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1 Introduction and Summary

Hydrodynamics is an effective description of low energy fluctuations of a quantum system around
thermodynamic equilibrium. In this description, we assume the hydrodynamic system, known
as a fluid, to be at a finite temperature, and study its fluctuations at length scales much larger
than the mean free path of the system. In this limit and far away from any second order phase
transition point, a fluid can be described by a small number of degrees of freedom known as hy-
drodynamic modes: temperature, chemical potential(s) and normalized fluid velocity. Various
conserved currents of the system can then be written in terms of these hydrodynamic modes, ar-
ranged as a perturbative expansion in derivatives, known as fluid constitutive relations. At any
particular order in derivative expansion, constitutive relations contain all the possible indepen-
dent tensor structures allowed by symmetry at that order, multiplied with unknown coefficients

known as transport coefficients. If the underlying quantum theory has a continuous global sym-
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metry which is spontaneously broken in the ground state, then the low energy fluctuations can
contain massless Goldstone modes corresponding to the broken symmetry. Therefore for fluids
with a spontaneously broken symmetry, known as superfluids, hydrodynamic modes also contain
these Goldstone modes. This leads to a considerable modification of the constitutive relations,
adding new tensor structures containing the derivatives of the Goldstone modes and hence new
transport coefficients. In this paper, we work out the most generic constitutive relations of a

Galilean superfluid up to first order in the derivative expansion.

Superfluidity was first observed in liquid helium by [1, 2] in 1938, while studying its flow through
a thin capillary. They observed that liquid helium flows through the capillary without any dis-
sipation, hence inspiring the name “superfluid”. Other than this dissipationless flow, superfluids
have many more striking features, such as upon rotation they develop vortices (quasi-one-
dimensional strings whose number is proportional to the externally imposed angular momen-
tum). Furthermore, their specific heat shows a sudden change in behavior at a certain critical
temperature. Above the critical temperature system behaves like an ordinary fluid, though as
the temperature drops below the critical temperature, system undergoes a phase transition from

the ordinary fluid phase to the superfluid phase.

Study of superfluid dynamics has been a topic of interest for a long time. First theory of su-
perfluid dynamics was written down by London [? | in 1938, followed by a two-fluid model
of superfluids proposed by Landau and Tisza [3, 4] in 1940s. They studied ideal superfluids
in a non-relativistic setting, which was later generalized to describe a relativistic superfluid by
[5-10]. The subject was recently revisited by [11-13], who re-derived the relativistic super-
fluid constitutive relations using the second law of thermodynamics and equilibrium partition
functions. Among other interesting results, they found that up to first order in derivative ex-
pansion, a relativistic superfluid is characterized by pressure (at ideal order), 23 parity-even
and 7 parity-odd first order transport coefficients and 2 undetermined constants including the
anomaly constant (after imposing Onsager relations and CPT invariance these numbers drop
down to 16 parity-even and 6 parity odd transport coefficients and one anomaly constant). See

table (1) for a summary and §2 for more details.

In this paper, we perform a similar exercise for Galilean superfluids. We derive the constitutive
relations for a Galilean superfluid consistent with the second law of thermodynamics, up to first
order in derivative expansion, both in parity even and odd sectors. Study of Galilean superfluids
is important because it provides a laboratory to probe many-body physics in extreme quantum
regime with high-precision [14]. Relativistic effects are important in high-energy superfluids,
where mass of the constituents is small compared to their kinetic energy, e.g. quark superfluidity
in compact stars. In contrast, for low-energy systems such as liquid helium and ultra-cold atomic

gases, a Galilean framework is more ideal.

Recently in [15, 16], we established that one can derive the most generic constitutive relations
for an ordinary Galilean fluid starting from a relativistic system, namely a null fluid in one
higher dimension, followed by a null reduction' [18]. Loosely speaking, null fluid is a fluid
coupled to a background with fields: a metric g, a U(1) gauge field A,, and a covariantly

!Null reduction of an ordinary relativistic fluid gives us a constrained Galilean fluid as found in [17].
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constant null isometry V = {VM Ay} with VM A,, + Ay = constant. We call this background a
null background?. Theories on a null background, which we call null theories, are demanded to
be invariant under V preserving diffeomorphisms and gauge transformations. Upon performing
null reduction, i.e. choosing a basis {z™} = {x~,t,2'} such that V = {V = d_, Ay = 0}, these
restricted transformations reduce to the well known Galilean transformations on the background
spanned by coordinates {t,z%}. It suggests that null theories are entirely equivalent to Galilean
theories, and are related by merely this choice of basis. It follows that a fluid on null background
— null fluid is entirely equivalent to a Galilean fluid. Their constitutive relations, conservation
laws, thermodynamics etc. match exactly to all orders in derivative expansion. Due to presence
of an additional vector field V¥, constitutive relations of a null fluid are vastly different from
those of a relativistic fluid and contain many more transport coefficients. This accounts for
the additional transport coefficients in a Galilean fluid as compared to a relativistic fluid, while
at the same time establishing that the most generic Galilean fluid cannot be gained by null

reduction of an ordinary relativistic fluid.

In this paper, we take the construction of null fluids one step further to include null superfluids,
i.e. we construct a null fluid with a spontaneously broken U(1) symmetry. The corresponding
Goldstone mode is a new field in the theory and modifies the constitutive relations of an ordinary
null fluid. Once we have the constitutive relations for a null superfluid, corresponding Galilean
superfluid constitutive relations follow trivially via null reduction. We find that up to first order
in derivatives, a Galilean superfluid is described by pressure P (at ideal order), a total of 51
first order transport coefficients and two unknown constants including the anomaly constant.
Out of these 51 coefficients, 38 lie in parity-even sector while 13 are in parity-odd sector.
Furthermore, only 22 parity-even and 3 parity-odd coefficients are dissipative. Out of the non-
dissipative coefficients, 3 parity-even and 3 parity-odd coefficients describe equilibrium physics,
while the remaining 13 parity-even and 7 parity-odd coefficients describe non-dissipative effects
away from equilibrium. Finally, following the intuition from relativistic superfluids and known
Galilean results in [20], there are hints that the 7 parity-even non-dissipative non-hydrostatic
coefficients and 3 parity-odd dissipative coefficients are switched off using Onsager relations
(imposing microscopic reversibility of field theories). This would imply that the parity-odd
sector is purely non-dissipative. However, a detailed microscopic calculation is required to
establish confidence in these Galilean Onsager relations, which we do not perform in this paper.
In table (1), we have summarized the counting of transport coefficients for the most generic
Galilean superfluid, along with a comparison with relativistic superfluids reviewed in §2, and

known results for ordinary Galilean and relativistic fluids.

Another recent development in hydrodynamics is offshell formalism introduced by [21-23], which
streamlines the analysis of constitutive relations in accordance with the second law of thermody-
namics, up to arbitrarily high orders in derivative expansion. We have reviewed this formalism

in §2. In a nutshell, for ordinary fluids the formalism requires us to consider a version of the

2Here, definition of null backgrounds has been adapted to a torsionless spacetime. For backgrounds with

torsion, look at [19].
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Relativistic | Relativistic Galilean Galilean
Fluid Superfluid Fluid Superfluid
Hydrostatic 0+0 242 0+0 3+3
Non-hydrostatic non-diss. 0*+0 7 44 1*+0 13*+7
Dissipative 2 + 0 144 1* 5+ 0* 22 4+ 3*
Total 24+40=2 [23+7=30| 6+0=6 |38+13=51
Total (with Onsager) 24+40=2 |16+6=22| 5+0=5 |25+10=35

‘ Hydrostatic Constants ‘ 3+ ianomaly 1+ ianomaly 4+ ianomaly ‘ 1+ ianomaly ‘

Table 1: Counting of the independent first order transport coefficients consistent with the second law
of thermodynamics. The numbers with a “tilde” represent the parity-odd count (in 3 spatial dimensions)
while the “un-tilde” numbers are the parity-even count. The coefficients with an “asterisk” drop out on
imposing Onsager relations (microscopic time-reversal invariance). Finally, in the last row we have given
the number of undetermined constants including the anomaly constant. In both relativistic and Galilean
cases, we have gotten rid of a hydrostatic coefficient by redefinition of the U(1) phase ¢.

second law of thermodynamics which is valid for thermodynamically non-isolated fluids,
Vil + 2 (V1 = P, T ) + B (0 - ah) = a0 (1.1)

Since the fluid is not thermodynamically isolated, it is allowed to interact with its surrounding
and hence conservation laws are no longer satisfied. Therefore the original second law V,.J. ’Sf >0
has been modified with combinations of the conservation laws. We need to find the most generic
constitutive relations for T#”, J# allowed by symmetries (modulo terms related to each other
by conservation laws) which satisfy eqn. (1.1) for some entropy current J§ and A > 0. When
we move to superfluids, we have an additional field ¢ (the Goldstone mode) which comes with
its own equation of motion K = 0, the Josephson equation. Going offshell in ¢, conserva-
tion equations get modified by combinations of K, and the second law of thermodynamics for

thermodynamically non-isolated superfluids takes the form (see [24] for more details),
Vilh+ 2 (VI P, T k) + L (V= ah k) =Az0. (12)

Note that contrary to the philosophy of [21-23], though we have gone offshell in ¢ we have
not modified the second law with a multiple of K. Rather, we require the second law of
thermodynamics to be satisfied even for offshell configurations of . Next, we find the most
generic “superfluid constitutive relations” TH JH K allowed by symmetries (modulo terms
related to each other by conservation laws or the Josephson equation) which satisfy eqn. (1.2)
for some entropy current J§ and A > 0. In §3, we have extended this formalism to null
(super)fluids, and used it to work out the constitutive relations of a null/Galilean superfluid up

to first order in derivative expansion.

The paper is organized as follows: we start §2 with a review of offshell formalism for rela-
tivistic hydrodynamics. Readers well familiar with this formalism can skip to §2.2 where we
have reviewed offshell formalism for relativistic superfluids and used it to work out respective
constitutive relations up to first order in derivative expansion. Next in §3, we introduce off-

shell formalism for null superfluids and find respective constitutive relations up to first order in
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derivative expansion. The null superfluid results have been reduced to Galilean superfluids in
84. These are the main results of this paper. Finally, we conclude with some discussion in §5.
The paper contains two appendices: in appendix (A) we present equilibrium partition function
for null superfluids and in appendix (B) we give details of some computations glossed over in

the main text.

2 | Revisiting Relativistic Superfluids

Before starting with null superfluids, it is instructive to revisit the relativistic superfluids first.
It will help us appreciate the similarities between the two systems, while at the same time
allowing for an isolation of the differences. Needless to say, all the results in this section have
already been worked out in the literature [11-13], however our approach will be slightly different.
We will work in the “offshell formalism of hydrodynamics”, which was introduced for ordinary

(non-super) fluids in [21, 23], and later extended to superfluids in [24].

2.1 Offshell Formalism for Relativistic Ordinary Fluids

Let us begin with ordinary relativistic fluids. Consider a d-dimensional manifold My equipped
with the background fields: a metric g,,, and a U(1) gauge field A,,. Physical theories coupled to
M are required to be invariant under diffeomorphisms and U(1) gauge transformations. These

act on the said background fields as,
0w = £x9w = Viuxe + ViuXu, oAy = £A, + 0Ny =0, (A + X"AY) + X" Fup, (2.1)

for some diffeomorphism and U(1) gauge parameters X = {x*, A } respectively. In this work we
will only be interested in a particular class of these theories — fluids, which are are the universal
near equilibrium limit of quantum field theories. Near equilibrium, the spectrum of any quantum
field theory on My must contain an energy momentum tensor TH” and a charge current JH.
These quantities satisfy a set of conservation laws (here V,, is the covariant derivative associated
with g, Flu = 0,A, — 0, A, is the field strength associated with A, and T‘IfIJ‘,Jﬁ are Hall

currents carrying the anomalous contribution to the conservation equations),
VMTMV . Fl/pJp _ TIV-IL =0, VMJM _ Jﬁ =0, (22)

provided that the system is thermodynamically isolated. In fact, eqn. (2.2) can be taken as a
definition of thermodynamic isolation for near equilibrium quantum systems. The conservation
laws eqn. (2.2) can also be thought of as a ‘near equilibrium version’ of the first law of ther-
modynamics, which imposes the conservation of not just energy, but also momentum and U(1)
charge. Formally, we define an (ordinary) fluid as a near equilibrium system characterized by
the currents TH", J*  with dynamics given by the conservation laws eqn. (2.2) imposed as the
‘equations of motion’. Since eqn. (2.2) are (d + 1) equations in d dimensions, they can provide
dynamics for a fluid described by an arbitrary set of (d + 1) variables. We choose these to be

a normalized fluid velocity u* (with utu, = —1), a temperature T and a chemical potential
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i, collectively known as the hydrodynamic fields (modes). A fluid hence is completely char-

acterized by a gauge-invariant expression of T#", J* in terms of g,,, A,, u*, T, p, known as

)
the hydrodynamic constitutive relations. The near equilibrium assumption allows us to arrange
these constitutive relations as a perturbative expansion in derivatives (known as derivative or

gradiant expansion), consistently truncated at a finite order in derivatives.

Being a thermodynamic system, a fluid is also required to satisfy a version of the second law
of thermodynamics, stating that there must exist an entropy current Jg whose divergence is

positive semi-definite everywhere, i.e.,
V.JE=A>0, (2.3)

as long as the fluid is thermodynamically isolated (i.e. conservation laws eqn. (2.2) or equiv-
alently the first law(s) of thermodynamics are satisfied). The job of hydrodynamics now is to
find the most general constitutive relations 7", J* and an associated J%, A order by order
in derivative expansion, such that eqn. (2.3) is satisfied for thermodynamically isolated fluids.

This task has been extensively undertaken in the literature [25-30].

The problem stated in this language however, turns out to be increasingly hard to solve as we go
to 2nd or higher orders in derivative expansion [31]. Fortunately, it was realized in [21] that most
of the complication in the aforementioned computation comes from the fact that we need to
maintain the thermodynamic isolation (i.e. satisfy the conservation equations) perturbatively
at every order. A much easier problem to solve is to allow for the fluid to interact with its
surroundings, i.e. break the conservation laws eqn. (2.2) by introducing an arbitrary external

"
momentum P, . and a charge Q¢+ source,

VT — FJ, = TY = Pl V' = Jii = Qeat. (24)

The LHS of the second law in eqn. (2.3) will also need to be augmented with an arbitrary

. . lj/
combination of P._,,

Qext for the inequality to be satisfied,

V;ujg + /BuPeth + (AB + A;L,B'u) Qemt =A > 0,
= Vulb+ B, (VT = P20, = T ) + (s + 4,87) (Vi = J) =A >0, (25)
for some fields B = {8#", Ag}. This version of the second law is known as the offshell second law
of thermodynamics, because the conservation laws, which are imposed as equations of motion

on the fluid, are not required to be satisfied. Eqn. (2.5) can be recasted into a yet another useful

form by defining a free energy current G* as,

e G
— o = N = TG BT+ (Mg + ABY) T, - = Nii = B, T+ (Ag + A, 8%) I (2.6)

Having done that, eqn. (2.5) implies a free energy conservation,
1 vV
VuN" = Nij = ST" 0y g + "0 Ay + A, A>0, (2.7)
where similar to eqn. (2.1) we have defined,

5939#1/ = .fﬁgw, = Vﬂﬁy + V,/,Bﬂ, 53/1# = .fﬁAﬂ + a“Aﬁ = 8ﬂ (Ag + ,BVA,/) + 5”Fy,u- (2.8)
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Recall that the hydrodynamic fields u*, T, p introduced earlier were some arbitrary (d+1) fields
chosen to describe the fluid. Like in any field theory, they are permitted to admit an arbitrary
redefinition among themselves without changing the physics. This huge amount of freedom can

be fixed by explicitly choosing,

1 BH Ag+ A, B*
T=—ux0u, ut = ———, h=——— (2.9)
Vv _Iﬁyﬁl/ V _Iﬁyﬁl/ Vv _Iﬁyﬁl/
or conversely,
1 1
Bt = T“M’ Ag = Th = A, B". (2.10)

As a consequence of this choice, B = {8, Ag} is just a renaming of the hydrodynamic fields.
Finally, we can find the most general gauge-invariant expression of the currents T#”, JH in
terms of g, A,, B", Ag arranged in a derivative expansion, along with an associated N#, A
such that eqn. (2.7) is satisfied. There however is a caveat in this way of thinking: these T"",
JH are not just the constitutive relations of a fluid; they also contain information about the

external sources P” . Quzr. One way to circumvent this problem is to pick a set of terms which

ext?
might potentially appear in T*”, J* and can be eliminated using the conservation laws, and
only consider the solutions T#”, J* of eqn. (2.7) (for some N*, A) which do not involve these
terms or their derivatives. T#”, J* thus obtained are guaranteed to be the constitutive relations

of a fluid, as they will be free from any P’.,, Qe+ dependence.

Authors in [22, 23] illustrated a consistent mechanism to find the most generic constitutive
relations of a fluid up to arbitrarily high orders in derivative expansion, which satisfies eqn. (2.7).
They further classified these constitutive relations in eight exhaustive classes, which we will not
have scope to review here. Instead, in the following subsection we will review the offshell
analysis of relativistic superfluids which has been introduced in [24], and later adapt it to

Galilean superfluids.

2.2 Offshell Formalism for Relativistic Superfluids

Let us now review some essential aspects of the offshell formalism for a relativistic superfluid
following the work of [24], and use it to re-derive the respective constitutive relations up to
first order in derivative expansion [11-13]. As we have already mentioned in the introduction,
a superfluid is a phase of the fluid where the global U(1) symmetry of the microscopic theory
gets spontaneously broken in the ground state due to condensation of a charged scalar oper-
ator. The U(1) phase ¢ of the scalar operator becomes a new field in the theory, along with
ut, T, p on which the respective constitutive relations can depend. Under an infinitesimal

gauge transformation and diffeomorphism, ¢ transforms as dye = x*0,¢ — A, with covariant

derivative,

§u=Oup + Ay, (2.11)
commonly known as the superfluid velocity. Just like the dynamics of u*, T', p is given by the
conservation equations eqn. (2.2), ¢ comes with its own equation of motion 3,

K =0, (2.12)

3K = 0 should be thought of as a placeholder for the Josephson junction condition u*¢,, = u + O(9), which

provides dynamics for the U(1) phase ¢ in the conventional treatment of superfluids. At the moment however,
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We will be particularly interested in the ‘offshell’ configurations of the field ¢, which we define
as the superfluid configurations for which K # 0. As was suggested by [24], conservation laws

for these configurations modify to,
V. T = F"PJ, + T+ ¢'K,  V,J'=Jj— K, (2.13)

which trivially turn back to their original form in eqn. (2.2) when K = 0. The claim is that
even the w-offshell configurations of a superfluid satisfy the second law of thermodynamics, i.e.

there exists an entropy current J g whose divergence is positive semi-definite, i.e.,
VuJE=A>0, (2.14)

as long as the superfluid is thermodynamically isolated (i.e. eqn. (2.13) are satisfied), irrespective
of K being zero. Rest of the analysis follows exactly like ordinary fluids; on allowing the

superfluid to interact with its surroundings, the second law modifies to,
Vudb+8, (VuTH = F2.J, = T = €K ) +(Ag + A,87) (V" = I+ K ) = A > 0. (2.15)
In terms of free energy current however, we get,
V. Nt — N = %T“V(sggw + JHop A, + Kégp+ A, A>0, (2.16)

where,
1
dpp = 5“6;1%0 - Aﬁ = f (uugu - :u) . (2-17)

Similar to the ordinary fluid, we should now consider the most generic expressions for TH", JH,
K in terms of g, A,, ", Ag, ¢ arranged in a derivative expansion, along with an associated
N*#, A such that eqn. (2.16) is satisfied. However, these T*", J#, K will not be the constitutive
relations of a superfluid, as they will also have information about the surroundings. The true
constitutive relations will be gained by considering those solutions to eqn. (2.16) which do not
involve a chosen set of terms that can be eliminated using the conservation equations eqn. (2.13)

and the ¢ equation of motion eqn. (2.12).

We will now embark on the quest of finding these constitutive relations up to first order in the
derivative expansion. [24] provides a complete classification and construction of the superfluid
constitutive relations satisfying eqn. (2.16) up to arbitrarily high orders in derivative expansion.
In this work however, we are only concerned with the (Galilean) superfluids up to first derivative
order, which can be analyzed directly by brute force without involving the technicalities of
[24].

2.2.1 Josephson Equation

In the study of superfluids, the U(1) phase ¢ is generally taken to be order —1 in the derivative
expansion, while its covariant derivative §, is taken to be order 0. The reason being that the

true dynamical degrees of freedom are encoded in the fluctuations of ¢ along the U(1) circle,

we will allow for an arbitrary K treating it as yet another ‘current’ besides T#”, J* in the theory, and will later

establish that the second law of thermodynamics forces K to take the Josephson form.
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and not in ¢ itself. It implies that the Kdpy term in the free energy conservation eqn. (2.16)
is allowed to be order zero, if K has an order 0 term. This gives us the unique solution to

eqn. (2.16) at zero derivative order,
Ne T g =00%), K =—adgp+0(0), A=aldgp)’+0(0), (2.18)

for some “transport coefficient” a@ > 0. Note that the ¢ equation of motion at this order will
read K = —adpp + O(9) = 0, implying,
1
Opp = (W' —p) = 00) = u'&=p+0(0) (2.19)

This is the well known Josephson equation. This condition also ensures that A is at least O(9),
avoiding “ideal superfluid dissipation”. From this point onward, it would be beneficial to think

of g as an order 1 data in derivative expansion rather than 0.

2.3 Ideal Relativistic Superfluids

Let us now move on to the ideal superfluids, i.e. superfluid constitutive relations that satisfy the
free energy conservation eqn. (2.16) at first derivative order. At ideal order, the most generic

tensorial form of various quantities appearing in eqn. (2.16) can be written as,

TH = (B + Puu’ + P + RE'€ + Mu'e” +u’e") + O(9),
JH = Qut + Q" + 0(0),
K = —adsp + Kigea + O(0),
NH = Nuk + N&"* + 0(9),
A = (ab39)® + Aigear + O(8°), (2.20)

where E, P, Rs, A\, Q, Qs, Kigea;, N, Ns are functions of T', p and pus; = —§5M§ﬂ. We have
omitted the only other possible scalar dgp in the functional dependence, because using the ¢
equation of motion we know that it is no longer an independent quantity. Plugging eqn. (2.20)

in eqn. (2.16) we can find,

1, 1 » U
ot (s ) o (. ()

P 1
+ VM <<? _ N> u“) + Tuu (VME — TVMS — MVMQ + Rsvu:u's)

+ vu (53‘101%85# - NSSH) + (Kideal - vu(ngﬂ)) 5390 + Aialeal = O, (221)
where we have defined S through the “Euler equation”,
E+ P =5T+Qu. (2.22)

Eqn. (2.21) will imply a set of relations among various coefficients,

P
QS = —Rs, A= 0, N = ?, N, = 5B@R3a Kideal = v“(ng‘u), Aideal = 0, (2'23)
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and the “first law of thermodynamics”,
dE =TdS + pd@Q — Redps, (2.24)

giving physical meaning to the quantities we have introduced in eqn. (2.20). Finally, we have

the full set of superfluid constitutive relations up to ideal order satisfying the second law,
T = (E + P)ulu” 4+ Pgh" 4+ R&4¢Y + O(0),
JH = Qu* — Rs&* + O(09),
K = —adgp + V,(R:&M) + O(0),
NH = gu“ + dgpREM 4+ O(0),
Th = N (T, p*) = Sut 4 O(9)
A = 0(d%). (2.25)
These are the well known ideal superfluid constitutive relations. Note that we have included first
order terms in K, N* which can be ignored when talking about the ideal order, but are required
for internal consistency with eqn. (2.16). The ¢ equation of motion K = 0 will imply,
absp = Vu(RE) 1 O0) = w'G=pt V(R H0E),  (22)

which is a first order correction to the Josephson equation. Note however that this equation can
admit further one derivative corrections due to the first order constitutive relations discussed
in the next subsection; the correction mentioned here is only how the ideal superfluid transport
affects the Josephson equation. The conservation laws on the other hand are complete up to

the first order in derivatives,

\/1__953 (V=g(E + P)T?8,) + QTé3A, = —& 0850 + O(),
1

V=9

These equations provide a set of relations between dgp, dpg,,, and dA,, which can be used to

o3 (V—9QT) = adsp + O(9?). (2.27)

eliminate a vector u*dgg,, and a scalar u*dg A, (see table (2)) from the first order constitutive
relations. On the other hand, we choose to eliminate the scalar data V,(Rs{") using the ¢

equation of motion.

2.4 First Derivative Corrections to Relativistic Superfluids

Moving on to the one derivative superfluids, let us schematically represent various quantities
appearing in eqn. (2.16) up to the first order in derivatives as,
T = (B + Pyuu + Pg" + R&'€"] + T + 0(0?),
JH = [QuF — R&M| + T + 0(0%),

K = [—adpp + V4 (REM)] + K+ 0(0%),
P
NF = ?u“ + 030 RE!| + N* + 0(9%),
A = a(dpp)® + D, (2.28)
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Vanishing at Equilibrium — Onshell Independent

Sl %]5#’/539;” P“”Vuuu

So %(MCV(SBQ;W CM(VVHUV

S3 T¢HogA, CH(TV v +u'F,)
Sy Topp utg, — p
V1“ TPWCWBQW 2F~’WCPV(Vup)
v TPy A, P (TV v+ u°F,,)
o % Pl priosy po Pure pro (v(puo') _ ﬁ ppv Sl)
f/lu G,LWPUUVCpV’LJ
VQM G,LWPUUVCpV’Q’J
oMY G(MPUTU;}CUUTV)

Vanishing at Equilibrium — Onshell Dependent

S5 %u“u%ggw/ %u“VuT

Se Tu“(SBAu TUMVHV

Sy T¢HUY 63,9, ¢V (#V, T +u’Vou,)
Vit | TP*uligg,, P (EV,T +uV,u,)
‘73M G'LWPUUVCp‘/B,J

Surviving at Equilibrium
Se,l %CuauT
Se 2 T¢Ho,v
Se,3 Cuau/ls
Se.a \e
1 puv

v TP,

" TP,
5'@71 TetP?(,u,0pU0
Se2 ST Cuy Fpy
f/e’fl TP" e P Uy, Oy
i, TP,
V:?) TP“TGTVPU&,@puU
V2 s TPReP78, Fy

Table 2: Independent first order data for relativistic superfluids. We have not enlisted, neither would

we need, all the independent data surviving at equilibrium.
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where the corrections TH, JH, K, N*, D have exactly one derivative in every term. Plugging

these in the eqn. (2.16) we can get an equation among the corrections,
1
V, N* — Nfj = 57" 089 + T"08 Ay + Kdnp + D + 0(8%). (2.29)

We will now attempt to find all the solutions to this equation, hence recovering the superfluid

constitutive relations up to the first order in derivatives.

2.4.1 Parity Even

We can find the most general parity even solution of eqn. (2.29) in 2 steps (note that Nﬁ
is parity odd): (1) first we write down the most general allowed parity-even N'* and find a
set of constitutive relations pertaining to that, and (2) then find the most general parity-even

constitutive relations which satisfy eqn. (2.29) with N* = 0.

1. One can check that the most general form of N'* (whose divergence only contains product

of derivatives and has at least one dz per term) can be written as,

1 1
(- [nev] — [1ev] - [1ev] [1ev]
N 2frulté T2(9,,T + 2fultEro, <T> + 2fsul“e”0,Rs + V,, <7‘4u & > , (2.30)

where f’s are functions of T', v = p/T and s = —%C“Cﬂ with ¢#* = PH¢, (PH =
g" + uHu” is the projection operator away from the fluid velocity). Note that,

. 1 1 1 1

fis = =5CMG = =586 = 5 (€)= s = 5+ Tonp)”. (231)

Out of the four terms in eqn. (2.30), the last one has trivially zero divergence and hence
can be ignored. The third term on the other hand can be removed by elimination of
V. (Rs€") using the ¢ equation of motion. Computing the divergence of the remaining
terms in A* and comparing them to eqn. (2.29), we can directly read out the correspond-
ing superfluid constitutive relations (the symbol ‘>’ represents that they are not yet the

complete solutions of eqn. (2.29); we still have to add the terms with N* = 0),

2 2
vV v 1 g 14 14
T 5wt <§_; apiSei — Vo ThiC )) + (¢r¢” = 2w )ul”) > e
2 2 2
+ PN S — 260y fz‘Velg +2u¢) N fiSuyi,
i=1 i=1 i=1

2 2 2
1
T" 5 u (Z 0Q,iSe.i — ?wmg‘”)) — ") o iSei+ Y SiVE,
=1 i=1

=1
2 2
K> v,u <<M Z aRS,iSe,i - Z fz‘/:l> 3 (232)
=1 =1

where PH = gV 4 yfq” — CJICU ¢H¢¥, and we have defined,

dfz = a;ﬂ dT + Tonﬂ'dV + <aRs,i — 2ijs> dﬂs. (2.33)
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The actual computation is not neat and we have presented the details in appendix (B) for
the aid of the readers interested in reproducing our results. Note that these constitutive
relations are presented in terms of ‘data’ which are natural for this sector; readers can
modify these to their favorite basis and get results which might look considerably messier.
Moreover, these results are written in a particular ‘hydrodynamic frame’ chosen by aligning

ut, T, p along B, Ag, which again can be modified according to reader’s preference.

2. Let us now look at the parity-even solutions to eqn. (2.29) with N* = 0,
1

Every term in 7H¥, JH, K must either cancel or contribute to A which has to be a
quadratic form. It follows that the terms in 7+, J#, K must be proportional to d5g..,
08 A,, 0np. Recall however that we have chosen to eliminate u*dgg,,, utdpA, using the
equations of motion. For A to be a quadratic form, it therefore implies that 7+, J#
cannot have a term like #Hu?) | #ut respectively for some vector #* and scalar #. With
this input let us write down the most generic allowed form of the currents in terms of 20

new transport coefficients [Bi;laxa (With fas = o/T), [Kijlax2 and 7,
T > —T[{ﬁnppo + 512CPC0} P 4 {52115“" + 522CPC0} CHCY + Ak W PY(PgO)
o 1 N N
+ nPWP@”} 508950 =T [ﬂlgcpPW + Bas (¢ + 2n12c<“P”>p} o5 A,

=T [51415“” + 524(“(”] dpp,

4 4 2
= —PM" Y " B1iSi — (VY BuiSi — 20 K1V — ot (2.35)
=1 =1 =1

- - 1
NG —T[{ﬂzﬂp’” + ﬁszC”C"} ¢t + fozlp“(pCo)} 5089p0

=T [533@(“ + HQZPMp:| oA, =T [534(“} S5,

4 2
= —¢+ ZIBBiSi - Z ko V. (2.36)
i=1 i=1
i 3
K>-T [ﬁmppo + 542CPC0] 08gpe — T [ﬂ43§p} oAy = — Z B4iSi- (2.37)
i—1

Note that we did not include a term proportional to dgy in K, because such a term is
already present in K = —adgp + V,(Rs") + K + O(0?). Defining Su4 = /T, we can
read out the parity-even quadratic form Aleyen = @(d50)% + Dleven,

4 2
TA‘even = Z SZ/BZ]SJ + Z ‘/Z'Mﬁij‘/i,u + UUWU;M
i,j=1 i,j=1

4 2
=Y SiBupSi+ Y Vi Vi + 10 o (2.38)
ij=1 ij=1
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In the second step we have realized that only the symmetric parts of the matrices f;;
and x;; will survive in this expression, and will contribute towards dissipation. Thus
only 14 out of 21 transport coefficients (including «) are dissipative; the remaining 7 are

non-dissipative.

2.4.2 Parity Odd (4 Dimensions)

We can find the most general parity-odd solution of eqn. (2.29) in 3 steps: (1) first we consider
a particular set of solutions which takes care of the anomaly Nﬁ and proceed towards the non-
anomalous constitutive relations, (2) then we write down the most general allowed parity-odd
N*# and find a set of constitutive relations pertaining to that, and (2) finally find the most

general parity-odd constitutive relations with zero N'@.

1. In 4 dimensions at the first order in the derivatives T‘IfIJ‘ =0andJ ﬁ = C ) PO Foo,
which implies,
3 g
Nij = —vC P Fy Fp. (2.39)

A particular solution pertaining to eqn. (2.29) with this Njj is given as (see e.g. [23]),
TH 5 2120 @ <3 BY) + wa) ,
T* 3 uC™ (6B* + 3uwh)
K30,
NH S %2(](4) (3B* + puwh). (2.40)
Here we have defined the magnetic field and fluid vorticity as,

1
B¥ = §EMVPUUVF

pos wh = e"P7u,0pu,. (2.41)

2. One can check that the most general form of N* (whose divergence only contains product

of derivatives and has at least one dz per term) can be written as,
Nt =g <BM‘§6,1 + %“) + 92 (5“&,2 + 172“) + O T2, (2.42)

where ¢’s are functions of T', v, jis, and C] is a constant. From here we can directly read

out the corresponding constitutive relations,

2

2
1 ~
T 5 ufu” ZaEzSe i+ (C“C” — 2(uPE, ) ulrc” ) Z S C!LCUZ TgiSe,i
=1 i=1 =1 $
2 ~
_ QU(M Z gz‘/el:%—f—z _ u(M (2PVOZ _ ul/)ua> EaPUTvU (TgluTCp) + 4C1T3w(uuu)
=1

2 2 2
T" 20> aQiSei — " GR,iSei+ Y giVE + €7V, (TgaCpus),
= i=1 =

2 2
K>V, (C“ ZdRS,iSe,i - Zgﬂl‘ﬁ) , (2.43)
i=1 i—1
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where we have defined,

dg; = %dT + TdQ dv + (dRS i Lf) djis. (2'44)
T ’ T 2

The actual computation is not neat and we have presented the details in appendix (B) for

interested readers.

3. We should finally consider the parity-odd constitutive relations that satisfy eqn. (2.29)
with zero LHS. Following our discussion in the parity-even sector, the allowed form of the

constitutive relations can be written down in terms of 5 coefficients [&;;]ax2 and 7,
N 0 1 ~
TH 5 —Tu (s [4/%11C(“ey)m(ng) + e TR p ))\] 5539,)0 — TuCy [2&12C(“6”)Mp] oA,
2 ~
= 2" RV — e,
i=1
1
T > =Tur(. [2/?&216’”“(%0)} §5ngo— — TurCx [FLQQEMW} opAp,
2 ~
5= RV,
i=1
K>0. (2.45)

One can check that these constitutive relations trivially satisfy eqn. (2.29) with zero LHS
and the quadratic form Al,q3q = D|odq is given as,

2
TAloia = Gy | S Vipfisg Vi + 10,p0,7
=1
2
= E/JVTHUTCH Z ‘/Z?Mg;[l]}VLV = 26“VTRUTCHVLME:[12} ‘/’27V. (246)
=1

It follows that out of the 5 transport coefficients, only 1 contribute to dissipation and the

other 4 are non-dissipative.

2.4.3 Positivity Constraints

The dissipative transport coefficients are required to satisfy a set of inequalities to satisfy A =
a(53(p)2 + D’even + ID‘odd > O,

4 2 2
TA =" SiBupSi+ | > Vi'sapViu + DO VI Rij) Vi | +n0™ o (2.47)
=1 i,j=1 i=1

We want this expression to be a quadratic form, which it nearly is except the parity-odd term
in the brackets. However this term can be made into a quadratic form by noticing that the

square of a parity odd term is parity-even, due to the identity,

(77w o) (Ervagu(?) = PRC"Gy = =21, P, (248)
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We define,

Vllﬂ Vl'u 0 ai19 ‘71;1
<VW> = <V“ + 00 ) Iiéj = Kij + kij, k[z‘j] =0, (2.49)
2 2 2

such that,
Z Vi ki Vi Z Vi) Vi + ZV (i) Vi (2.50)
7.7 1 ,_] 1

Using the identity eqn. (2.48), the above equation can be easily solved to give,

a1y = M2 kii = ki1 =0, koo = 2/is [12] (2.51)
K11 K11
Consequently A will take the form,
TA = Z SiBij)S; + Z V/“/i'(” o ot ou. (2.52)

i,j=1 1,j=1

Given T' > 0, the condition A > 0 implies that 7 > 0 and the matrices [B(;;)]ax4, [/@’(ij)]gxg
have all non-negative eigenvalues. This gives 7 inequalities among 15 dissipative transport

coefficients, and 8 are completely arbitrary.

2.5 Summary

We have completed the analysis of a superfluid up to the first order in derivatives. Here we
summarize the results. We found that the entire superfluid transport up to the first order in
derivatives is characterized by an ideal order pressure P, 30 first order transport coeflicients
which are functions of T, /T, fis, and two constants C, cW. P, C; and C® along with 4

transport coefficients,
Parity Even (2): fi, fo Parity Odd (2): g1, 92, (2.53)

totally determine the hydrostatic transport (part of the constitutive relations that survive at
equilibrium). Non-hydrostatic non-dissipative transport (part that does not survive at equilib-

rium but doesn’t contribute to A > 0 either) is given by 11 transport coefficients,
Parity Even (7): [Blij)lax4 (antisymmetric), [x};;)]ax2 (antisymmetric),
Parity Odd (4): [F(ijylax2 (symmetric), 7. (2.54)
Finally the entire dissipative transport is given by 15 transport coefficients,
Parity Even (14): [Biijylaxa (symmetric), [k(;)]2x2 (symmetric), 7,
Parity Odd (1): [Flij)lax2 (antisymmetric). (2.55)

These dissipative transport coefficients follow a set of inequalities (x is defined in eqn. (2.49)),

[5(ij)]4><4, [’fl(ij)]2><2, n = 0, (2.56)
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where a ‘non-negative matrix’ implies all its eigenvalues are non-negative. Using P, f;, g; we
define some new functions,

dP = SdT + Qdp+ Rydps,  E+P = ST+ Qu,

aEz

dfi = dT' + Tagdv + (OéRs,i - %) dis, ap;+ fi = as; T+ agu,
S

aEz

dg;i = —~dT' + Tagdv + (dRs,i — %) djts, agi+gi = as;T + agip. (2.57)
S

In terms of these transport coefficients, corrections to the Josephson equation (K = 0) coming

from the first order superfluid transport are given as (here 44 = a/T),

3

_ py N Pai g
= 544v“ (B:8%) ;54452

+—v <C ZQRS,Sez"i‘CMZOéRS, e,i Zfz Zgz >+O 82) (258)

which can be seen as determining u#§, in terms of the other superfluid variables. Note that

ute, —

though this equation contains second order terms, it is only correct up to the first order in
derivatives, and will admit further corrections coming from higher order superfluid transport.
The energy-momentum tensor, charge current and entropy current up to first order in derivatives

are however given as,

T = (E + P)u"u’ + Pg + RyME” + TH + 0(9?),
JH = Quf — Ry + JH + 0(9?),
JE = Suk + St + 0(0%), (2.59)

where the higher derivative corrections are,
2 2
TH = uHu” [Z apiSei+ Z &E,igm — %V(,(Tflg“(’) + €7 Tu,V,, (Tglu(,g})]
=1 , 1= 1
+ 2ul¢”) [Z fiSuvi — (uPE,) (Z R, iSei + Z R, iSe ) a6V (Tgluag;)]
+CM< [ZOZRS, Sez+z (aRS, —AS> e, 2522 z]

2
! QU(“ [(Saua Z Zg’ e,2+i V) apm—v (Tgluagr) + 201T3 v)

=1

+C2 (3B + 2" ] - 201 [Z v+ Z miV) + Z RV,
2 4

> fiSei — Zﬁlisi] —not” —qet”, (2.60)

i=1 i=1

+ Pr
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2 2
~ 1
T =ut [Z 0QiSei+ D QiSei = = Vu(Tf2l") + eauﬂauavy(ngupg,)]

1=1 i=1

2 2 4
— ¢t [Z R, i Sei + Z an,iSei+ Y BsSi
: : i=1
2
+Zfz ‘|‘Zgz Zlﬁm Zfﬁmf/ﬂ
i=1

— P#;eavmvy(ngupgg) + 3Mc< ) (2B* 4 pwh) (2.61)

1
5 VPO (Vo (ngung)]

1
St =g Te‘“’p"u,,g“p&,T + g2 TP, 05 + 30, T?w

+uu § aSzSez + § aSz eq (Tflgg) (TfQC )
L avpe K apor
+ —€"P7uoV, (Tg1upls) — =€ uaVy, (T'g2u,(s)
T T
1 ! W
2o Q. apoT T . avpoyy (T i
+ TC ; 1 Mﬂi’nsz + 2ﬂs€ Cozvp( gluagr) ,as Cae \Y ( gQUpC )

2 2
~ Y7 15 v D v
Z Vi + B RV — P, (TgiuyGe) + S Pe™ 7V, (Tgau,Co).
i=1 =1
(2.62)

The scalar Sy = Tosp = ut&, — p appearing here can be eliminated in favor of V,(Rs£*) using
the Josephson equation. We will like to reiterate that these results are presented in a particular
hydrodynamic frame (gained by aligning w”, T, p along S*, Ag) and in a “natural” choice of
basis for the independent data. They can be transformed to any other preferred hydrodynamic

frame or basis by a straight forward substitution.

In deriving these constitutive relations, we have only used the second law of thermodynamics.
To compare these results with the existing literature [11-13], one might need to further filter
these results with requirements like microscopic reversibility (Onsager relations), time reversal
invariance and CPT invariance. For example, Onsager relations are known to turn off 7 parity-
even non-dissipative coefficients [3];)]ax4, [K[ij)]2x2 and the only parity-odd dissipative coefficient
[F[ij1]2x2 [11]. To avoid confusion, also note that there is a coefficient f3 appearing in eqn. (2.30)
which we removed by using the ¢ equation of motion (or equivalently, by redefining ). This

coefficient has been included in the counting of independent transport coefficients in [12].

3 | Null Superfluids

In [16] we proposed “null fluids” as a new viewpoint of Galilean fluids. In this section, we will
further extend this formalism to include Galilean superfluids. The main benefit of working
with “null (super)fluids” is that it is a “relativistic embedding” of Galilean (super)fluids into

one higher dimension and enables us to directly use the existing relativistic machinery to read
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out the respective Galilean results. In this sense, our in-depth review of relativistic superfluids
in the previous section will be vital for our discussion of null/Galilean superfluids. To make
the transition from relativistic — null — Galilean superfluids manifest, we will step by step
imitate our relativistic discussion of the previous section with appropriate accommodations for
null superfluids. Later in §4, we will translate our null superfluid results to the better known

Newton-Cartan and conventional non-covariant notations.

3.1 Null Backgrounds and Null Superfluids

Let us quickly recap null backgrounds [15, 16], which are a natural ‘embedding’ of Galilean
(Newton-Cartan) backgrounds into a relativistic spacetime of one higher dimension. Consider
a (d + 1)-dimensional manifold Mgy equipped with a metric gy and a U(1) gauge field
A,;. Infinitesimal diffeomorphisms and gauge transformation with parameters X = {x*,A,}

respectively, act on these background fields as,
0xgun = VuXn + VX, O0x Ay = aJVI(AX + XNAN) + XNFNM- (3-1)

The characteristic feature of a null background is the existence of a compatible null isometry
V = {V™, Ay} which satisfies: VMV, =0, V,,V¥ =0, VMA,, + Ay = —1 % and,

5\791be - V]\/]VN + VNV]M — 07 5VAIVI — ({“)M(Av + VNAN) + VNFN]M — VNFN]M — 0 (32)

Since we will be interested in studying superfluids on this background, we introduce a preferred
U(1) phase ¢ which transforms under diffeomorphisms and infinitesimal gauge transformations

as Oy = xMO0wuy — Ay. The covariant derivative of ¢ is known as the superfluid velocity,
§u = 0o+ Anr (3.3)

We require ¢ to respect the null isometry V, i.e. dyp = VM0,,0 — Ay = VME,, — 1 =0, which
implies V¥¢,, = —1. The remainder of the story is exactly same as the relativistic case: any
theory coupled to a null background has an energy-momentum tensor 7™* and a charge current

JM in its spectrum. The respective conservation laws are given as,
VTN = FNRJ, + TR + MK, VuJY =J§ - K, (3.4)

where,

K =0, (3.5)

is the ¢ equation of motion. Since eqns. (3.4) and (3.5) are (d + 3) equations in (d + 1)
dimensions, they can provide dynamics for a superfluid described by an arbitrary set of (d + 2)
variables in addition to the phase . We choose these to be a normalized null fluid velocity
uM (with MV, = —1, uMuy = 0), a temperature T, a mass chemical potential u,, and a

chemical potential u, known as the hydrodynamic fields. A null superfluid hence is completely

4This condition can be thought of as fixing a component of the (d 4 1)-dimensional gauge field A, leaving it
with only d independent components mapping bijectively to the d-dimensional Galilean gauge field. As opposed
to the null backgrounds defined in [16] where we set VM Ay + Ay = 0, for superfluids we realize that it is more
suitable to fix VA, + Ay = —1 instead.
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characterized by gauge-invariant expressions of TV JM K in terms of gy n, Ay, u™, T, fin,
wand &,,, known as the null superfluid constitutive relations. The near equilibrium assumption
allows us to arrange these constitutive relations as a perturbative expansion in derivatives

(known as the derivative or gradiant expansion).

Same as the relativistic case, null superfluid is also required to satisfy a version of the second
law of thermodynamics. It states that there must exist an entropy current J§" whose divergence

is positive semi-definite everywhere, i.e.,
VuJg >0, (3.6)

as long as the superfluid is thermodynamically isolated (i.e. conservation laws eqn. (3.4) are
satisfied), irrespective of K being zero. The job of null superfluid dynamics now is to find
the most general constitutive relations T, J™ K and an associated J&, A order by order
in derivative expansion, such that eqn. (3.6) is satisfied for thermodynamically isolated fluids.
Owing to our previous experiences with the second law however, we switch to the offshell

formalism in the next subsection for simplicity.

3.2 Offshell Formalism for Null (Super)fluids

We couple the fluid to an external momentum P2/, and charge Q..+ source, so that the conser-
vation laws are no longer satisfied. Having done that, the second law eqn. (3.6) will be modified

with an arbitrary combination of the conservation laws to get,

VMJéw + /BN <VMTMN _ FNRJR . Tﬁj‘ _ g]MK)
+ (Ag + Ay M) <VMJM k4 K) —A>0, (3.7)
where B = {f",Ag} are some arbitrary fields. Recall that the hydrodynamic fields u", T,
ln, & were some arbitrary (d + 2) fields chosen to describe the fluid. Like in any field theory,

they are permitted to admit an arbitrary redefinition among themselves without changing the

physics. This huge amount of freedom can be fixed by explicitly choosing,

PR L iR U /Y VS N LA
VB T 2(ViBM)2 Vg Ty VBt
or conversely,
1
51% — T (UM _ MnV}M)7 Aﬁ — % _ AM’LL]M. (39)
We define a free energy current,
G]M GZ\J
- = NY = SYM 4+ TN B+ (Ag+ Y Ay) JY, _TH = Ni; = Bu TH 4 (Mg + BM Ay Ji,
(3.10)
which turns the offshell second law in eqn. (3.7) to a free energy conservation equation,
1
VuNY —Ni = iTMN(SBgMN + JYop Ay + Kdgp + A, A>0. (3.11)

Now similar to our analysis of relativistic superfluids, we will try to find the most generic T,

JY, K in terms of gy, Au, B, Ag, ¢ which solves this equation for some N, A. Again
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however, these expressions will be shy of being the null superfluid constitutive relations because
of their dependence on the external sources P, Qezt. To fix this, we will only consider the
expressions for T*Y, JM K which are independent of certain data that can be eliminated using
the conservation laws. For the most part, the following analysis along with the wordings would
be exactly same as has been used in the previous section for relativistic superfluids, except for

certain modifications to accommodate the compatible null isometry.

3.2.1 Josephson Equation for Null (Galilean) Superfluids

In the study of superfluids, the U(1) phase ¢ is generally taken to be order —1 in the derivative
expansion, while its covariant derivative &,, is taken to be order 0. The reason being that the
true dynamical degrees of freedom are encoded in the fluctuations of ¢ along the U(1) circle,
and not in ¢ itself. It implies that the Kdgp term in the free energy conservation eqn. (3.11)
is allowed to be order zero, if K has an order 0 term. This gives us the unique solution to

eqn. (3.11) at zero derivative order,
NM TMN M — 0%), K = —adgp+0(9), A=aldzp)?+0(0), (3.12)

for some “transport coefficient” a@ > 0. Note that the ¢ equation of motion at this order will
read K = —adgp + O(9) = 0, implying,

1
dpp = T (UM£M + p — p) = 0(0) =  uMy=p—pn+ 0(9). (3.13)

This is the Josephson equation for null superfluids. This condition also ensures that A is at least
O(0), avoiding “ideal superfluid dissipation”. From this point onward, it would be beneficial to

think of dzp as an order 1 data in derivative expansion rather than 0.

3.3 Ideal Null Superfluids

Let us now move on to the ideal null superfluids, i.e. null superfluid constitutive relations that
satisfy the free energy conservation eqn. (3.11) at first derivative order. At ideal order, the most

generic tensorial form of various quantities appearing in eqn. (3.11) can be written as,

TN = RyuMu™ + 2Bu™ VY 4 PPMYN 4 REMEN + 206NV 4 220Mu 4+ R VYVY 1 0(9),
JM = Qu" + Q&M + Q. VY + 0(9),
K = —adpp + Kigea + O(0),
NY = Nu + No&M 4 N,VM 4 0(9),
A = (ad3)® + Aidear + O(87), (3.14)

where R,,, FE, P, Rs, A1, A2, Q, Qs, Kigeas, N, Ny are functions of T, u, u, and pus = —%§M§M.
We have omitted the only other possible scalar dzp in the functional dependence, because
using the ¢ equation of motion we know that it is no longer an independent quantity. The

coefficients R,,, Q),, N, do not contain any physical information, because their contribution to
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the conservation laws trivially vanish owing to V being an isometry. Plugging eqn. (3.14) in

eqn. (3.11) we can find,

1 A
(Qs + Rs)gM <VMV + TUNFN]M> + T_12£MVMT + >\2£N (VNVn + UMVMUN)

Vu <<§ — N) uN> + %u“ (VWE =TV S — inVuRy — pVuQ + RV i)
+ Vi ((0spRs — Ng) ") + (Kigear — Var(RsE™)) 080 + ANjgear = 0, (3.15)

where we have defined S through the “Euler equation”,
E+P=S8T+Qu+ Rypiy. (3.16)

Eqn. (3.15) will imply a set of relations among various coefficients,

P
Qs - _R87 )\1 = )\2 = 07 N = ?7 NS = 53()01%87 Kideal = VM(RSSM)7 Aideatl - 07
(3.17)
and the “first law of thermodynamics”,
dE =TdS + pdQ + ppdR, — R.dus, (3.18)

giving physical meaning to the quantities we have introduced in eqn. (3.14). Finally, we have the

full set of null superfluid constitutive relations up to ideal order satisfying the second law,

TN = Ryuu® + 2BuMVN) 4 PPMN 4 REMeN 4 RVMVYN 4+ 0(9),
JY = Qu" — R &M 4+ Q, VM + O(9),
K = —adgpp + Vi (R£EM) + 0(0),
NM = guM + 63pREM + N,V 4+ 0(9),
1

JY = NY = (TN uy — i TV + ™) = Su + S,V + 0(9). (3.19)

Here S, = N, + % (Ry — unE — pQy), which again doesn’t contain any physical information.
These are the ideal null superfluid constitutive relations. Note that we have included first order
terms in K, N which can be ignored when talking about the ideal order, but are required for

internal consistency with eqn. (3.11). The ¢ equation of motion K = 0 will imply,

T
adgp =V (RE)+00) = uM&u=p—pn+ EVM(R&{M) + 0(0), (3.20)

which is a first order correction to the Josephson equation. Note however that this equation can
admit further one derivative corrections due to the first order constitutive relations discussed in
the next subsection; the correction mentioned here is only how the ideal null superfluid transport
affects the Josephson equation. The conservation laws on the other hand are complete up to

the first order in derivatives,

1
V=9

1

\/__953 (V=9QT) = adgp + O(9?). (3.21)
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These equations provide a set of relations between dzp, dggyn and dgA,,, which can be used
to eliminate a vector u™dpg,y and a scalar u™dg A, (see table (3)) from the first order null
constitutive relations. On the other hand, we choose to eliminate the scalar data V,,(Rs{M)

using the ¢ equation of motion.

3.4 First Derivative Corrections to Null Superfluids

Moving on to the one derivative null superfluids, let us schematically represent various quantities

appearing in eqn. (3.11) up to the first order in derivatives as,

TMN _ [R uMayy _|_2Eu(MVN) _|_PPMN + R, £M£N +R, V]MvN] _|_7—MN —1—0(82)

[ RS§M+vikI] +jM+O(82),
K =[—adpp+ Viu(R£")] + K+ 0(6%),
[E;UM—F(SBSDR £NI+N VM +NM+O(82),
A = a(dsp)? + D, (3.22)

where the corrections 7MY, 7™ K, N D have exactly one derivative in every term. Plugging

these in the eqn. (3.11) we can get an equation among the corrections,

1
VN —Nijj = 5TMN(ngMN + TMé Ay + Kdgp + D + O(0?). (3.23)

We will now attempt to find all the solutions to this equation, hence recovering the null superfluid

constitutive relations up to the first order in derivatives.

3.4.1 Parity Even

We can find the most general parity even solution of eqn. (3.23) in 2 steps (note that Nﬁ
is parity odd): (1) first we write down the most general allowed parity-even N'™ and find a
set of constitutive relations pertaining to that, and (2) then find the most general parity-even

constitutive relations which satisfy eqn. (3.23) with N = 0.

1. One can check that the most general form of N (whose divergence only contains product
of derivatives and has at least one dg per term) can be written as (see appendix (A) for

more details),
NM = 2ful¢N] aNT+2f2u[M< oy + 2 f5ul Moy,
42NN R, + Y <f5u[MC ) (3.24)

where f’s are functions of T', v = p/T, vy, = py,/T and fis = —%CMCM with (M = PMN¢, =
M _ M 4 (uNEYVM (PMN = gMN 4 94, (MY/N) ig the projection operator away from the
3 g proj P y

®Null and Newton-Cartan geometries behave more naturally in presence of a minimal temporal torsion Hyy =
20 V) (cref. TTNC geometries []). In presence of Hyn, the data Sz = ¢ (%8MT + uNHNM) vanishes at

equilibrium while Se;1 = (" 0xT survives. However when Hyn =0, S2 = Se 1.
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Vanishing at Equilibrium — Onshell Independent

S LPYMN§p g0 PYMNY uy
Sa, Se,l b TVMCNopgnn %CMVMT
S3 %(NI{N(;BQMN CMCNV puy
Sy T¢Mog Ay M (TV sy + u¥ Fyur)
Ss Togp uMEny + i —
Vi, Veﬁ TPMRVN(SBQRN %pMNVNT
VM TPMECNSggny 2PMECNY (puy)
% TPMNogAn PYNA(TV v+ u®Fry)
Y| BRI PN 0gga | PPN (Vg — 252))
VlM MNRST ViurCsVar
VQM MRSt VyurCsVar
‘73M EMNRSTVNURgsV?;,T
GMN 6(1\/I|RSTPVRUS<TO.PN)

Vanishing at Equilibrium — Onshell Dependent

S TuVYésgun %UMVMT

S7 TUM(SBAM TU,MVMI/

S %UMUN6BQMN TuMV vy

So TuMgN(SBQMN (M (TVMVn + quNuJVI)
|7 Tlf’MRuN53gRN pPMN (TV yvp + uV guy)
‘741VI ¢MNRST VNURCsVzl,T

Surviving at Equilibrium

Se2 T¢MO, v
56,3 TgMaM Un

o TPV

o TP,
Se,l TfMNRST(M VyugrOstr
~e,2 %TEMNRSTgM VyugrFsr
2“{ T PMeKNESTY 410ty
~61:§ %Tfﬂ\}/](EKNRST VNURFST
7 TPYNRSTE Doy
~617Vf1 %TZS%EKNRST&VURFST

Table 3:

need, all the independent data surviving at equilibrium.

Independent first order data for null superfluids. We have not enlisted, neither would we
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null fluid velocity). Note that,

1

. 1
Hs = _§CMCM = _§£M£M + gMuM = s + éMuM = s — Un + 1+ T(SBSD- (3-25)

Out of the five terms in eqn. (3.24), the last one has trivially zero divergence and hence can
be ignored. The forth term on the other hand can be removed by elimination of V ,(Rs&™)
using the ¢ equation of motion. Computing the divergence of the remaining terms in
NM and comparing them to eqn. (3.23), we can directly read out the corresponding
null superfluid constitutive relations (the symbol ‘>’ represents that they are not yet the
complete solutions of eqn. (3.23); we still have to add the terms with N = 0),

3 3
1 1
TMN 5 My N (;1 QR,.iSei — ?VR(TfB.CR)) + 2y (M N) <;1 piSei — va(TflCR)>

3
4 <CJVICN + QC(MUN) _ 2C(MVN)(UR§R)) ZQRMS@Z‘

i=1

3 3 3
— 26N AV PN ST S0+ 200V ST S5,
i=1 =1 =1

3 3 3
1
TM > uM (Z QQ.iSei — TVR(TJCQCR)> — ("> R, iSei+ Y fiVY,
i=1 i=1

i=1
3 3
K> VM (C]M ZaRs,iSe,i - Z flvve]fzf> ) (326)
i=1 i=1

where PMN = ghv 4 2¢(MY/N) CRlCR ¢M¢Y, and we have defined,

df; = %dT + Tag, v, + Tagdv + (aRs,z‘ - 2i> dfis. (3.27)
fbs

The actual computation is not neat and we have presented the details in appendix (B) for
the aid of the readers interested in reproducing our results. Note that these constitutive
relations are presented in terms of ‘data’ which are natural for this sector; readers can
modify these to their favorite basis and get results which might look considerably messier.
Moreover, these results are written in a particular ‘hydrodynamic frame’ chosen by aligning

u™, T, u, py, along ™, Ag, which again can be modified according to reader’s preference.

. Let us now look at the parity-even solutions to eqn. (3.23) with N =0,

1

Every term in 7MY 7 IC must either cancel or contribute to A which has to be a
quadratic form. It follows that the terms in 7"V, J™ K must be proportional to dg g,
0 Ay, dpp. Recall however that we have chosen to eliminate u™dggyn, u™dg A, using
the equations of motion. For A to be a quadratic form, it therefore implies that TV,
JM cannot have a term like #MyN) | #u™M respectively for some vector #M and scalar #.

With this input let us write down the most generic allowed form of the currents in terms
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of 34 new transport coefficients [3;;]5x5 (With 55 = a/T), [kij]3x3 and 7,

TV 5> =T [ {ﬁnPRS + 2812 V) 4 513CRCS} PYN 4 {ﬁmPRS +2822¢ PV 4 523CRCS} ¢y ™)
o { Bt P+ 280C V) - (e MY
+4 {511V(R + %12C(R} POMYN) g {521V(R + H22C(R} pOGIEN) 4 7715M<RPS>N} %525933

-T [514CRPMN + 2804 CRCMYN) - By CRCMCY + 2k PROTYY) - 2H2315R(MCN)] OpAr,

-T [51515MN + 2B05¢ MV 4 ﬁ35CMCN] OB

5 5 5 3
= —pM¥ Z B1:S; — 2¢TV ™) Z B2iSi — MY Z B3iS; — 2V (1 Z HuViN)
=1 =1

i=1 i=1

3
— ¢ Z fizz‘ViN) —not'™, (3.29)
i—1

- ~ 1
JY > -T [ {54113“ + 2B40C RV 4 ﬁ43CRCS} ¢M+2 {ff:nV(R + H32C(R} PS)M] 553935

_ T|:544CMCN + /133P1MN1| 5fBAR _ T|:,845C]M:| 53()0’

5 3
=—¢" Z BaisSi — Z K3 Vi, (3.30)
i=1 i=1

4
K>-T {551151{5 + 2852 RV 553CRCS} O0pgrs — T [554CM} OpAy = — Z B5iS;. (3.31)
i1

Note that we did not include a term proportional to dgy in K, because such a term is
already present in K = —adgyp + Vi (REM) + K + O(0?). Plugging these back into
eqn. (3.28) and defining (55 = «/T we can read out the parity-even quadratic form
Aleven = @(039)? + Dleven,

5 3
TA|even = Z Siﬁijsj + Z ‘/i]MK/ij‘/j,JVI + UO'MNUMN,

ij=1 ij=1
5 3
= Z Siﬁfj)Sj + Z Vf%g?VLM +noMN oy (3.32)
ij=1 ij=1

In the second step we have realized that only the symmetric parts of the matrices f;;
and x;; will survive in this expression, and will contribute towards dissipation. Thus
only 22 out of 35 transport coefficients (including «) are dissipative; the remaining 13 are

non-dissipative.

3.4.2 Parity-Odd (5 Dimensions)

We can find the most general parity-odd solution of eqn. (3.23) in 3 steps: (1) first we consider
a particular set of solutions which takes care of the anomaly Nﬁ and proceed towards the non-

anomalous constitutive relations, (2) then we write down the most general allowed parity-odd
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NM and find a set of constitutive relations pertaining to that, and (2) finally find the most

general parity-odd constitutive relations with zero N/,

1. In 4 dimensions at the first order in the derivatives Tj{ L =0and Ji& = — %C (D MNRSTy B Fop
[16, 19], which implies,

3
Ni = —ZC(@%eMNRSTuMFNRFSR. (3.33)

A particular solution pertaining to eqn. (3.23) with this Nj; is given as (see [16]),

2
TN 5 60@W 2y g 5 60@ BT K30, NM 3 30(4)%BM. (3.34)

Here we have defined the magnetic field and fluid vorticity as,

1
B]M — §€AINRSTVN’LLRFST, WJVI — GAINRSUVN’LLRasuT. (335)
2. One can check that the most general form of N (whose divergence only contains product
of derivatives and has at least one dg per term) can be written as (see appendix (A) for

more details),
N = gy (BY 801+ V3") + 92 (8802 + 3") + gsTi + 1T, (3.36)

where ¢’s are functions of T, v, fis, and C is a constant®. From here we can directly read

out the corresponding constitutive relations,

TMNBUMUNZO[Rm SeZ—FQVM N ZaEZ e,i
i=1

—_

DO

=
»

=1 i=
(M Z g z+2 _ 2u(M Zglv + 201T2V(M N)

+ QU(MPNLePKRSTVK (Tg1Viusér) + 2V PV i (5T RS ViugGy)

2
T 5 uM Y " agiSe; — M Z iR, iSei + Z GVt + PN (TgaViusée)
=1

K>V <g ZaRs, e Zg,v”’>, (3.37)

where we have defined,

dgi

1 .
= G dT + Tagdv + T, v, + (d i — i) djis. (3.38)
S

The actual computation is not neat and we have presented the details in appendix (B) for

interested readers.

Tt might be noted that since Vpw™ = 0, C; a priory can be an arbitrary function rather than a constant.
However, if we do the same computation in presence of torsion and later turn it off, which allows for 0}, V) # 0,
we will be forced to set C1 to be a constant (see appendix (A) of [16]). Another way to see that C should be a

constant is using the equilibrium partition function discussed in appendix (A).
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3. We should finally consider the parity-odd constitutive relations that satisfy eqn. (3.23)
with zero LHS. Following our discussion in the parity-even sector, the allowed form of the

constitutive relations can be written down in terms of 10 coefficients [;;]3x3 and 7,
TMN 5 —TVyug(, |:4v(AI€N)TKL(R {F{HVS) + RIQCS)} + 4<(AI€N)TKL(R {F{les) + I%22<s)}

~ ~ 1
+ ﬁPP(JMEN)TKL(RPS)P] _5BQRS — TVpur(y |:2I%13‘/(1VI€N)TKLR + 2R23C(M€N)TKLR] 55 Ag,

3 3
= oy Z N _gc(m Zm VN M
1
JH > —~TVrugCr [QGMTKL(R {"%31 VS) + ’%32CS)} ] 55391?,5 —TVrur(y [’%33EMTKLR] 5BARa
3 ~
== Ryl
=1
K >0. (3.39)

One can check that these constitutive relations trivially satisfy eqn. (3.23) with zero LHS
and the quadratic form Al,qq = D|odq is given as,

3
TAlodd 3 — MY b ugCr Z VinRigVin + Nompoy |
'7j=1
= —MNESTY g Z ViaiFi Vi . (3.40)
i,5=1

It follows that out of the 10 transport coefficients, only 3 contribute to dissipation and

the other 7 are non-dissipative.

3.4.3 Positivity Constraints

The dissipative transport coefficients are required to satisfy a set of inequalities to satisfy A =
04(593%0)2 + D|even + D|odd > O,

5 3 3
TA =" SiBupSi+ | D Vi'eay)Via + > Vi Viae | + 10" oun. (3.41)
ij=1 ij=1 ij=1

We want this expression to be a quadratic form, which it nearly is except the parity-odd terms
in the brackets. However this term can be made into a quadratic form by noticing that the

square of a parity odd term is parity-even, due to the identity,

(MNESTY usCr) (enrxcropV  uCC?) = ﬁﬁ’(CMCM = —2,[]3]51\}’(, (3.42)
We define,
V/M VIM 0 a2 413 VIIM
V/M — V2M +10 0 ag V2/M , Héj = Kij + kij7 km] =0, (343)

V/M VgM 0 0 0 ‘73/1%
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such that,
3 3 3 -
D2 VI H{ipViae = 20 Vi riy Vias + D2 ViR Vi (3.44)
ij=1 ij=1 ij=1

Using the identity eqn. (3.42), the above equation can be easily solved to give,

0 Rng) Fvu(H22F€[13]*5(12)1%[23])*71[12](H(12)5(13)+CMCMR[12]/%[13])
R11 K11 (K11K22— Fu(lg) Mk 12]>
[a@'j] =lo o K11R[23]— H(12)H[13]+H(13)H[12] , (3.45)
K11K22 =K 9y —CM CMH[IQ]
0 O 0
0 0 0
o (Rpg)? M RuzjRpg
] = 0 ¢ CM K11 e K11
h , . (3.46)
)2 Riog) — Ri131+K(13) R )
0 M M () + (k11723 —F12) Rpas +1s) Bz
¢ C HH M Cur ( K11 11 RH@QiR?m),CMCM;Q%Q])
Consequently A will take the form,
TA Z S /8 ,U)S + Z V/]\J ,@] V M + 770 O’]\JN- (347)

1,j=1 1,j=1

Given T' > 0, the condition A > 0 implies that 7 > 0 and the matrices [3;;)]5x5, [Hl(ij)]gxg
have all non-negative eigenvalues. This gives 9 inequalities among 25 dissipative transport

coefficients, and 16 are completely arbitrary.

3.5 Summary

We have completed the analysis of a null superfluid up to the first order in derivatives. Here we
summarize the results. We found that the entire null superfluid transport up to the first order
in derivatives is characterized by an ideal order pressure P, 51 first order transport coefficients
which are functions of T', u/T, p,/T, [is, and two constants Cq, c®W. P, C; and C¥ along

with 6 transport coeflicients,
Parity Even (3): fis foo f3 Parity Odd (3): g1, 92, 93, (3.48)

totally determine the hydrostatic transport (part of the constitutive relations that survive at
equilibrium). Non-hydrostatic non-dissipative transport (part that does not survive at equilib-

rium but doesn’t contribute to A > 0 either) is given by 20 transport coefficients,
Parity Even (13): [Blij)lsxs (antisymmetric), [r};;)]3x3 (antisymmetric),

Parity Odd (7): [F(ijylsxs (symmetric), 7. (3.49)

Finally the entire dissipative transport is given by 25 transport coefficients,
Parity Even (22): [Biijylsxs (symmetric), [k(;)]3x3 (symmetric), n,

Parity Odd (3): [Flij)]3x3 (antisymmetric). (3.50)
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These dissipative transport coefficients follow a set of inequalities (x;; is defined in eqn. (3.43)),

[B(ij) 555 ["”v/(ij)]:sx:s, n = 0, (3.51)

where a ‘non-negative matrix’ implies all its eigenvalues are non-negative. Using P, f;, g; we

define some new functions,

dP = SdAT + Qdu + Rypdpn + Redps,  E+P = ST + Qu + Rppin,

fi X
df; = T idvn+Tag dv+ <04Rs,i - ﬁ dits, api+fi=asT+agip+aRr, itn,
S
Oé i N - - - ~
dg; = f’ZdT—FTOéRn idvp+Taqdv+ (aRs, 2[; > dits, apitgi = asiT+aQil+aR, itn.
S

(3.52)
In terms of these transport coefficients, corrections to the Josephson equation (K = 0) coming

from the first order null superfluid transport are given as (here 855 = /T,
~ Bsi g
ungjv] +,un _ M v]w R é-IVI Z i
o . B

<C ZaRS,SHH ZaRS, esi ZfZVM Z!J@VM>+0 ), (3.53)

which can be seen as determining u"¢,, in terms of the other null superfluid variables. Note
that though this equation contains second order terms, it is only correct up to the first order in
derivatives, and will admit further corrections coming from higher order null superfluid trans-
port. The energy-momentum tensor, charge current and entropy current up to first order in

derivatives are however given as,

TMN _ R, uMuN +2EU(MVN) +PPAIN+R §JM§N+7'MN+O(82)
M= QuM — R&M 4+ TV + 0(8?)
JM — GuM 4 SM 4 0(82), (3.54)
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where the higher derivative corrections are,
3 2 ~ 1
TYY = uMu® [21 QR,,idi + Zl AR, iSei — va(TfsCR)]
3 2 _ 1
+ 2V (MyN) [Z; ap,iSei + Z; apiSei — TVR(TflgR)
3 2 ~
+ QC(MUN) [Z aRS,iSe,i + Z dRS,iSe,i]
=1 i
3 5
ZfiSS-i-i (u"€r) <ZQRS, Sez-i-ZOéRs ez) - Z/BZiSi]
j i=1
2 g 5
S oS Y s — 33

—|—2u(M[_Zfi o ZgzvNMP €ISTY 4 (Tgy Viusér)

+2¢My ™)

+ CJVICN

+ oy

3 3
W) Y YT Y Z Vi + 3095
i—1 i—1 i—1
Z fiSei — Z ,Blisi]

1=1 i=1

+ PN})DEPKRSTVK (Tg3VRuS<T) + ClTQWN) + pMN

- — [EMN, (3.55)

3
_QC(JVI[Z o +Zn21V —i—zlfzz

3 2
U 1
TN =ut [Z aQ,iSe,i + Z aQ,iSq,i — va(TfZCR) + PV (Tg2Viusén)

i=1 i=1

3 2 5
- CM [Z OéRs,l'Se,i + Z dRs,iSe,i + Z B4i5;
' i=1 i=1

3 3
+ Z FV+ Z gV = ks ViM = > RaiVM +6CWuBY, (3.56)
=1

i=1

3 2
U 1 n
" [Z 0538+ G5iSei = 75 ValT ) + EEVR(T fo0™) + 25V (T fo¢")
=1 =1

5 3 3 ~ ~
ey Z KB — B2 S+ Z HK3i — K1 VM Z UE3; — F1i el
, T ; T A T
i=1 i=1 i=1
+ T g1V TV upCsOrvp + T goe N 5T Viup(sOpr + 201 Tw™
1
_ P]\JKEKNRST [%VN (TglvRung) + %VN (Tg2VRuS£T) - TVN (Tg3VRuS£T):| . (357)

The scalar S5 = Togp = u™&, + uy, — p appearing here can be eliminated in favor of V,,(Rs&™)
using the Josephson equation. We will like to reiterate that these results are presented in
a particular hydrodynamic frame (gained by aligning u™, T, u,, p along p*, Ag) and in a
“natural” choice of basis for the independent data. They can be transformed to any other

preferred hydrodynamic frame or basis by a straight forward substitution.
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4 | Null Reduction to Galilean Superfluids

We now reduce our null superfluid results to Galilean superfluids. The results are presented in
the covariant Newton-Cartan notation and the conventional non-covariant notation (for super-

fluids coupled to flat space-time). For more details on the reduction, please refer [16].

4.1 Newton-Cartan Notation

We start with a quick review of null reduction of null backgrounds to Newton-Cartan back-
grounds; for details see [16]. For an excellent review of Newton-Cartan geometries, please refer
the appendix of [32].

Background and Hydrodynamic Fields: On our null background M4y1), we choose a
basis {z"} = {x7, 2"} such that the null isometry V = {V = 0_, Ay = 0}. The fact that V
is an isometry implies that all the fields in the theory are independent of the z~ coordinate.
To perform the reduction, we require an arbitrary null field v» normalized as v™v,, = 0,
vM™V,, = —1, which can be interpreted as providing a “Galilean frame of reference”. In the case
of a null (super)fluid, the null fluid velocity v = u™ defines a special Galilean frame which
we refer to as the “fluid frame of reference”. In an arbitrary Galilean frame, we decompose the

fields V™, o™, gy n, Ay in the chosen basis as,

(v)

1 *B 0 —MNy -1

VM — < ) . oM = <v lu“ ) . Gun = ( " U)> , Ay = ( > . (4.1)
0 v —ny Ty +2n0,B,) Ay

along with,

0 -1 MN husz(/v)Bf()v) — QU“B;(LU) thB[()U) — Y
e e T v ) , ] @
_nu BH/ h;j, By _ ’UH’ hu

such that,

nyuot =1, vFhy, =0, n,hH =0, huph®™ +mnyo” =46, (4.3)

The collection of fields {n,,, v, A", hy,, B l(f)} defines a Newton-Cartan structure. The condition
Vu VY = 0 implies that the “time-metric” n = n,dz* is a closed one-form, i.e. dn = 0; this is
known to be true for torsionless Newton-Cartan structures. Note that after choosing the said
basis, the residual diffeomorphisms are z# — a# 4+ x*(z¥) and 2= — £~ + x~ («*). The former
of these are just the Newton-Cartan diffeomorphisms, while the latter are known as “mass gauge

transformations”. Only fields that transform under these mass gauge transformations are,
(5X—B!(LU) — — foj 5X7AM = — fo_ (44)

B,(f) is therefore known as the mass gauge field. On the other hand mass gauge transformation
of A, can be absorbed into its U(1) gauge transformation. We define the volume element on a

Newton-Cartan background as,

eMVP? =y, eMHVPT = T HVPT (4.5)
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Note that the volume element is independent of the Galilean frame employed to define it. The

Levi-Civita connection I'E, ... decomposes in this basis as
MN 9

1 . "
I = v 0ny) + §h)\p (Ouhpy + Ohpy — Ophyw) — QJ(LnU)h A
- A (v)
r ur h)\(uvu)v - V(MB,/) ) (46)

and all the remaining components zero. Here we have identified F’\W as the (torsionless) Newton-
Cartan connection and denoted the respective covariant derivative by V,. We have also defined

the (dual) frame vorticity and electromagnetic field strength as,

ij’) =25

v

o Vv = 0,BY) —9,BY),  Fu = 0,4, —0,A,. (4.7)
The covariant derivative ¥V acts on the Newton-Cartan structure appropriately,

Vun, =0, V,h*? =0, Vihyp = =2n,hp)6 V07 (4.8)

Note that v™ was an arbitrary field chosen to perform the reduction, and one is allowed to
arbitrarily redefine it without changing the physics. This leads to the invariance of the system

under “Milne transformations” of the Newton-Cartan structure,
1
v ot By = by — 200,00, + num P, BY — BY 44y, — St Uy, (4.9)

where ¢#n, = 0, 1, = hyY”. The fields n,, ¥, I'*,, and e*P? are Milne invariant. We can

now decompose the fluid velocity u™ and the associated projector PM¥ as,

"B -1 0 0 YPB,B " B
u™ = it , Uy = , Pun= s PYY = P voe P Y '(4'10)
ut By, 0 puw "' By pH
The fields {n,, u", p"”, pu, B, } define the Newton-Cartan structure in the fluid frame of refer-
ence, satisfying,
nyutt =1, u'pu, =0, nup" =0, Pupp”” + nyu’ = 5;. (4.11)

They can be re-expressed in terms of {n,, v, h*" hy,, B,(f)} using eqn. (4.9) with ¢* = a* =

hH u¥ = ut — ot
1
P =Ry = b — 20,0, + numy P, By = B + 1, — 5t tp. (4.12)

The (dual) fluid vorticity is defined similar to the (dual) frame vorticity as,

Q= 2p4,Vyu® = 0By, — 9, By,. (4.13)
For later use, we define the magnetic field and fluid vorticity,
1 1
Bt = §e”p0“n,,Fpg, wh = 55"”(’“11,,9,)0. (4.14)
Finally the superfluid velocity can be decomposed as,
1 v
CJVI — BﬂCM £M — Hs + §pW,C“C + Bufu (4.15)
CH ’ g = (M 4 uM ’
where £#n, = 1, (¥n, = 0. We have treated the superfluid potential ;1 as an independent com-
ponent of £M. The hatted superfluid potential is however given as jis = —%C #¢,. Decomposition
of the projector P~ on the other hand is,
- 0 0 . p"’B,B pH* B,
Pyn = : e | PV =10 P o crer |- (416)
0 Puwv = Puv — P77CpCo ' B, p=p" = PPoCoCo
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Currents and Conservation: The mass current p*, energy current e, stress tensor t+*,
charge current j#* and entropy current s* on Newton-Cartan backgrounds can be respectively

read out in terms of TV, JM JI as [16],

p“ — _T“NIV]\J, f'u — —T‘HMUM, t“y - P%MPVNT]MN, j“ — J}L’ S'u - Jg, (417)

with t* = t*# and t"*”n, = 0. They satisfy the conservation laws and the second law of
thermodynamics,
Mass Conservation: V' =0,
Energy Conservation: Vet = —u"F,,j° — (u'p? +t") pe, V u” — Tutu,
Momentum Conservation: V,,(u/p%,p” + t*7) = p” F,,j° — p"V,u + Ty p™
Charge Conservation: Vit = Jis,
Second Law of Thermo.: Vst > 0. (4.18)

The energy current e” and the stress tensor t* in eqn. (4.17) are defined in the fluid frame of

reference; we can define the respective quantities in an arbitrary frame of reference,

1
eé‘v) = —TH""vy = e + ula"pp” + §p“ﬂpﬂp + "1y,
Y = (P (P ) 5 T = 1 4 200, o7 — b p7m, (4.19)

where P(Jff)N = g™V 4+ 20M YY) They satisfy the conservation laws,

(v) (v) v

V('R0 p" 1) = h7V Fypj? — p' 07 + Tt b7 (4.20)

Vel = —v"EF,,j° — (v“p" + t‘w) hoy ¥ 0¥ — Tyt o’

Galilean Superfluid Constitutive Relations: Finally, by a direct computation we can find

that the Galilean superfluid constitutive relations in the fluid frame take a structural form.
Pl = pu + R&M + <l
! = eut + Ry <%<M<u —|—,us> M+ ¢k,
t" = Pp + Ry("C" + 1",

j* = qut — Rs§" + ¢l
st = sut + F. (4.21)

While in an arbitrary frame, energy current and stress tensor are given as,

1 1 1
6;(2}) = ’LL/J‘ <6 + §pa2 + ggu0'> + ngﬂ <§§2 + MS) + Praﬂ + <gél« + §§5a2 + gﬁpup> ,

tyy = pul'u” + RME" + PR + (cg‘” + 2<,§“a”>> : (4.22)
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Newton-Cartan Data H Non-Covariant Data
Vanishing at Equilibrium — Onshell Independent
S AR S1 P 0u;
Sa,Se1 (1, T S9, Se,1 +Co;T
S3 AN S3 ¢*¢0iu’
Sy CH(TOuv + u'F,y) Sy CH(TOw —e; + ujﬂji)
S5 —%Cugu—:us‘i’,un_ﬂ S5 _%gkgk_l‘s+ﬂn_l‘
Vluv Ve}fl %ﬁuyaVT Vli7 ei,l % ~ijajT
vy 20" C7p (o Viyul | Pk juy,
%3 P (TOv 4+ ulF,,) Vi ;Bij(TﬁjV —e; + ukﬁk])
ot pHPpre <PT(pVJ)UT - %Sl) o' PR Oy + 2L Sy)
v —eMP7n, G Vg 14 TR GVA
vy —eMPn,, (Vo o V3 R Va
3 —e"P 0,0, Vs Vi e Va i
Fhv _6(u|p0'TanUO.TV) 5ii €(i|kl<k0lj)
Vanishing at Equilibrium — Onshell Dependent
Se +urd, T Se (0T + u'0;T)
S~ Tuto,v S T (0w + u'O;v)
Ss Tut0,vy, Sg T (Ovy + u'Oivy)
So CH (TOuvn + u’ppVul) Sy CYT vy, + Opu; + ujﬁjui)
%8 P (T, v, + P, VouP) 1% P (TOjvn + Opuj + uFouy )
VY —eMP 1, (Vi o Vi eV
Surviving at Equilibrium
Se2 T¢HO,v Se.2 T 0w
Se,3 T¢HOvn Se3 T¢ Oy,
vl Tp" d,v Lo Tp" d;v
|48 TP d,uy, La Tp" vy
5'@,1 Te*Pn,,(,0,B, 5'@71 Taijkg@juk
Se.2 TP n,C, Fp Se ST G Bk
‘Zz;fl —Tp"e"™"n,0, B, Vi TP 1% d5uy,
vl — L™, Fpy Vey 507" Bji
VI | TP'e™7(,0,By + (s + 5¢1C) VY Vig | =T (u'e*' ;0w — €% C;0pur)
(s + 5CF GV
‘754 %ﬁuTgTupUCquo + (:us + %4“@1)‘752 ‘7;4 =T (uiégjklgjﬁkl + Eijkgjek)
(s + 3¢5V
Table 4: Independent null superfluid data at the first order in derivatives. Note that we have not,

neither do we need to, enlist all the independent data that survives in equilibrium; the ones listed here

are the only ones we use in the null superfluid constitutive relations.
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where @* = hf,u’ = u* — v* and E* = hF, €Y = ¢ — v#. Various quantities appearing in the

constitutive relations can be found via reduction as: fluid densities,

3 2
- ~ 1

p=Rn+) or,iSeit ) an,iSei— =Vo(Tfs("),

i=1 i=1

3 2 ) 1
e=F+ Z OCEJ‘S@Z‘ + Z&E,ise,i - ?Vp(Tflcp)

i=1 i=1

3 2 ) 1

=0+ Z Q,iSe,i + Z 4Q.iSqi — 7 Vo(T'f2C7),

s=S8+ ZaSzSez + ZaSz ei = 73 Vo(Th1C) + 5 V(T f3C”) + 5 V(T foCF). (4.23)

and dissipative currents,

3

3 2
y= [Z QORS¢ + Z dRS,ige,i] - Z % Zgﬂ/“ +&"P?0, (Tg1npCs)
i=1 i=1 i=1
3 1 3 i 5
= [Z fiSsi+ (ps + 5C"Cu) (Z aR, iSei+ Y dRS,iSe,z) -3 52i5¢]
i=1 i=1 i=1 i=1
3 2 3 3
1 ) o
561G DAV = D9Vl = DV = Y RVl 300 B
i=1 i=1 i=1 i=1

+ P79, (Tgan,Cy) + C1TwH,
o — eV [iaRs,iSe,i + i&R57iSe,i — ZQ: 2 Se Zﬁgz Z] — ot — g
—2§(“[Zfl +Z@Zv +Zm22 Zfz » Zﬁh ]
=gt [Z R, iSei + Z AR, iSei + Z B1iSi| +€"P°8, (Tgan,Cy)

+Zfl +Zg@ esi Z/‘%V —ZK&V“%—GC@)MB“

i=1 i=1 =1

+

i 7 Voo n 1
Gh =M Z M&. — ghvp [%&, (Tgin,Cs) + %8,, (Tgan,Co) — T&/ (T'g3n,Cs)

3 3 _
+ Z wvﬂ + Z wf/ﬂ — T 916771, C p s, — Tgae" P 1, C, 0 v
i=1 i=1
+ 20, Twh. (4.24)

In addition, we also have the Josephson equation,

4
1 1 j : /852
e _ + _ —_

< ZOZRS’SGZ_{_C“ZO[RS’ el Zfz Zgz ), 425)
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which is the derivative correction of the ideal order version pus, = —%C“CH — u + pp. This
completes our discussion of the first order Galilean (Newton-Cartan) superfluids; counting of
various transport coefficients appearing in the constitutive relations is same as the null superfluid

given in §3.5.

4.2 Non-Covariant Notation (for Flat Spacetime)

If the superfluid is coupled to a flat Galilean spacetime, it is fitting to re-express the results in
the conventional non-covariant notation where we treat the time and space indices distinctly.
It might help the reader to better relate the Galilean superfluid constitutive relations to the

existing Galilean literature, e.g. in [20].

Background and Hydrodynamic Fields: On the Newton-Cartan background, we choose a
basis {##} = {t,x'} such that the Galilean frame velocity (v*) = ;. A flat Galilean background

is defined by a particular choice of the Newton-Cartan structure in this basis,

1 1 L {0 0 0 0 ,
TL“ = <0> s ’UM — <0> , p“ = <0 62]) R p“l/ = <0 6 ) s B;(,L ) = 0’ (426)
)

where 69 = 0i; is the Kronecker delta. It can be checked that the respective Newton-Cartan
connection F’\W = 0, justifying the spacetime to be flat. The Newton-Cartan structure in the

fluid frame can be worked out from here to be,

1 —lu’l‘Cu/LC 0 0 Ny—rp
w=|"|, B,=[ 2 = ], = 7. 4.27
<“Z> ' < i g 0 oY P —u;  0jj (427
We define the spatial volume element,

g0k = etiik = ghidk, (4.28)

The U(1) gauge field A, can be decomposed as A, dz#* = A;dt + A;dz’. The fluid vorticity and

electromagnetic field strength on the other hand can be decomposed as,

0 (8,5 + ukak)uz + wikuk
O = | _ k9 Vi — ok - U WR (4.29)
(0 + u Ok )u; — wipu wij = Oju; — Oju;,
Foo— 0 —€; = 8tAZ — aZAt (4 30)
m e; = —0:A; + 0; Ay ,Bij = 8214] — 8JAZ ’ ’

where w;; is the (dual) spatial vorticity, e; is the electric field and f;; is the dual magnetic field.

For later use, we define the magnetic field and fluid vorticity,

A A Ny
BZ — §€Z]k/8]k7 wl — §€ij;w]k. (4.31)

Finally the superfluid velocity can be decomposed as,
0 1 1. 1 .
"o B — & — Zgte. . = —=C';
C - <<Z> ) g - <£Z — ui + <Z> ) IU’S - gt 25 527 IU’S - QC CZ? (432)
with the projection operators,

k
B uug —U; " 0 0
Dy = ~ o, = . iy ivi | - (4.33)
" (—ui Bij = b — fé;) (o I = 1 — §C

k
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Densities, Currents and Conservation Laws: In flat spacetime, the conservation laws

and the second law of thermodynamics take the well known form,
Mass Conservation: opt +0ip' =0
Energy Conservation: (9te'zv) + 8iezv) = jle; — THlt
Momentum Conservation: — 9yp’ + &-tlé) = (ejjt + ,Bjkjk) + Ty,
Charge Conservation: ot + 8,5 = Jﬁ,
Second Law of Thermodynamics: st + 0;5° > 0, (4.34)

where we have identified various Galilean quantities: mass density pf, mass current p’, energy

density elév), energy current efv), stress tensor tZ} ) charge density j*, charge current j?, entropy

density s’ and entropy current s’.

Superfluid Constitutive Relations: Finally, we can read out the structural form of the

Galilean superfluid constitutive relations in non-covariant notation using reduction,
pr=p+Rs,  p=pu+RE +),
e'zv) =e+ Rspus + %,0172 + %Rs? + §;Uz‘a
el('v) = <e + P+ %PﬁQ + §guj> + RyE (%? + Ms) + <§€Z + %§2ﬁ2 + Csijuj) :
tl) = pu't) + R&'¢ + Ps + <<§j + 2§/giuj)) ,

i'=q¢—R,, j=qu'—R&+d,

st =s, st = su’ + ¢!, (4.35)

Various quantities appearing here can also be worked out using reduction: fluid densities,

3 2
L1 '

p=Ry,+ Zl R, iSei + 21 QR,,,iSe,i — T(%(ng(’),

1= 1=

3 2 i 1 ‘
e=FE+ Z g iSei + Z R iSei — ?8i(Tf1(Z)

=1 =1

3 2 . A

0=Q+> 0aQiSei+ Y 6QiSei— 70T f20"),

i=1 i=1

3 2
~ Q 1 i n % 1
$= S+ asiSei+ Y asiSei — 50T HC) + Z5OTfsC) + L0TfaC), (436)
i=1 i=1
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and dissipative currents,

3 2 3
i=1 i=1 =1
3 3 5
«=C [Z fiSs+i + (s + %Ckék) <Z aR,,iSei + Z dRsn‘Se,i> - ﬁZiS@']
i=1 1 \ | , l:~1A \ ZZI' , - i=1 |
(s + 5CM ) D FiVE = D g Vidiws = D maVi = Y RV 4+ 3C 2B,
i=1 i=1 i=1 =1

+ sij"“@j (ng(k) + ClTQ(,ui
B 3 2 ~ 2 o 5
gl =('¢ [Z QR,,iSei + Z QR iSei — Z Ji Se,i — Z ﬂ:sisz‘] —no' — fiG"
[ S
_ 2((2‘ [Z f’l‘/e]z + Z HZz‘VZ'j) + Z %21“7@-])
i=1 ] =
3 5
§é = _Ci [Z aRS,iSe,i + Z dRS,iSe,i + Z 542‘51
+Zfz +Zgl e Z’f?;zv ZKBZV +60(4 NBZ

Se=¢ E et e 4T P S; — &'k [—l; 0; (Tg1¢k) + %@‘ (Tg2Ck) —
=1

+e7%0; (T'ga2Ck)

1
79 (T'g3Ck)
3 Koy — Kii 3 Fai — Fo1s ~. . - .
+ Z %Vf + Z %Vll + Tgle”kgjﬁkun + T92€Z]kgjakl/ + QClTwZ.
— i
(4.37)

In addition, we have the Josephson equation,

L. b i) /852
— 57— s+ — /3 (0eRs + 0:(R.€) 2/355

3 3 2
Lak <Ck > ag,iSei+ ¢k Z R, iSei— Y _ iVl - Z%‘Zﬁ) , (4.38)
i=1 i=1 i=1 i=1

which is the derivative correction of the ideal order version g = —%C ¢+ pin — pt. These equation
can be compared with [20] for which the U(1) chemical potential 1 = 0. This completes our
discussion of Galilean superfluids coupled to flat Galilean spacetime, expressed in non-covariant

notation.

5 Discussion

We worked out the most generic constitutive relations of an (anomalous) Galilean superfluid up
to first order in derivative expansion, both in parity even and odd sectors. We extended the idea

of null fluid introduced in [15, 16] to null superfluid, which is a relativistic embedding of Galilean
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superfluids in one higher dimension, and used these to obtain the mentioned results. We found
the spectrum of transport coefficients to be extremely rich with 38 coefficients in parity-even
and 13 coefficients in parity-odd sector at first order, in addition to two undetermined constants
in parity-odd sector including the U(1) anomaly constant (see table (1)). Out of these, 3
parity-odd and 3 parity-even coefficients survive in equilibrium and determine the hydrostatic
physics, while 13 parity-even and 7 parity-odd coefficients govern non-dissipative phenomenon
away from equilibrium. On the other hand, 22 parity-even and 3 parity-odd coefficients are
dissipative. Though we did not discuss it in the main text, there are hints that 13 parity-even
non-dissipative non-hydrostatic coefficients and 3 parity-odd dissipative coefficients vanish on
imposing Onsager relations (microscopic reversibility). To avoid confusion with counting, we
would like to note that we have removed one parity-even hydrostatic coefficient by redefinition
of the U(1) phase .

An important point to note is that in this work we have only been interested in a broader
class of Galilean systems, and not the non-relativistic ones specifically. A system is said to be
Galilean if it respects Galilean symmetry transformations (as opposed to the Poincaré transfor-
mations for the relativistic case). On the other hand a non-relativistic system is obtained by
taking ¢ — oo limit. Every non-relativistic system is Galilean as it respects Galilean symmetry
transformations, but the converse might not be true, i.e. not every Galilean system necessarily
follows from ¢ — oo limit of a relativistic system. Keeping this in mind, most of the existing
literature on non-relativistic physics (e.g. non-relativistic fluid dynamics in [20]) actually refers
to Galilean physics, as it is more natural to formulate a theory with Galilean symmetry, than
it is to take a relativistic system and perform a non-relativistic limit (in addition, most of this
literature was written before special relativity was well explored). Following this philosophy,
here we have focused on Galilean (super)fluids, with the ambition to return to a rigorous anal-
ysis of non-relativistic (super)fluids in near future. At this point, we can only conclude that
a non-relativistic superfluid obtained as a low energy limit of some relativistic superfluid is at

least a subsystem of the Galilean superfluid studied in this paper.

Perhaps the most striking benefit of working in the offshell formalism is that it leads to a
complete classification of (super)fluid transport up to all orders in derivative expansion [22-24],
and provides a natural setting to attempt writing down a Wilsonian effective action describing
the entire (super)fluid dynamics [23, 33-38]. It will be interesting to undertake these ambitious

problems in context of null/Galilean (super)fluids, and we plan to return to these in future.

In this paper, we focused on breaking the internal U(1) symmetry of Galilean fluids and obtain
a null/Galilean superfluid. The same procedure can also be used to break spacetime symme-
tries, which lead to the formation of boundaries/surfaces in (super)fluids [39]. In an upcoming
paper [40], authors discuss the surface transport for relativistic and Galilean superfluids. Fi-
nally, first order computations of this paper can also be easily extended to higher orders; in an
ongoing project [41] we are looking at some interesting second order phenomenon in Galilean

(super)fluids.
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A Equilibrium Partition Function

It was realized by [26, 27] that a huge part of the (super)fluid constitutive relations can be
fixed by requiring existence of an equilibrium partition function, which generates the part of
the constitutive relations that survive in equilibrium. In this appendix, we will discuss the

equilibrium partition function for Galilean superfluids. In hydrodynamics, equilibrium is defined
by a set of fields X = {K™ Ax} with K™K,, < 0, which act on the background fields gy,

A, and the superfluid phase ¢ as an isometry,
59<gMN = V1»11(1\7 + VNKJVI = 0, 6J<AJVI = aM(AK + KNAN) + KNFNM = 0,

(53{80 — KMaMQD - AK - KMfM - (AK —|— KNAN) — 0 (Al)

For simplicity, we choose a basis {z™} = {z7,t,2} such that the null isometry V = {V =
0—,Ay = 0} and the equilibrium isometry X = {K = 0;, Ax = 0}. The fact that V, X are
isometries implies that all the fields are independent of x—, ¢ coordinates. In this basis, we

decompose the background fields as,

ds® = —2e~%(dt + a;dz’)(dz™ — Bydt — Byda') + g;;da'da?,
A= —dz™ + Audt + Aydz’, (A.2)
We will denote the covariant derivative associated with the spatial metric g;; by VZ After
choosing the said basis, the residual diffeomorphisms are the spatial diffeomorphisms 2* — x* +

x'(27), mass gauge transformations = — 2~ +x~ (2') and Kaluza-Klein gauge transformations

t — t 4+ x*(z"). Under mass gauge transformations, only fields that transform are,
0~ Bi = —0ix~, 0 -Ai = —0ix~, (A.3)
while under Kaluza-Klein gauge transformations,
oyta; = ix T, o+ B; = BiO;x ™", o+ A = A0;xT. (A.4)

We define the fields,
B; = B; — a;B,, Ai = Ai — ;A - B;. (A-5)

B; is mass gauge field which is invariant under Kaluza-Klein guage transformations. A; on

the other hand is invariant under both mass and Kaluza-Klein gauge transformations, and
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only transforms under the U(1). a; is Kaluza-Klein gauge field. Components of the superfluid
velocity &, = Oy + Ay can be found as,

- =-1, & = At & = Oip+ A (A.6)

Out of these, & is not mass or Kaluza-Klein gauge invariant due to presence of A;. We can

write an invariant version as,

éz =Jdip+ A;. (A7)

The superfluid potential can also be written in terms of these as,

1 1, .
MS — —§§]M§]M = —§§Z§Z — ecDAt —|— GCDBt’ (AS)
and we define [i; = —%5’& Finally, the fundamental variables at equilibrium are,
(I)’ At, Bt, ag, Aia Bi’ Gij, ®- (Ag)

The argument is that at equilibrium, constitutive relations should be derivable from an equi-
librium partition function written in terms of these fundamental fields. In covariant terms,

variation of an equilibrium partition function W can be parametrized as,

1
W = /{dxM}\/—g <§TMN59MN + JM5A,, + K5<p> . (A.10)
In our chosen basis it decomposes as,
. A A 1 ,
SW = / {dz"} /g3 [ (T +T-—By) 6® + e~ (T + J'Ay) ba; + §e_¢T”(Sgl-j
+ (T,,(SBt — e (T — J@')éBi) - (J,Mt - e*q’Ji(sAi) + e‘PK(sgp], (A.11)
where g3 = det g;;. Now, given the most generic partition function W[®, A, By, a;, A, Bi, Gijs @)

as a gauge invariant scalar functional of the fundamental fields, various components of the

currents 7MY, JM K can be read out in terms of W as,

1 oW 1 oW ow
A )
T? :_i<5ﬂ_5ﬂ> Ti:i<5W_A5ﬂ> Tijzgéw
- V3 \6B;  §A;) /a3 \ da "54;) V93095
1 oW e® SW

Since these expressions are already in a “non-covariant notation”, we can easily perform null

(A.12)

reduction to read out the Galilean currents. We define a Galilean frame field to perform the

reduction,
KJVI KRK V]M eq)Bt
M R _ o
U(K) = VNIKIVI + Q(VNKN)Q = (] . (A13)
0
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In vé”lf() Galilean frame, the Galilean currents can be read out in terms of W as,

S A iy LA T M L
P= o, P T s B 04) 0T Jgsdgy
e® oW 4 e2® ( oW W 6W>
Clog) = T — "1 ezv = — |- + (Ay — By)— + Bi—— s
) ™ /g 6@ ) ™ gs \ ba; (A t)6Al- 5B
1 ) [
i ow 5 e oW (A.14)

=< J =7
V93 5At V93 514@
Finally, we can write down the most general equilibrium partition function W up to first order

in derivatives as,

opr
s

W= /{dﬁﬂi}\/g_s[e_q)P + e P LE0D + o 0, Ar + f360;By + [4Vi <€Z > + Vi(f5£)

+ (g1 + 92)e7*E:0; By + g26%E,0; Ay, + (91Br + g2 Ar — e~ g3)e €0y, — Cleijkaiajék] ,
(A.15)

where the coefficients P, f;, g; are arbitrary functions of the scalars ®, A;, B; and fi5. Cy on the
other hand has to be a constant, so that integral of the term coupling to it is gauge invariant.
The term coupling to fy is multiplied with the first order equation of motion of ¢ and hence can
be neglected. On the other hand, term coupling to f5 is a total derivative. Acute reader might
note that we have not included a term like to Coeijkéiﬁjék. The reason is that this term does
not have a “covariant analogue” and hence is switched off by the second law of thermodynamics
[16]. Finally, this equilibrium partition function does not account for anomalies; for a discussion

on anomalous partition function for null fluids see [16, 19].

Varying the partition function W in eqn. (A.15) and using eqn. (A.14), we can read out the
equilibrium constitutive relations. We will not perform the explicit variation here, but one can
check that the constitutive relations gained are the same as the ones derived in the bulk of the

paper, after identifying the equilibrium values of the hydrodynamic fields,
uM|eqb = ’UEL},(), T|eqb = ecb, ,Ufn|eqb = e<1>Bta M|eqb = e‘:DAAt- (A16)

These can also be summarized as Blegy = {6Y, Agleqp = {K", A} = K. Having established

that, the equilibrium value of the projected superfluid velocity is given as,

0
Carlegh = Pun€™legp = | 0 | (A.17)
&
and hence fis|eqp = fis. This finishes our discussion of equilibrium partition function for

null/Galilean superfluids.
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B Calculational Details

In this appendix, we will give details of the computation regarding divergence of the free energy
current, glossed over in the main text. We will find the following identities useful in the following

computation: let S be a scalar and S* be a vector, then,

1 1
V. (BHS) = —£5 (V—9S) = =Sg" £59,, + £3S. B.1
H( ) \/_—g 5( ) 9 BIn B ( )
There is a corresponding null background version of this identity,
1 1
VM(ﬁMS) = \/—__gfﬁ (\/ —gS) = §SQMN£ﬁgMN + £ﬂ5 (B2)

Given a tensor X*¥, we have,
1
V.V, X = 5 (VuVo = Vi V,,) X

(R pXP + Ry” p XH) = o (Ryp X — Ryp X'7) = 0. (B.3)

N |

1
2
Similarly,

VJMVNX[]MN] - 0 (B4)

Relativistic Superfluid Free Energy Current: Let us start with relativistic superfluids.

The 3 variation of hydrodynamic and superfluid fields can be computed to be,

T v Iz 1 Lopgw
05T = Suludngu, 0 ()= ZusAu  dnps = S€1€ 0ngu — 04, — €'V, 050,

o 1 v 14
bajis = 5 (¢1¢" = 2w )u¢") dng, — C*on A, — "V 05,
1 14 14 14 1
oput = §u“upu 0BGpv opuy, = <2Pu(pu ) — uyufu ) 55939,,,,,

b¢ = (¢ — PHOE) g0 + PP OnEy,  0Cu = (€ )uP P)ongp0 + B, 056, (B.5)
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The first order parity-even free energy current A in eqn. (2.30) has a term 2 flu["&”}%&,T.
We compute its divergence,

1 1 1 1
\ <2f1u[“<”1ﬁayT> = 1¢" 550,79 08900 + O (fﬁ”;@T) -V <f1<“T6@T>
1 1 1
= flgyﬁauTPpa6ngo + fl T&/T(;BCV + CV_aVT(;Bfl
1 1
- flC”—auTupuofSngo flC” 3 L, To3T + flC” 0,081 =V, <f1C“f5BT>

= ¢ gm0 TP S5+ Fid, T (w7 — PYOED) 5yg,, + P23,

J1 . (Oh 3f1 L 9h
+ ¢ T(?,,T<3T6BT+ £y ——dpV BA Op fls

— i G0 TUu D g0 — V() 00T
= [upua <0<E 15,1 — 1y (TflC“)> + (C’)C" - Q(U“Su)u(’)CU)> Se 1R, 1
+ PP f1Se1 + 2u(pC0)f155 - f12§(pV£] %%gpa
+ [UPO‘QJSeJ + [V~ CpaRS,ISe,1:| opA, + [fﬂ/e’fl - CpozRS’lSe,l} 0,08p. (B.6)
Performing a differentiation by parts,
<2f1u ¢Vl a T+ 0(62)>
- [uﬂuo (a8t = ¥ (TG ) + (€267 = 206006 Suna.
+ PP f1S.y + 2ulPC) 1S5 — f12§(pVeaf] =089po
+ [UpaQ,ISe,l + AV - CpaRs,lse,l] dpA, =V, [flVe’fl - CPQRSJS@J] dpp.  (B.7)

From here we can read out the contributions to the constitutive relations eqn. (2.32). Similarly
divergence of the other term in eqn. (2.30) coupling to f can also be computed. Now, the first

order parity-odd free energy current A* in eqn. (2.42) has a term gzﬂﬂge,z + QQ%M . We can
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compute its divergence as,

- - 1
Vi <925M5672 + QZVQH) = €0 (92T§§T%FPU> — V(" 92T u,68A5)
_ L oo i F bmgs S an€ oty Fon T 4 €7 gy T~ 6
D) TUp L po OB G2 2926 TUY L po OB € g2 55T po BUY
T
+ §g26”’p"u,,F 508Er + €777 g TE u, V )08 Ay — YV (€777 goTé w08 A,)

T rvpo 992 992 992 Tvpo
:56 4 gTuVFp(T(aT(;BT—{— o —= gV —|—8A Opfis | + € P ng 57- p02P (Pu) 6nga

1
+ <92T§€'wjpauquo - vp (epﬂTVg2T£Tul/)> 6BA;L + 92T§€TypouquavT(SBQ0

= [uﬂUV&E,ZSe,Z + 292?1(“‘7:,4)1 + (C“CV — 2(up§p)u(“C”)) &R, iSea — CHCY 2955 Se 2 %5’Bgltu
+ |:uMdQ,2§e,2 + g2V — CMaR, 2Ses — YV, (eP™ goTé ) } opA,
+ {gzve’fg - CMdRSJSe,Z} V. (B.8)
Performing a differentiation by parts,
Vu <92U“§e,2 + goVo + (9((92)>
= {u“u”&E,zge,z + 2gzu(“f/:21 + (C“C” — 2(u"§p) rev ) aRS, 62 — ”29: ~e 5 5Bg,w
+ [uﬂdQ,QSe,Q + g2VEy — (A, 282 — VY, (”7 goTéruy) } 5 A,
-V, [921/;‘2 - gﬂ&RS,ZSe,Q] S5p. (B.9)

From here we can read out the contributions to the constitutive relations eqn. (2.43). Similarly
divergence of the other term in eqn. (2.42) coupling to g; can also be computed. There is

another term in the parity-odd free energy current C,72%w*; its divergence is given as,

V. (C1T?w") = —2C1 TP u,,0, TOpuy + C1T%€" 7 0,1, 0puiy
= QClT?’w(“u”)(SBgW. (B.10)

This can be matched with the constitutive relations eqn. (2.43).

Null Superfluid Free Energy Current: We now move on to superfluids. The dg variation

of hydrodynamic and superfluid fields can be computed to be,

1 1
03T = TV(MUN)(SBQZMNa 2 ﬁu fu 5BQMNa dpv = TUM5BAM,

1
5%#3 = §£M£N5259MN - £M(SBAM - £MVM5BSD,
. 1
Opfis = 5 (<M<N + 2<(MUN) - QC(MVN)(URgR)) 0BGmn — CM6BAM - CMVM(SBSDa

1 1
Spul = (QUMV(RuS) + VMuRuS> 5089rs,  Optiar = (2PM(RuS) - VMuRuS> 5089xs,
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1
5B<M — (_2£(RPS)]M + 2<(Rvs)ulw + QC(RUS)VIVI> 5539123 + PMN(SB&V,

1
S5Cay = (Q(uNgN)PM(RVS) _ 2PM(RuS)) 508 + P, 0. (B.11)

The first order parity-even free energy current N in eqn. (3.24) has a term 2fjul™ ¢ %8NT.
We compute its divergence,

1 1 1 1
Vs <2f1uW<N1ﬁaNT> = [1¢" =0T 9" ngns + 03 (flchaNT) —Vu <f1CMT53T>
1 1 1
= flCNﬁaNTPRS(SBgRS + flTaNT(SBCN + TCNBNT(szfl
1 1 1 1
- flCNfaNTVRUS(SBgRS - fl ﬁgNaNTCSBT + flfCNaN(SBT - vM <f1<M?(SBT>

1 1 1
= 11C" 50N T PS5 gns + i 0uT [(—2£<RPS>M + 2V ) S grs + PMNéggN]

T .y of of of1 ofi . .
+ TC oNT <8T 03T + ey opv + aynfsBVn + 8/18513#5

1 1
- flCNT@vTVRuS%gRs — Vau (f1¢™) T(SBT
1 _
= [QV(RUS) (aE,1Se,1 - TVJVI (Tf1CM)> +uuag, 181 + P f1Se1 — 2f15(RV§i

1
4 <CRCS’ 4 QC(Rus) _ QC(RVS) (uMgM)) R, 1561 + QC(RVS)J%SG} 553935

+ |:UJMQQ,15671 _ CJMQRSJSGJ =+ flv’e]ﬁ:| 5BAM + |:f1 e]ﬁ - CAIQRS715571:| kaéfg(p.
(B.12)

Performing a differentiation by parts,

Vi (2 flu[MgN}%aNT + 0(02)>

€,

1 -
= [QV(RUS) <aE,ISe,1 - ?VJVI (TflCM)> +uuap, 15e1 + P f158e1 — 2f1§(RVS£
RS (R, 5) (RY/S) () M (R1/S) 1
+ (€767 + 200 — 20V (wVEyr) ) ar, 1Se + 20V fi5 | 508gns

+ [uMOéQ,lse,1 —(Mapg, 181+ f1 e”i} dp Ay + Vi [CMGRS,lse,l — flvejﬁ} dpp.
(B.13)

From here we can read out the contributions to the constitutive relations eqn. (3.26). Similarly
divergence of the other terms in eqn. (3.24) coupling to fa, f3 can also be computed. Now, the
first order parity-odd free energy current A in eqn. (3.36) has a term gy 5M§e72 + ggng. We
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can compute its divergence as,

~ ~ 1
Vo <Q2BMSe,2 + 92V3M) = §€NRSTK5’B (92T£NVRUSFTK) - Vr (ENRSTK92T£NVRU35$AK)

1 1 % 1 K VeugFropl
2€NRSTKT§N‘IRUSF1T 5392 + §6NRSTK92T§N RFTK(SBUS 26NRST gng g TK5
1 1 K
2 VIR gy TEnus Fricd3 Vi + 2 VT gy TVpus Fricdpén

+ GNRSTngTgNVRuSV 5BAK -V, (GNRSTngTgNVR’U,Sé‘BAK)

992

a7 0T+

= %ENRSTKTSNVR’LLSFTK < 892 5fBV + 892 53”77/ 592 53”8)

v Oovy, of

1 1
_ ’LLA NIB92T§GJMNRTKVNURFTKéfBgAB 4 §6NRSTK92T§NUSFTKPRBVA(SBgAB
1
- Vr (ETMNRSQ2T£NVRUS) oAy + §ENRSTK92TVRUSFTK6B£N

= [QdE,2V(MUN)§e,2 +ap, 2uMu e o — 2g0u MV, 2) —2g, VMY 64 —¢MeY g: S

~ 1
+ (CIVICN + QC(MUN) —2 MVN)( Re o )) &RS,QSe,2:| §5BgMN
+ [uMszgeg + g2Veo — CMaR, 9Se0 — PV 1 (€7KVS o T\ Viug) ] O A

+ [92‘7@2 - CMdRS,2§e,2] Vudse. (B.14)
Performing a differentiation by parts,
Vu <925MSe,2 +gaVi" + 0(82)>
= [QV(MUN)dE,QSe o+ uMuNag, 250 — QQQU(M‘Z;VQ) - 292V(M‘7e],v4) — CMCNzg—;SSe,z
# (61" + 26010 = 260V w61)) i, | 3010

+ [uMszSe,z + g2Vio — CMap, 252 — PV (€75VRS g0 TEy Vius) ] O A

+ Vi [CMdRS,ZSe,Z - 92‘7@2] 0P (B.15)

From here we can read out the contributions to the constitutive relations eqn. (3.37). Similarly
divergence of the other term in eqn. (3.36) coupling to g; can also be computed. Divergence of

the term coupling to g3 is particularly simple,

Vo (93‘71M> =Vu <g_1§6MNRSTVNuRCSaTT>

1
=—Vu (93T€MNRSTVNURCS) Or <—>

T
= VO PNV (03T €™ BT ViusCr) S5 gary - (B.16)
Finally the last term in parity-odd free energy current C1Tw™ has divergence,

Vi (C1Tw™) = CLT?w ™MV 659, (B.17)

This can be matched with the constitutive relations eqn. (3.37).
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