DFG grant, project No. 13-
02-91330; RFBR~Ukraine grant, project No. 13-02-90430; grant for LRSS, project
No 224.2012.2 and by Ministry of Education and Science of Russian Federation,
project No 14.B37.21.0774. The work of P.D. has been supported by a STFC grant
ST/1505805/1. The work of M.T. has been supported in part by an Australian
Research Council grant DP120101340. M.T. would also like to thank a grant 31/89
of Rustaveli National Science Foundation.

A Gauge transformations. First order in g

We present here details of the contributions to the gauge transformations in Section
Bl from the terms of order g.
The Vg part of the vertex gives the following contributions

01|®;) = / e Vel [ (@ (Aol + (@il (M) Vo o el 10129

(A.1)
For the fields in the first Hilbert space, we have

Silpn) = == (ds[ (A2l (L) (LPT)?(0) 123,

3'2‘
where we have split L) = LY+ Lé’g into a part containing oscillators and a part

containing ghosts. For component fields we find explicitly

6

gaq
51¢M1M2M3 2 57 2| [ ( V1V2¢)( K12 143 V1V2) +4(8V ¢)(0M1M2M3V2)\V1V2)

+¢( N1N2U3V1V2)\V1V2) - 12(8M1V1V2¢)( NZUJ)\VlV) ]‘2( N1V1¢)( N2U3V2)\V1V2)
~3(00) (Opapiginvs Mrwa) + 1201102 0) (Fpg M) + 12(0p izin ) (Fpga M)

+3< H1N2¢>( H3V1V2 V1V2> 4( /»11!1'2/»131/11/2¢>)\V1V2 - ( ﬂlﬂ2ﬂ3”1¢)(81/1)\1/11/2)
(8N1N2N3¢)( viva V1V2)]

For the scalar field in the third Hilbert space we have

(A.2)

o1|¢s) Z—%<¢1|<>\2\(LS)+)3(L§) )? \0>123+ (Cl|<>\2\( )2 (LPF)?]0)123, (A.3)
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from which we find

6
ga
51¢ > _3—'1 [32(8V1V2¢u1u2u3)(8u1u2u3)\ull/z) + 32(0V1¢M1M2u3)(8M1MZM3V2)\V1V2)

+8¢U1M2N3( N1N2U3V1V2)\V1V2) + 48(8M1V1V2¢M1M2N3)(0M2U3 )\V1V2)
+48( ,U«lVl¢H1H2H3)(8H2H3V2>\V1V2) _'_ 12( Hl¢ﬂ1ﬂ2ﬂ3)(8ﬂ2ﬂ31’1y2)\1’11/2>
+24(8H1H2V1V2¢/J1ﬂ2#3)(8)“3 >\V1V2) _'_ 24(8/»11#21’1 ¢H1H2H3)(aﬂ3y2 )\V1V2)
+6(aﬂlﬂ2 ¢N1N2N3)(8N3V1V2 )\VIVZ) + 4(8N1N2N3V1V2¢M1N2N3))\V1V2
+4(8H1H2H3V1 ¢H1H2#3)(8V2)‘V1V2> + (8H1H2H3¢#1H2H3)(81/11/2)\1/1112)]

9
2'1 [16(81’11/20/»‘1“’2)(8;“1#2)\1/11’2) + 16(81/10/»‘1#2)(8“'1#21’2)\1’11/2)

+4C;U'1/J'2 (8}11}L2V1V2)\V11/2) _'_ 16(8/»1'11/1”20/»‘1/»‘2)(8;“2)\1/11’2) + 16(8;“1”1CﬂlﬂZ)(aﬂ2V2)\V1V2)
+4(04, Cris jin) (Opiarnvn Avrvs) + 401 o vs Cra o) Anvs + 4Oy o Cris pia) (O Ay
(012 Cpiaa ) (O Ay )] -
(A.4)
In a similar way we find that for Vs the linear gauge transformations of |C') and |D)
are unmodified.
The vertex Vi gives the following contribution to the gauge transformations

61/®:) = — / e el ™ | (@il (il + (@il (Aiia]) Vo o el 0)129
(A.5)

If we introduce for convenience the notation

12) _ A2 , %2 re _ % (2@ 5(12) _ AH12) , AH12)
Q QY + e ap’' L 2a1m2aD LY, @ Qo” + Q. , (A6)

then the transformations (A.H]) translate into

1 A 3
o) = gloalthal | GLUPLEQE + Lol (L

8m
L@+ 3@+
“amap (LaT) LT | [O)izs, (A7)
11C1) = £ (6al (l (L) (LE*)210) 2, (A8)

and
81]s) = —g{d1| (Mo (LOT)HLDT)2QUDT]0)125
+2g(Ci| (Ao LOTLOTQU2T10) 105 — g<D1|(>\2|L((11)+(L((12)+)2\0>123
3 3g
(1] el (LD PLD*]0) 12 + S (O (™ L (L]0 129

sl (ol ala (L P L0} 125 — L (Culolad (L)L 01,
(A.9)
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whereas the variation for |D;) is not modified. Equivalently one has

51¢u1,u2u3 ) 3.9@%@2[ ( V1¢)( H1p2 V1,u3> +¢( V1u1u2>‘1/1u3) - ( M1V1¢>( V1u3)
( M1¢)( H2v1 V1u3)+2(8u1M2V1¢) V13 ( u1u2¢)(81/1)‘V1u3)]

3
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=2 (911 9) Oz Avn) + 20010 @) Ay + (012 0) (9 Ay )]

3gaia
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4
gaia
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and

27
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+4(8M1V1V20u1))‘1/1u2 + 4(au1V1Cu1)(aV2)‘V1V2) + (8u10u1)(au1uz)‘uwz)]
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3gaia
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B Examples of the lower spin fields

B.1 2—-2-0 Vertex

We start with the massive spin two “triplets”

1

[@12) = Ehuluz(ﬂf)af}le albPT|0)y 2 + by, () 12)+a(5,2)+|0>1’2

+o(x)aly T al P T0) 2 — iCl, (2)allDt e Pp DT 0y

—C(x)a% A+ co1 2 p(1:2) F10)1.2 + D(2)cBP DT 0), . (B.1)

Here the fields b, and ¢ are Stiickelberg fields.
The cubic interaction vertices are given in terms of (3.3)—(3.4) as

1

Va= 212!

1
(L(l) ) (L(2)+)2, V}) _ L(1)+L(2)+Q(12)+, Vy = 5(@(12)—1—)2. (B2)
Provided one can consistently impose the transversality condition 0"'h,,, ,, = 0,
one can see from (5.5) that the requirement of causal propagation is equivalent to
the condition

o (—m?) =0, (B.3)

which is only satisfied for a; = 0, and hence the vertices V; and V3 vanish.

The equations of motion coming from the Lagrangian with the remaining vertex
V5 are as follows.

With respect to hy, .,

(D m2>hulu2 = a(ul C,uz) - gaghﬂlﬂ2¢
CL
+ 22 ((91,b12)6 = s (911 )

2

+% [(Dyi11i20)b = 2(0,10)(0,20) + 2Dy 0)] (B.4)

With respect to b,

2
ga
(R m2)bl/«1 = —0,”0 +mC,, + Q—!meCb

_gzi[ M1V1( V1¢) ( M1V1)¢]
gg; (CROEETICNG) (B.5)

I 1) 009) ~ 2o Ois) + P )6~ (i) 910
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With respect to ¢

2
ga
(O —m?)p=mC — f@

9% 190, (306) + (Bunbir )

4m 1%1 141 rvi1¥v
ga3
4m?

+ [4hV1V2 (8V1V2¢) _l_ 4(0V1hV1V2)(aV2¢) + (aVlVZhV1V2)¢] . (B6)

With respect to C),,

Cuy = O hyyps —mby, — 0, D. (B.7)
With respect to C'
903 903
C' = —-0,,b,, —2mp+mD + %Dé + %Cqb. (B.8)
And finally with respect to D
(O—m?)D = 8,,C,, +mC — ngb - Z—fcqs. (B.9)

At zeroth-order, the gauge transformations are given by

50hu1uz = a(ul)‘uz)>

doby, = —O0uA+mA,,

dop = mA, (B.10)
6C, = (O-=m*\,,

5C = (O—m?)),

50D = 0,“)\,“—#771)\.

As with the 3 — 3 — 0 case, we can use the gauge parameters A and ), to gauge
away the fields b, and ¢.

In order that the interacting system describes the correct number of degrees
of freedom for a massive spin 2 field, we must be able to consistently impose the
transversality constraint 0"h,, = 0 along with setting the auxiliary fields C,C,,,, D
to zero. It can be easily achieved by taking a constant background field ¢ = (¢).

The wave equation for the massive spin two field becomes
(O =My, = —ga3h, 0, (B.11)

from which it is obvious that one has just a redefinition of the constant mass param-
eter.
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B.2 1—-1-0 Vertex

Again we start with the massive spin-1 “triplets”

B12) = +A,, (2)allPTI0)12 +ip(z)al P F]0) 1,

—iC(2)c"PpEDH|0) . (B.12)

Here the field ¢ is a Stiickelberg field.
The cubic interaction vertices are given in terms of (3.3)—(3.4) as

Vo= LOTL@F  y, = QU2+, (B.13)

After imposing the transversality condition 0#A, = 0, neither of these vertices will
give rise to terms in the equation of motion for A, with two derivatives. Hence, the
requirement of causality adds no additional constraints on the parameters aq, as.
The equations of motion resulting from the Lagrangian with vertex V5 4+ V) are
as follows.
With respect to A,

(O -m*A, =0,C
+901 (200, A40,) (001 8) + (011 Aun )& — 240, (011 0) — (0 Av, ) (0 )]

gaz

—9a24,6 + 5 (0 9)d = 90 )] (B.14)
With respect to ¢
(O —m?)p = mC — gaspd — T2 [24,,(9,6) + (9 A6 (B.15)
And finally with respect to C
C=0,A, —mp— gaiCo. (B.16)
At zeroth-order, the gauge transformations are given by
oA, = Oy,
dop = mA, (B.17)

§5C = (O—m?)A

We can use the gauge parameter A\ to gauge away the field ¢. Further, in order
that the interacting system describes the correct number of degrees of freedom for
a massive spin one field, one must be able to consistently impose the transversality
constraint O*A, = 0 along with setting the field C' to zero. Again one can easily
check that this can be satisfied for a constant background scalar field ¢ = (¢). The
wave equation for the spin one field A, is

(D - m2)AM = _ga2AM1 <¢>a (B18)

and therefore one has a simple redefinition of mass parameter, as it was for the case
of the massive spin two field.
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